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 How to Get the Answer Without Being Sure You've Asked
 the Question

 CATHY CAMPBELL and BRIAN L. JOINER*

 Basics

 "But Dr. X, how can you tell how many of us
 smoke pot, without even knowing which of us, if
 any, answered your question? If statistics can do
 that, I might get interested enough to learn some
 statistics for myself!"

 Such statements of interest and enthusiasm have

 convinced us that the randomized response technique
 for getting answers to sensitive questions has a valuable
 place in introductory statistics and probability courses.

 In its simplest form the randomized response tech-
 nique has the respondent answer one of two randomly
 selected questions without revealing to the interviewer
 which question he has answered. One of the questions is
 on a sensitive topic; the other one is innocuous. Since
 the interviewer records a yes or no answer without ever
 knowing which question has been answered, the
 respondent should feel free to answer honestly.

 One stimulating way to use randomized response is
 to conduct a survey in class. For example, our colleague,
 Tom Hettmansperger, once surveyed his class to es-
 timate the proportion of regular "pot" smokers on the
 campus. The sensitive question was, "Do you smoke pot
 at least once a week?" The unrelated question was, "Is
 the last digit of your student ID number odd?" Each
 student was asked to use his table of random numbers to

 select a random number from 00 to 99. Those with a
 random number of 70 or above were told to answer the

 nonsensitive question while those with a number of 69
 or below were told to answer the sensitive question. A
 count was then made of the "yes" and "no" answers
 giving 44% yeses.

 The students were then eager to derive the formula
 required to estimate the percentage of pot smokers.
 This can easily be done as follows:

 P("yes" answer) = P("yes" on Question A)

 + P("yes" on Question B)

 = P(Question A is chosen)

 P (Yes I Question A)

 + P (Question B is chosen)

 *P(Yes | Question B).

 This can be written as

 X = PH + (1 - P)0, (1)

 where n is the fraction of students on the campus that

 * Dept. of Statistics, Pennsylvania State Univ., 333 McAllister
 Bldg., University Park, Pa. 16802.

 smoke pot at least once a week, P is the probability of
 asking the sensitive question, and 0 is the fraction of
 students with odd ID numbers. Plugging in the es-
 timated value of X of 0.44 and the known values of

 P = 0.70 and 0 = 0.50 led to an estimate that 41% of
 students use pot at least once a week.

 The students volunteered to verify the technique, so
 everyone in the class privately wrote on a piece of paper
 an answer to the question, "Do you smoke pot at least
 once a week?" and passed it to a student to count. It
 turned out that 38% of the students in the class were
 regular pot smokers. Naturally, the students were
 impressed with the agreement of the results, and they
 were ready to learn more about how randomized
 response works.

 In classes where students have already learned about
 binomial confidence intervals it is easy to derive con-
 fidence limits for n if one assumes that the students in

 the class are a random sample from some population. In
 that case the number of "yes" answers is a sample from
 a binomial distribution with probability X so standard
 procedures can be used to find a confidence interval for
 X, say [XL, Xu]. Then solving equation (1) for IL and
 IIu yields a confidence interval for I. Hypothesis tests
 could be done in a similar fashion. It is also helpful to
 point out that it is probably not reasonable to assume
 that the students in the class are representative of the
 whole campus and to discuss directions of possible bias.

 A Brief History

 There are several other aspects of randomized re-
 sponse that might be of interest to some students.
 Some of these relate to the brief history of this still
 developing technique.

 The concept of randomized response was introduced
 in 1965 by Warner [6]. In Warner's model, each
 respondent randomly selects one of two questions of
 the form: (1) I am a member of group A; and (2) I am
 not a member of group A. Each respondent answers
 "true" or "false" without revealing which question he
 is answering. Thus the probability of a "true" response
 is

 X = pn + (1 - P)(1 - H).  (2)

 Since the randomization device is always chosen so that
 P is known, n is the only parameter to be estimated.
 Straight forward procedures lead to estimates, con-
 fidence intervals, and tests for II. In fact, simply solving
 for Hf in terms of X as before gives the maximum likeli-
 hood estimator. This model does not have a solution
 when P = 1.

 The next state of development came in 1969 when
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 Simmons [4] showed that an unrelated question model
 could improve upon Warner's idea. In the unrelated
 question model, a person randomly selects and answers
 one of two questions of the form: (1) Are you a member
 of Group A (e.g., a homosexual); or (2) Are you a
 member of Group Y (e.g., saw a black cat today)? A
 respondent could belong to one, both, or neither of the
 two groups. Again, he does not reveal which question
 he has answered. The model can be written as:

 X = Pn + (1 - P)o. (3)

 Theoretical details for this approach were presented in
 1969 by Greenberg et al, [2].
 When II and 6 are both unknown, it is necessary to

 conduct two surveys having the probability that a
 person responds to Question 1 differently in the two
 samples (i.e., P1 F P2). If k is substituted in equation
 (3) for each of the two surveys, the result will be two
 equations in two unknowns (n and 0). These two
 equations can be solved simultaneously for fI and 0 to
 get the maximum likelihood estimates for the param-
 eters.

 Greenberg et al. showed that Pi and P2 should be as
 far apart as feasible to get the most efficient estimate of
 n. Neither can be too close to 1, since respondents must
 feel confident that their response cannot be associated
 with the sensitive question. They also showed that
 greater efficiency is attained when II and 0 are both on
 the same side of 12. Intuitively, the variance of X will
 be smallest when the binomial parameter X is as close
 to 0 or 1 as practical.
 Greenberg et al. also argued that for maximal effi-

 ciency P1 and P2 should sum to one. Thus with P1 = 0.7,
 they would have chosen P2 = 0.3. However, in 1971,
 Moors [5] showed that the greatest efficiency is attained
 when P2 = 0. Therefore, in the two sample model,
 optimum efficiency is attained if the real question of
 interest is not asked at all in one of the samples. The
 purpose of the second sample, then, is simply to es-
 timate 0.

 However, it now seems likely that the two-sample
 model will fall into disuse because it is always possible
 to choose the unrelated question so that the probability
 of a "yes" response is known. Sometimes from census
 data or other sources, facts such as the proportion of
 the population born in April are known. Therefore, the
 unrelated question could be, "Were you born in April?"
 An even better method, suggested in 1969 by Greenberg
 et al. is to build the unrelated question into the ran-
 domizing device. For instance, the randomizing device
 could be a box of red, white, and blue marbles in
 proportions Pr, Pw, and Pb. The respondent would pick
 a marble and obey one of the following instructions
 depending on its color.

 Blue: Answer the question "Have you had an
 abortion?"

 Red: Say yes
 White: Say no.

 The model, in this case, is simply

 X = PbII + Pr

 By using such a device, it is never necessary to resort to
 a second sample.

 Generalizations to more complicated situations have
 also been presented. Abdul-Ela et al. [1] in 1967 ex-
 tended Warner's binomial technique to the multi-
 nomial situation where every person in the population
 belongs to one of k mutually exclusive groups, at least
 one of which is stigmatized. An unrelated question
 quantitative model was developed by Greenberg et al.
 [3]. This technique would be useful if one wanted to
 estimate quantities such as family income, frequency of
 sexual activity, or number of crimes committed. In
 1971 Warner [7] developed a linear model for the
 randomized response approach which is similar to the
 conventional general linear model. He showed that all
 the previously mentioned randomized response tech-
 niques were special cases of this general model.

 Other Teaching Suggestions

 In introductory courses it is useful to discuss some of
 the practical problems which arise in survey design and
 administration in terms of the randomized response
 model. For example, gaining the respondent's con-
 fidence so that he will not only participate in the survey,
 but will also answer truthfully, is a problem in all
 surveys particularly those involving sensitive topics.
 Students can discuss such problems as how to explain
 the randomization procedure so that people feel secure
 and what sort of randomizing device might appeal to
 the people in the sample. For example, if randomized
 response is to work, the respondent has to believe that
 his answer cannot incriminate him. Therefore, the
 probability that the sensitive question is chosen cannot
 be so high as to arouse suspicion.

 Which of the randomized response models is most
 likely to evoke truthful answers? Some people feel that
 the unrelated question technique is too revealing be-
 cause only a "yes" answer can implicate the respondent.
 Others feel that the unrelated question offers a harmless
 escape from incrimination whereas with Warner's
 related question technique either a "true" or "false"
 answer could indicate membership in the sensitive
 group. An interesting project would be to set up an
 experiment to see whether Warner's model or the
 unrelated question model causes less embarrassment
 to the respondent by measuring galvanic skin response
 or some other physiological variable.

 Some properties of randomized response could serve
 as topics for homework or examination questions in an
 introductory course. One way for students to observe
 which model is more efficient in a given situation is to
 calculate confidence intervals for II under different
 models and see which confidence interval is shortest.

 The effect on precision of changing P, 0, or sample size
 can be observed by noticing how the length of the
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 confidence intervals change. The precision of Warer's
 model and the unrelated question model can also be
 compared in this way. Any of the randomized response
 models could also be compared with the usual direct
 question method so that students can observe the
 increase in sample size that is necessary with randomized
 response models in order to maintain precision if all
 people would answer honestly.

 In applied courses students can be encouraged to try
 statistical techniques they have learned by designing,
 administering, and analyzing their own surveys. With
 the randomized response technique, students can con-
 duct surveys and gain information on topics such as
 drug use, abortions, and sexual practices-issues which
 highly motivate some students. For example, one girl in
 an introductory statistics course used the randomized
 response technique to question girls living in university
 dormitories as to whether or not they had ever mas-
 turbated or had a homosexual experience.

 In conclusion, we have found that the use of ran-
 domized response as a teaching example contributes
 positively to students' attitudes and their conception
 of how statistical techniques can help them get results
 not otherwise available.
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 A Remark on the Invariance of Some Estimators A Remark on the Invariance of Some Estimators

 V. P. BHAPKAR* V. P. BHAPKAR*

 A certain invariance property of the method of
 maximum likelihood in statistical estimation has been

 pointed out by Zehna [1] by making explicit the
 notion of a maximum likelihood estimator for u(O)
 when u is not necessarily a 1 - 1 function. This prop-
 erty has been described by him as a distinguishing
 feature of the method of maximum likelihood. The

 purpose of this short note is to point out some other
 methods of estimation which possess this property.

 Let us first look at the problem of estimation in
 categorical data analysis. Suppose Nij, i = 1, 2, . . , rj,
 j = 1, 2, .. ., s are random variables with the product-
 multinomial probability law

 8 ni!/ri ri

 P[N = n] = II II nij! II njnii() ,
 j-1 - i5i i=1 -

 so that ZiNij = ni, IIj(O) > 0 for all i, and 2iIIj(0) =
 1, j = 1, 2,.. ., s with the parameter 0 belonging to
 some set 0. Let

 a ri Enii - nj]Iij (02
 X2() = -

 j=, i=, njiii(Oe)

 If 9 is a minimum chi-squared estimate defined by

 X2(@) = infX2(0),

 * Dept. of Statistics, Univ. of Kentucky, Lexington, Ky. 40506.
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 and 8 E 0, then this method of estimation possesses the
 invariance property referred to by Zehna [1].

 For, suppose X = u(0), where u is an arbitrary trans-
 formation from 0 to A, A being the range of u, Ox =
 {0 I u(0) = X} as in [1], and define the chi-squared
 function induced by u as

 XU2(X) = inf X2(0).
 OEG

 Then, as in [1], letting X = u(b), we have Xu2(i)
 X2(8) and Xu2(u) < Xu2(X) for X in A.

 The same property also holds for the minimum
 modified chi-squared estimate which minimizes the
 function obtained from X2(0) after replacing the
 denominator njIlij(() by nij, if it is nonzero, and by
 some suitable constant (e.g. 1 or 2) if nyi happens to
 be zero.

 In the more general context the same property can be
 claimed for the "least squares" method of estimation.
 Suppose X is a random vector, b () a specified function,
 A a specified at least positive semi-definite matrix, and

 S2(0) = x - b(0)]'A[x- b(0)].

 Assume that 6 is a least squares estimate in the sense
 that S2 () < S2(0) for all 0 E O and ' E 0. If X = u (),
 as before we define

 Su2(X) = inf S2(0)

 as the "sum of squares" function induced by u, and

 as the "sum of squares" function induced by u, and
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