1a) Assuming all of the hypotheses are independent and exactly level «=0.05, then if all 19 of the H, are
true the various reject decisions are independent Bernoulli random variables with p=0.05. The chance
of rejecting will be higher if any of the H, are true. We can thus test Hy* vs. H,* by testing the null
hypothesis p=0.05 vs. the alternate p>0.05 using a binomial distribution with n=19 and p=0.05 where 3
(the number of rejections (“successes”) out of 19 at the a=0.05 level) is our test statistic. The p-value
would be P[Number of successes >= 3 | n=19, p=0.05]. From R, this can be found with 1-
pbinom(2,19,.05)= 0.0665. With a p-value > alpha we fail to reject the null hypothesis and do not have
significant evidence of discrimination at the 0.05 level.

b) The rejection region is the largest right tail of the binomial with probability 5% or less. As seenin (a),
rejecting for 3 or more successes gives a 0.0665 level test. Rejecting for 4 or more gives a 0.0132 level
test (1-pbinom(3,19,.05)).  So the rejection region would be 4 or more and it would be a level 0.0132
test.

The power for this test is P[Number of successes >= 4 | n=19, p=0.2]. From R, this is 1 - pbinom(3, 19,.2)
= (0.545.

Note: For a randomized a=0.05 level test , you would reject for 4 or more successes and reject .6903 of
the time with 3 successes. ( .0132 +.6903 (.0533) = 0.05). This would change part (a) so that you
would need to generate a uniform (0,1) random variable and reject if it was 0.6903 or less. The power
for this randomized test would be:

P[Number of successes >= 4 | n=19, p=0.2] + 0.6903 P[Number of successes = 3 | n=19, p=0.2]

From R, this is 0.545 + 0.6903*dbhinom(3,19,.2) = 0.696.
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c) Assuming the 19 p-values come from a test with a continuous test statistic, the p-values under the
null hypothesis will follow a uniform distribution. It looks like the p-value distribution is piled up near
the small values, and lacks many between 0.4 and 0.8.

pvals<-c(0.000, 0.006, 0.007, 0.078, 0.086, 0.171, 0.201, 0.234, 0.255, 0.273, 0.318, 0.319, 0.435, 0.597,
0.664, 0.828, 0.850, 0.862, 0.921)

#Histogram

hist(pvals)

#Quantile quantile plot against a uniform distribution
plot(qunif(rank(sort(pvals))/20),sort(pvals))
lines(c(0,1),c(0,1))

Histogram of pvals
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d) Simply testing the mean of the distribution doesn’t get the entire shape. Since the p-values should
tend to take small values under H,, one possibility is a a one sided Kolmogorov-Smirnov test
ks.test(pvals,qunif,0,1,alternative="greater") gives a p-value of 0.01896 and we can reject the null
hypothesis at the a=0.05 level, concluding that the p-values support H;*. (The t-test that the mean p-
value is 0.5 versus the alternate that it is less gives a p-value of 0.0501 and would fail to find statistically
significant evidence of lack of fit at the ¢.=0.05 level.)




t T£) = M 1_{)‘_/{ L!J /2/ ‘Fo‘c
g Y . = ‘Uwo,:::)

“,(—r-‘n.wa'Fd‘vs ’?,_"-N{a,?-] . T vwe ‘-"-?"r 7(-—*"1";.—{ K T =gy,

_ L)y <2 = u;-.= rﬁ(‘-..‘/).. F'u_a_ﬂ,, -—?17;/0, {we cof '4‘

== % J

E}’@’ ==TP(2 =)

= RPr—8 = v (KT7) =g )
= P (w0 T) 2 43— P (win (X.7) = -
| =P (e (X >V ]- [ 1— Plwin 1%,¥)>=Vx) ]
(=) = "PCoin (KT)>-J2 ) — " (oin (R ) > T )

:-_T*fa*? L ) s-—Ja b= § Ko~ aud Y35=J2 }
Tmin (X)) >J2l = TX>oJd2 ad 302 7,

L= PRI =[P (X>5)]°

;c[nn{‘rnji.(z

datriuobes
H _— 2 5
~lt=F &)] - [ —F (%]

[Nt Ya o) = (=F (k)= F (—hk).



mt—{;«o ,"—{_L_ﬂ ‘a._';4 Mr«ﬁ,sg\w 96‘,(;{(

t\——i(ﬁd}u]?-—(i(—xf;)])

.f? :
= 1—2F (—®RI1+LE (=f)] = [F£ (=) ]
x = :

e f3f e
-4 2 Y( -

%r‘l"""rﬂ""" P hh"" F‘L{. O—F %? / —'C""' "‘(‘) 7 © A

y
"p (-?7":_ d ]’:;,_(!-J
'?1 42
d [ 1—2T -2 ]
e T x
d2
.._.'.{.
- t—2 ) (=), =) 1 &
X 2
. QT;r_n__:ule
= & =4F)
ité_ e =
: — B/
t & -
.:?‘/x d"_;ﬁ_.-
-;-.—-t iy 2
T &) &ir - ! = e ;
Ty

2
.-_F_ll-'i'«; e e f,nl-]- o'f o O r.«.%-{nv,"‘h eno H

el T 'jo*v* pif A _xx) . b an c,c,\?(‘“wi 38

"P Lrq) = £ () —Pﬁf ) Cinde )
il J ) '—f«z«k\]")/::. r

- t e 6
2T



. ‘LLMQQO’VO) E' ( )( veo g fn *{.

g( T " Jﬂb :
=

Hwde whoolle ek

W9 uSe _‘r ACVR




<[[Fickve * d
.-//-----.
"
a
J x %
! _F-‘ ’
e ® = * (a _t — B e~ )
o a
‘Cf"j’TL.,LL\,)
j—; = 1 ¥ oS B e J_" <(a
aw._ .
i p-—-"4 o
"'\”a:‘("‘) - b 2 __‘9/
= g ws @ do & 2 d,
| >
| B> Y=o
i34 -____._’-"—'\\Q e ————
= 2
| T\.(f’“g 5 ko
H o 2 . - u/
———fo 1y 2 2
el S eat d.
A
'-"D o= d
14 a _u —
{1 b= ¥ [ — J_ g e A J‘(
I o{u.“ :Zr-{- 2 =
t =
i =¥
o “WCs)z = 2




"-1 _..__C C‘gz% dg

...T‘/‘

2 : ?
< ealls  cos(20) = 2cos o — !

410 S T

e

—1c o N P,

—I'

A (R

= 7Y (_

| - uif;E§9‘+_qg;ia;+

et ) I S
- I
——

AL ;_ Tl "E}_*{_% *  a] -




=_ 1 24 (5) 4+ 2a 4+ T — sin ) ]

byt . l*al —
=0
1 ~1 =1
TRl 4501 ba'gr) = T
= 2
]
[ lh_swogrwn)
"--'-_._._ I --' =
...1.,- ! :1('1‘5' —faw (=) ) 4+ D= o I
| “r a : =2 . B
sae N4 [ wi— A (a) + 2a
‘ol L (+at
- _ :
I ‘L,_ 'f.“L;,\ro! g v -f-'\",_ 1S
L, = v ( &7 CoS & Sn 9 t e rd. 46

ki " v~
- __1 ( (oS é Cin 6 d & ( a v e C{r
Al
o=t ' (=) =5
— ‘;:-} — ——
il ~ Da -
s (8

- 20 ( toc 8 cin ® do @

e _-1

91.-[0: ‘(—ta )

{Dc;(‘ : Sw(20) = 2 G ® wsd =3 t0Ce sia O = Sw(30)

2



. | & U Rl o e o
//:ED . Da ( Sinl28) Ja L

.5 " - =l
9:"‘”4:'(‘;“

=W —=—
N - -l_c"L'- cos (28) _w_‘??ﬁ:?:f“ SIS ——— -
gy ac s, | BT e : e = .
Bl TS d __b_lf e ! _ i il
PR T e ) =
N = .28 [ = oy
. 15’ (+a®

_“__"Tﬂg;:vl [ ar-5t" Gy« 3¢ 29/ ] o B
. ‘rrr . 1—;L}‘ 324_“:. . ol
e | SRR e ] AL

Lol = ks P ——




## R simulation
B = 10000 # number of MC simulations
a =1

x = rnorm(B,0,1)
y = rnorm(B,0,1)
z = x*0
for (i in 1:B){
z[1i] = max(0,x[i],a*y[i])

}

est = sum(x*z)/B

true = 0.5 - (1/(2*pi))*atan(a)
est

est - Lrue

> est

FL] €..3R55757

> est — true

[1] 0.0005756838
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p = seq(0.001,0.999,0.001)

ratio = ((1/3)+p-p"2)/(2*p* (1-p))

plot (p,ratic, type="1",xlab="p",ylab="Ratio",ylim=c(1,10))
abline (h=1)

10
|

Ratio

0.0 02 0.4 06 0.8 1.0

The ratio of the asymptotic variances (MOM to MLE) is always larger than 1. Therefore, the MLE is more
efficient.



I’ve included SAS code first, followed by answers and supporting graphs and tables for

cach section of the question.
SAS code:

PROC IMPORT OUT= WORK.Q1
DATAFILE= "Z:\QUAL
201d\NOQualdG2014.xlsx"
DEMS=EXCEL REPLACE;
RANGE="C1S$";
GETNAMES=YES;
MIXED=NO;
SCANTEXT=YES;
USEDATE=YES;
SCANTIME=YES;
RUN;

proc sgpanel data=qgl;
panelby Site/coclumns=3;
scatter x=Species y=Stems;
loess x=Species y=Stems;
rowaxis label="8ite” integer;
run;

proc sgplot data=ql;
scatter x=Species y=Stems/group=Site;

loess x=Species y=Stems/group=Site nomarkers;
xaxls integer;

run;

proc sgplot data=ql;

scatter x=Site y=Stems/group=Species;

loess x=Site y=Stems/group=Species nomarkers;
xaxls integer;

run;
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Site-1)+Species; run;

Mireats single | il &
data gl; set gl; AB=3*(
ods graphics on;

proc glm data=qgl;

class AB;

model Stems=AB;

means AB/hovtest=levene hovtest=BF;
run;

Rl T ot S e L e B

ods graphics on;

proc mixed data=qgl plots=all;

class Site Species;

model Stems=Site Species
Site*Species/ddfm=satterthw;
repeated/group=Site*Species;

lsmeans Site*Species/slice=Site adjust=simulate
adjdfe=row;

lsmeans Site*Species/slice=Species adjust=simulate
adjdfe=row;

run;
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Qla. I used a couple different methods for my interaction graphs—I'm not sure students
would choose any of these. Their graphs should clearly demonstrate both interaction and
variation within cell. In general, they should note that interaction is present and variance
looks markedly different in some of the cells.

Interaction Plot Version 1
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Qla. Interaction Plot Version 2
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Qla. Interaction Plot Version 2a (roles of Site and Species switched)
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Q1b. Output from test of variances. (Could be used to help with Q1a). I needed to create
a single factor named AB; students may know a slicker way of doing this.

Distribution of Stems
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Q1b. Tests of Equality of Variances. The variances are unequal (by design, as it turfis
out). I think these are both reasonable choices for variance tests.

Levene's Test for Homogeneity of Stems Variance
ANOVA of Squared Deviations from Group Means

Source DF Sum of Squares Mean Square F Value Pr>F
AB 8 63169.1 7896.1 4.60 <.0001
Error 99 170097 1718.2

Brown and Forsythe's Test for Homogeneity of Stems Variance
ANOVA of Absolute Deviations from Group Medians

Source DF Sum of Squares Mean Square F Value Pr>F
AB 8 360.5 45.0579 6.70 <.0001
Error 99 665.4 6.7214

Qlc&d. Students may try Weighted Least Squares, but they did learn an interesting use
of REPEATED (REPEATED/GROUP=SITE*SPECIES) in PROC MIXED that should
take care of the unequal variances. They need to make some attempt to handle the
unequal variances.

Model Information

Data Set WORK.Q1
Dependent Variable Stems

Covariance Structure Variance Components
Group Effect Site*Species
Estimation Method REML

Residual Variance Method None
Fixed Effects SE Method Model-Based
Degrees of Freedom Method Between-Within

Variance estimates:

Covariance Parameter Estimates
Cov Parm Group Estimate
Residual Site*Species 11  2.6970

-

g

-
Fi



Covariance Parameter Estimates
Cov Parm Group Estimate
Residual Site*Species 12  5.8788
Residual Site*Species 13 2.0833
Residual Site*Species2 1 88.3864
Residual Site*Species 22 14.9697
Residual Site*Species23 29.3561
Residual Site*Species31  8.2424
Residual Site*Species32  3.2727
Residual Site*Species 33  2.9091

Main effects and interactions are strongly significant.

Type 3 Tests of Fixed Effects

Effect Num DF Den DF F Value Pr>F
Site 2 37.9 589.55 <.0001
Species 2 36.4 227.15 <.0001
Site*Species 4 40.3 210.72 <.0001

To study multiple comparisons in the presence of interactions, students can use a SLICE
option, or build the comparisons by hand using the ESTIMATE statement. The SLICE
option can be over-rated, but there’s no harm in using it. You can see that difference
between Species within Sites 1 and 3, and differences between Sites within Species 2 and
3 are strongly significant.

They should adjust for multiple comparisons, though the correct choices are subtle; I
selected options for ADJUST (ADJUST=SIMULATE) and ADJDFE (ADJDFE=ROW)
that are among the most suitable for typical analyses with unequal variances. 1 chose to
highlight pairwise differences that were “apples to apples™; I would hope students focus
on similar pairwise differences. They may do so with CONTRAST or ESTIMATE
statements, rather than through LSMEANS. You can see that most pairwise differences
of interest are flagged as strongly significant, with only a few exceptions.



Effect

Site*Species
Site*Species
Site*Species
Site*Species
Site*Species

Site*Species

1
2
3

Tests of Effect Slices
Site Species Num DF Den DF F Value

2

2
2
2
2
2

Site Species Site Species Estimate Standard

L T R e e o T

sl o s s sk s

[T T S T

Pt

W W W W B N M NRNDN R e e

W N RN W W W N R R e LW W RN N e e

-10.5000
-20.2500
-2.9167
-18.5000
-4.0833
-5.8333
-46.1667
-27.1667
-9.7500
7.5833
-8.0000
6.4167
4.6667
-35.6667
-16.6667
113333
1.7500
16.1667
14.4167

Error
0.8454
0.6312
2.7550
1.2134
1.6343
0.9548
0.7053
0.6835
0.8146
2.8028
1.3181
1.7135
1.0848
0.8733
0.8558
2.7457
1.1921
1.6186
0.9276

25.8
16.7
17.9
13.9
26.3
16.1

DF

19.3
21.6
1§ 7
14.8

13
17.5
21.8

22
17:9
125
18.5
152
214
203
19.7
LLS

14
12.6
16.2

515.42
35.14
912.53
18.81
912.18
128.74

t Value

-12.42
-32.08
-1.06
-15.25
-2.50
-6.11
-65.46
-39.75
-11.97
271
-6.07
3.74
4.30
-40.84
-19.48
6.31
1.47
9.99
15.54

Pr>F
<.0001
<.0001
<.0001
0.0001
<.0001
<.0001

Pr > |t|

<.0001
<.0001
0.3112
<.0001
0.0267
<.0001
<.0001
<.0001
<.0001
0.0186
<.0001
0.0019
0.0003
<.0001
<.0001
<.0001
0.1642
<.0001
<.0001

Adj P

<.0001
<.0001
0.9711
<.0001
0.2647
0.0004
<.0001
<.0001
<.0001
0.1901
0.0004
0.0276
0.0106
<.0001
<.0001
0.0003
0.8361
<.0001
<.0001



Site Species Site Species Estimate Standard DF t Value
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-25.9167
-6.9167
-15.5833
-1.1667
-2.9167
-43.2500
-24.2500
14.4167
12.6667
-27.6667
-8.6667
-1.7500
-42.0833
-23.0833
-40.3333
-21.3333
19.0000

Error
0.6681
0.6450
2.9348
3.1324
2.8377
2.7637
2.7583
1.9219
1.3908
1.2330
1.2206
1.7701
1.6490
1.6397
0.9796
0.9640
0.7177

21
214
14.6
17.6

11.8
1§
19.9
20.3
15.6
151
16.7
13.4
132
18.5
17.9
219

-38.79
-10.72
-5.31
-0.37
-1.03
-15.65
-8.79
7.50
9.1l
-22.44
-7.10
-0.99
-25.52
-14.08
-41.17
-22.13
26.47

Pr> |t

<.0001
<.0001
<.0001
0.7140
0.3227
<.0001
<.0001
<.0001
<.0001
<.0001
<.0001
0.3369
<.0001
<.0001
<.0001
<.0001
<.0001

<.0001
<.0001
0.0013
1.0000
0.9764
<.0001
<.0001
<.0001
<.0001
<.0001
<.0001
0.9817
<.0001
<.0001
<.0001
<.0001
<.0001
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plot( f,lambda = 0..10);

Tunotion

# f+=1—exp(-lambda) — lambda-exp( -lambda);
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Problem 6.

a) For Model 1, the intercept and the slope are estimated as 19.356 and 6.210, respectively. Thus,
the fitted model is ¥;; = 19.356 + 6.210 * x; = 19.356 + 6.210 = .

The error variance is estimated as 4.392/2=19.290.

The t test for the slope (equivalently, the F test in the ANOVA table) is significant with p-value <2e-16,
showing that the week number is significantly useful for predicting pig’s weight.

However, from the residual plots, we can tell that the error assumptions do not hold well. The residual
plot (residuals v.s. fitted weights) shows that the constant error variance across all measurements does
not hold. It shows the larger the fitted weight (the larger the week number) is, the larger the error
variance is. The other residual plot (residuals v.s. id) shows that residuals (and corresponding errors) are
not independent. The residuals in the same pig intend to be correlated. For example, some pigs have all
residuals positive and some pigs have all residuals negative.

Use R:

Codes:

PigWeight=read.table("pigWeight.txt", header=F, col.names=c('id','week’,'weight'})
attach({PigWeight)

weight.reg<-Im(weight~week)

summary|(weight.reg)

anova(weight.reg)

plot{week, weight); abline(weight.reg)

par(mfrow=c(1,2))

plot{fitted(weight.reg), resid(weight.reg)); abline(h=0)
plot(id, resid{weight.reg)); abline(h=0)

Output
Call:
Im{formula = weight ~ week)
Residuals:

Min  1Q Median 3Q Max
-11.9051 -2.5348 -0.1952 2.5949 13.1751
Coefficients:

Estimate 5td. Error t value Pr{>|t]}

{Intercept) 19.35561 0.46054 42.03 <2Ze-16***

week 6.20980 0.08184 75.88 <2e-16 ***



Residual standard error: 4.392 on 430 degrees of freedom
Multiple R-squared: 0.9305, Adjusted R-squared: 0.5303

F-statistic: 5757 on 1 and 430 DF, p-value: < 2.2e-16

Analysis of Variance Table
Response: weight

Df Sum Sq Mean Sq F value Pr(>F)

week

Residuals 430 8295

S0

weight
40 50 70

30

resadiweightoeg;

gl

1111061 111061 5757.4 < 2.2e-16 ***
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(b)

Model 1:

cov(yyy, yir) = cov(ey, &) = 0.

So, corr(yi,y;j7) = 0.

Model 2:

cov(yj,yijr) = cov(w; + &, u; + &50) = var(w) = o2,

var(y;;) = var(y;;) = var(w; + &) = var(w;) + var(e;;r) = o2 + o2.

2
&
So, corr(yij, yij1) = ==

= s
Model 3:
cov(yip, yijr) = cov(u; + vixy + &, u + vixgr + £0) = var(u) + x;x;var(v;)
= 07 + x;xj107.
var(y;;) = var(u; + vix; + &) = var(uy) + xfvar(v,) + var(s;;)
= of + xfa? +0?.
var(y;) = of +xhaf +a.

gi+x Xt o2

So corr(y,v- y‘-r) o
r Ljr L -
e J(a‘ﬁ+xfo‘§ +0f)(ofi+x40f +0f)

IS
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(c) All of the three models model a straight line linear relationship between mean weight and
the number of week. Model 1 is a simple linear regression. It assumes that all pigs have the
same straight line relationship between mean weight and the number of week. It ignores the
fact of repeated measurements pertaining to the same pig. Model 2 and Model 3 are mixed
models with both fixed effects and random effects. Models 2 adds random effects u; (which are
centered around 0). Random effects u; account for possible variability in the intercept of the
growth curve for the whole population of the pigs. It allows for possibly different intercepts for
each pig. Besides a random intercept, Model 3 adds random effects v; (which are centered
around 0). Random effects v; account for possible variability in the slope of the growth curve
for the whole population of the pigs. It allows for possibly different slopes for each pig. With
random effects in, these two models naturally incorporate the within-pig correlation.

In practice, we can check the scatterplot (weight v.s. the number of week) with lines connecting
points that belong to the same pig. If we see all lines are roughly parallel with random errors,
then Model 2 is suggested to be used; If we see lines with different intercepts and slopes,
Model 3 is suggested to be used; If all lines are randomly scattered around, then Model 1 may
be used.

(d) According to the data description, it's longitude data, where each pig has 9 measurements.
Therefore, within-pig correlation should be considered. Plus, from the plot, we can tell that
besides the random errors, there’s some variability in the intercepts and slopes of the
connecting lines. For example, pig 1 and pig 48 have obvious different intercepts. The
microphone shaped residual plot (residual v.s. fitted weight) also indicates different slopes for
different pigs. Therefore, Model 3 is most natural to use for analyzing these data.
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