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Selected Qualifying problems -—by Ou Zhao

# 1. Let X7 and X, be independent discrete random variables with common mass
function
P(X y i 1.2
NAy =] = ——m——, o i R T——
' xrlog(l—46)

where 8 € (0,1).
(a) Find the mean and variance of X;.

(b) Let I(-) denote the usual indicator function. Show that U(X) = —I{X; = 1)
is an unbiased estimator of 7(6) = 6/ log(1 — 6).

(¢) Argue that I'(X) =T = X; + X, is a complete sufficient statistic for 8.

(d) Find the uniform minimum variance unbiased estimator (UMVUE) of 7(4).

Solution:
(&) For § = 1.2

S 6 6
EiX;|== T ¢ = — .
Y Zﬁ(rlog{l—&’) (mfl—(-) Z cw‘]—(v’)l--w‘)‘

r=1

and similarly.

TS SHE - S
L ] log(1 — 8) — z6

then

. - R 1 f {1
VariXyl = BIX:| — (BIXy]) = — - -
Ui %3] = (Bl log{l -8)(1—6)° (l log(1 — 6’))

(D) It is unbiased because

EUX)=E-I(X;=1)]=-PX;=1)= ——.
! J L - lugi‘] = lq,i'



Let X = (X7.X,). then the joint densitv is given by

po(r) = P(X; =11, Xo = 13) =

g 1 1

1129 log*(1 — 6) T 179 log?(1 — )

exp{(21+12) log 0}

Let T(X) = X7+ Xs. then we know T is complete and sufficient because pg(x) is an
exponential family with full rank.
(d) Next. let us consider the density for T. For anv ¢t =2.3....

Pr(t) = P(T(X) =t) = EgP(Xi+ X: =1X,)]

So the UMVU of 6/ log(1

When T =tfort=2.3.....

o(1)

=0

i—1
= Z PX;+ X, = f|_.\'—r_; =
:I‘-_;:}
B Zl PR =f s, K= o)
N o P(Xy = 12)
= log?(1 - 6) 22(t — 22)
gt op

log*{1 —6) t

— @) based on T is given by

8(T) = Ep(n(X)|T).

= Eo(n(X)X; + X, =1)
- 13(}{'] = 1;.‘1‘1 + ,‘\.Q o f)

o P(}&-j = 1)P{.¥_> =t —_}l
B P(T =t)
B 1

21 -1)(21d)

L=l &

— T
o(T) = - S B
"(] B TJ(L::J T‘}I

is the UMVUE of 7(6) = 6/ log(1 — 6).
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