Homework 1 — STAT 704

1. Let Yi1,...,Y),, be a sample from a population with mean j; and variance o?. Let
Yo1,...,Ya,, be a sample from another population with mean uy and variance o3.
Define . .
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(a) Find E(Y; — Y3).
(b) If Y} and Y; are independent, find var(Y; — Y2).
(c) If the two populations are normal (and Y; and Y; are independent), then does

Y: — Y; have a normal distribution? Explain why or why not.

2. Suppose Y1, Y5, ..., Y, are independent random variables with mean p and variance o2.

(a) Show that
(n—1)8*=> Y?—nY>
i=1

(b) Show that F(S?) = ¢*. (Hint: Use the fact that var(Y) = E(Y?) — [E(Y)]?].)

3. Let Y7,Y5, Y3 be independent random variables with means p, po, 3 and a common
variance o2. Define
Y = Y.
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(a) Find the covariance between Y; — Y and Y.

(b) Find the expected value of (Y} + 2V, — Y3)2.

4. Let Y] and Y5 be random variables with expected values p; and uo and variances Jf

and o73.

(a) Show that cov(Y; + Y5, Y] — Y3) = 0% — o3,

(b) W =Y+ Yy and V = Y] — Y5, then under what condition(s) can we be assured
that W and V are independent random variables?

5. Suppose Yi,...,Y5 are independent random variables, each having a normal distri-
bution with mean 0 and variance 1. Let Y = (1/5)X7_,Y; and let Ys be another
independent observation, also having a N(0, 1) distribution. Let W = 32, V;? and

let U =%7_,(Y; — Y)2 Give the distribution of each of the following quantities, and
carefully explain/justify your answer in each case.
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