


















 







Questions and Answers
Peña Question in 2017 PhD Quals Exam

Peña Question: While driving to work one morning, I got stopped in a
traffic light at the intersection of Assembly Street and Gervais Street. I
noticed that the vehicle in front of me had a broken brake light. I looked at
the other vehicles that were also stopped (about 20 of them) and these other
vehicles did not have broken brake lights (the police will usually give you a
ticket if your brake lights are broken, so the event of a car having broken
brake lights is a rare event). I got to wondering: What is the percentage of
all vehicles being driven in Metropolitan Columbia have broken brake lights?
You are the statistician that is consulted about this problem.

(a) Describe a statistical sampling plan that could be done within a rea-
sonable amount of time at a reasonable cost to gather relevant data
to answer the primary question of inferring about the proportion, de-
noted by θ, of all vehicles being driven in MetroColumbia that have
broken brake lights. Explain why your design is appropriate and de-
scribe the type of sample data that you will obtain from this study.
In particular will your study have a fixed sample size, or will it have
a random sample size?

Solutions: There are several possible sampling plans for this prob-
lem, which could be justified to be appropriate based on their argu-
ments.

It could be fixed sample size plan, with (not viable in practice) or
without replacement, and this could just be a simple random sample
or it could be a stratified random sample. Most likely the student
will use a simple random sample. An important detail to look for
in their answer is how the sampling process will be implemented in
practice and how they will decide on their sample size. They might
mention listing all cars registered in SC and sampling from them, but
this is not the most appropriate since we want those driven in Metro
Columbia. Most appropriate might be a scheme where cars passing
through sampled traffic intersections in Metro Columbia are sampled
and observed for broken brake lights. But there are many possible
ideas that could be put forward and so long as they could justify their
scheme in a reasonable manner, that will be fine.
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A second possible sampling plan is where a fixed integer k is specified,
say, 20, and sampling continues until k vehicles with broken brake
lights are observed. Such random sample size sampling scheme may
be most appropriate in this case since the event of a broken brake
light is rare as indicated in the statement of the problem. If their
answer mentions the rarity of the event and uses a random sample size
sampling scheme, this is good since this indicates critical thinking by
the student.

(b) Based on the data that you will obtain from your study, describe and
fully justify your procedure for performing inference (estimation and
constructing a confidence interval) about θ. You should describe the
appropriate statistical model that you will be postulating and must
justify why such a model is reasonable. You should describe the es-
timator that you will use and justify why such an estimator will be
good. For instance, will your estimator have desirable properties and
what are these desirable properties? You should also describe how you
will obtain a measure of the degree of precision of your estimator.

Solutions: The answer to this depends on the sampling scheme
stated in item (a). If a fixed sample size scheme was used, and the
student either mentions that even though it is without replacement
but that the number of cars in the population of interest will be large
so it could be assumed that it is sampling with replacement, hence a
Bernoulli or binomial model could be used, then this will be fine. If
a hypergeometric model is mentioned, then this is even better as this
recognizes that with sampling without replacement, the independence
needed under the binomial model may break down. The estimator
depends on whether a binomial model or a hypergeometric model is
assumed as the statistical model. In both cases, the proportion of
vehicles with damaged brake lights in the observed sample will be a
reasonable estimator as it will be the MM or ML estimator. That is, a
reasonable estimator will be X/n where X is the number with broken
brake lights among the n sampled vehicles.

If a random sample size scheme is used, then the appropriate statistical
model will be a negative binomial model, provided that either the stu-
dent mentions sampling with replacement or that independence could
be assumed since the population size is large. The MM estimator will
then be k divided by the number of sampled cars by noting that the
expected value of the number of cars sampled will be k/θ. In fact, it
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is also the ML estimator of θ by noting that the likelihood function is
proportional to θk(1− θ)N−k where N is the total sample size.

Estimates of the standard errors of the estimate will depend on which
sampling scheme and statistical model is assumed above, with the SE
estimate obtained via a plug-in procedure. Of course the student could
use asymptotic arguments to obtain their standard error estimate, and
this will be fine. The important aspect to look for is whether they
could determine how the standard error of their estimator will depend
on the sampling scheme and the statistical model assumed.

(c) Based on past information about vehicles in Metropolitan Columbia,
a prior distribution about θ is given by a beta distribution with pa-
rameters (α, β) = (2, 98), so that the prior density function is

π(θ) =
1

B(2, 98)
θ2−1(1− θ)98−1I{0 < θ < 1}.

If you are given this prior information, what will be your Bayes esti-
mator of θ based on squared-error loss function?

Solutions: For the binomial and negative binomial statistical mod-
els, the posterior distribution of θ will be proportional to

θ2+x−1(1− θ)98+n−x−1

where x is the number with broken brake lights and n is the number
of vehicles sampled. The Bayes estimator of θ based on squared-error
loss will then be the posterior mean, which will be

θ̂ =
X + 2

100 + n
.

If a hypergeometric statistical model is assumed, then this leads to a
more complicated Bayes estimate since the prior will not anymore be
a conjugate prior. If a student decides this route and mentions using
numerical tools to obtain the posterior mean of θ, then that shows
excellent understanding and should be given high credit.

(d) Based on your sampling design, could your estimates obtained in (b)
and also in (c) be equal to zero? If you get an estimate of zero, will
this be a sensible or reasonable estimate?
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Solutions: Under the binomial statistical model, and also the hyper-
geometric statistical model, the estimate could end up becoming zero.
For the negative binomial statistical model, it will never be equal to
zero. The student might mention in passing that in this scheme the
needed sample size could be quite large and that is an astute observa-
tion and should be viewed in very positive light. The Bayes estimate
will never be equal to zero.

An estimate of zero could still be argued as reasonable if the student
mentions that this does not truly imply that θ is actually equal to zero,
but that this indicates that θ has truly a small value. The student may
also state that this will be unreasonable since based on the statement
of the problem, at least one car was seen to have a broken brake light.
So it depends on how they will argue about the reasonableness of such
a zero estimate.

(e) A certain Professor X, who is not so knowledgeable about the in-
tricacies of statistical modeling and inference, insisted that the best
sampling design for this study is to observe 500 randomly chosen cars
in Metropolitan Columbia. Upon making his observations (of course,
with the help of his willing students), he found that none of the 500
cars that were observed have broken brake lights. However, he still
claims that a conservative 95% confidence interval for θ based on the
observed data is given by [0, 3/500] = [0, .006]. Is he justified in his
claim? Justify your answer.

Solutions: This is a fixed sampling plan that was used by Professor
X. Under a binomial model, if Y is the number of vehicles with broken
brake lights among the 500 sampled vehicles, then Y has a binomial
distribution with parameters n = 500 and θ. Under this model, the
probability of Y = 0 is going to be

Prθ(Y = 0) = (1− θ)500.

Thus, the set of θ-values such that Prθ(Y = 0) = (1 − θ)500 ≥ 0.05
are those which are less than or equal to 1 − (.05)1/500 = 0.000597.
The value of 3/500 = .006, whereas 4/500 = .008, hence the interval
[0, 3/500] is indeed a conservative 95% CI for θ when Y = 0 is observed.
Thus, Professor X’s claim is justifiable.

(f) Using the sample data obtained by Professor X and the prior distribu-
tion of θ in item (c), what would be a 95% Bayesian credible interval
for θ?
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Solutions: From the answer in (c) and the data in (e), the posterior
distribution of θ is going to be a beta distribution with parameters
(2 + y, 98 + n − y) = (2, 598). Limits of a 95% credible interval for θ
are therefore

LOWER LIMIT = qbeta(.025, 2, 598) = 0.000405;

UPPER LIMIT = qbeta(.975, 2, 598) = 0.009266.

REMARK on Grading: I will be assigning a total of 10 points for each of
these 6 items for a total of 60 points. Then I’ll just convert to a percentage
score. Graders may use a different scheme but the score for the whole
problem is one percentage score, e.g., 75%.
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