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‘v Associations in categorical data

Karl Gregory
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These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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Example: A{r9 of 500 males from the United States resulted in the table
b=S

Religious affiliation
Bi B, Bs Bs Bs
A [(3Y 19 12 28 18 | 116
A | 172 61 44 70 37 | 384
211 80 56 98 55 | 500

.2 ? Divorce status

A; = divorced
A> = married or never divorced

We may want to test the following hypotheses:

Hp: There is no association between religious affiliation and divorce status.
H:: There is an association between religious affiliation and divorce status.
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In general, we consider data in a a x b table like this:
b
Nw
B B By
- *

A1 | m1  npo np | Ny = Mn*"
Az | no1 npo Nop | No.
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We can convert the table to proportions:

Bi B ... B
Ai | pr1 Pr2 ... P | b1
Az | PP Pop | pe.
Aa ,631 ,632 p\ab ,Bb
p1 P2 pp| 1
pij = njj/n.. = proportion of subjects in row / and column j
pi. = n;./n.. = proportion of subjects in row i
pj = nj/n_= proportion of subjects in column j.
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Imagine that “behind” the observed table there is a “true” table of proportions:
A“‘B. ;..Jopu.‘»“" neens

($3 PLA'v 1\303
PLY,

V(A.A%B:?m By Bzﬁ

Ai [ pir puof - P | pr. e PLA)
Az | p21 @ . Pab | po. e— PIAD
Aa p;1 P;—az P:ab P.ha."" v( A-)

pi p2 ... pp| 1

T | 1,
?(%) (%) (LY

pi = P(A; N B;) = population proportion in row i and column j

p;. = P(A;) = population proportion in row i

pj = P(Bj) = population proportion in column j.
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Formulating the hypothesis of “no association”

We wish to test A wdB; e
L/ Muw‘ e” l' &J J

Lt &

Ho: P(A, M B_,) = P(A,)P(Bj) foralli=1,...,a,j=1,...,b.
Hi: P(AiN Bj) # P(A;)P(B;) for at least one i,;.

Can write these as

HOZ Pij = Pi.P.j foraIIi:1,...,a,j:1,...,b.

Hi: pjj # pi.p for at least one i,;.
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Under Hy, the joint probabilities are given by

B1 B> By
A1 | p1.P1 P1.P2 P1.P.b | Pi.
A> | po.p1 P2.p2 pP2.P.b | P2.
Aa Pa.P.1 Pa.P.2 Pa.P.b Pa.
pP.1 p.2 P.b 1
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Under Hy we would estimate the probabilities as

Multiplying these probabilities by n_ gives expected counts under Hj.
n.. YA B —
n/. n.. n..
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n”{ﬁ,-ﬁ,j]: n_ (Z—') <%) =njnj/n. fori=1,...,a andj=1,...,b,

So we want to compare the tables

obserwnd Eoptd hble w1,
N Mo ... Nip @u/n nina/n. ... nynp/n.
oy Ny ... nNop na.n1 nona/n. ... nanp/n.
and
Na1 Na2 S Nap na.n.l/n.. na.n.2/n.. S na.n.b/n..
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Religious affiliation
B, Bs Bs Bs
Divorce status A1 | 39 “(19) 12 28 18 | 116
v A, | 172 61 44 70 384
211 80 56 98 500
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Pearson’s chi-squared test
Let Oj = nj and Ej =n;nj/n fori=1,...,aand j=1,...,b.

Then reject Hp at significance level « if

Whest = > X%a—l)(b—l),oz'
\N\—

The p-value is P(W > Wiest), where W ~ X%a—l)(b—l)'

Rule of thumb: Only use Pearson’s chi-squared test if .2 5 for all /, .
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Exercise: Run the test on the divorce status vs religious affiliation data:

© Manually.
@ Using the chisq.test () function in R.

W . 3. 1599
b . 01271

J4- 4 o !

)orgs
v~4'ﬂﬂ Lv{'w
;7 'F‘i\ )“ H}"'A' \\o of no Gk
Avoree s & n‘ta’ws t'cpi'.
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# build the data table as a matrix
data <- matrix(c(39,19,12,28,18,172,61,44,70,37) ,nrow=2,byrow=TRUE)

# perform Pearson’s chi-square test
chisq.test(data, (correct = FALSE)

# retrieve table of expected counts under the null hypothesis
chisq.test(data)$expected
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Random samples from different populations:

Exercise: Ice cream preferences of 1000 women, 1200 men:

cup cone sundae sandwich other
men 502 300 204 24 80 1200
women | 410 335 180 20 55 1000
1002 635 384 44 135 | 2200

Note that the row totals are fixed—not random.

© Discuss the hypotheses of interest.

© Conduct Pearson’s chi-squared test for association.
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Two-by-two case with fixed marginal counts:

Exercise: Does a vaccine have an adverse side effect?

abd_pain  no abd. pain

vaccine 29 4965 4 <
control 1376 (1378) p-whes 03 %F

31 6341 6372 —m

w&n"’ : 9.25%

oV e

Note that the row totals are determined by the experimental design. "

Give the hypoth £ i The e s bhren VN g
© Give the hypotheses of interest. .* e T

@ Conduct Pearson’s chi-squared test for association and get the p-value.

© Get the p-value of the test based on the test statistic from earlier
p1 — P2

\/ﬁo(l e (n_ll . n_lz) : , ..o |

Ztest —
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