STAT 712 fa 2022 Lec 4 slides

Random variables

Karl B. Gregory

University of South Carolina

slides are an instructional aid; their sole purpose is to display, during the lecture,
definftions, plots, results, etcXwhich take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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A random variable is a numeric enc of the outcome of an experiment.

Random variable _ A&
Given a p. space (R, B, P), a random variable X_is a functi—> R s.t.

X HA) ={weQ: X(w)e A} € B forall A€ B(R),
N —

where( BgRZ is the Borel o-algebra. l (=.%)

The inverse image under X of any Borel set must belong to B.

X
Let’ lee the set of values X may take. This is called the support of X.
—_— e

Exercise: Make (2, B, P) for each experiment and check if X is an rv:
© Flip a coin and let X = 1 if heads, X = 0 if tails.

© Flip a coin three times and let X = number of heads.

© Let X = time until you drop your new phone.
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A probabilit ction for X

For a random variable X on (£2, B, P), the function

\ o . —
PX(XGA)P (we Q: X(w) € Al foraIIAEB:IR{)

- (A
is a probability function on B(R). X

So X makes a new p. space (R, B(R), Px).

We often refer @s the probability distribution pf X.

—

Exercise: For rolling two dice we have (2, B, P) given by

Q={(1,1),(1,2),(2,1)...}
B = {all subsets}
P(A) = #{points in A}/36, for all A€ B.

Let X = sum of roE and describe Px by making a table of Px(X = x) for@
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(v Tewdoin varintW
Cumulative distribution function
The cumulative distribution function (cdf) Fx of an {y/X is the function given by

Fx(x) :or all x € R.
"—’P s 5

ey pu:f--. v:‘vt

} C ?X(Xec—da’ w]}

Exercise: Let X = rolls of a die.
@ Give the cdf Fx(x) for all x € R.
© Draw a detailed picture of Fx.
© Discuss interpretation of Fx(1/2), say.
@ Discuss interpretation of jump sizes.
@ Discuss Fx(x) for x < 0 and for x > #2

JL i(bl) (‘I‘L)‘ (Z,.‘~__.{ _ o= 9 sl J.wa\))

p(A): & v keo x: 90, 1,2]
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Theorem (Properties of a cdf)

.p.‘

The function Fx is a cdf if and only if
Q@ Fx(x) < Fx(y) forallx <y. Neadecresing
Q limy, o Fx(x) =0 and limy_, Fx(x) = 1.
© |imX¢X0 Fx(X) = Fx(Xo) for all xo € R. Y @..?0,‘-\-,“..4;,\““5 “

APt

Exercise: Show that Fx is a cdf == Fx has the above properties.

@ ot X<y . Thea Gued: Xy exh
] C §uedi: X(“\‘-‘—)’%
T',(("‘\ : ?X ( X ¢ 7‘) —

Act =2 A< p(®)
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Exercise: Let X = # free throw attempts required for you make one. Assume the
attempts are independent with success probability p € (0, 1).

© Give the support X of X.

@ Begin tabulating the values Px(X = x) for each x € X.
© Find an expression which gives Px (X = x) for any x € X.
@ Find an expression for Fx(x) = Px(X < x) for any x € X
© Draw a picture of Fx when p =1/2.

@ Verify that Fx has the three properties of a cdf.
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Continuous and discrete random variables

A random variable X with cdf Fx is called a

@ continuous rv if Fx(x) is a continuous function of x <<
© discrete rv if Fx(x) is a step function of x.

© mixture rv if Fx has jumps and increasing continuous parts.

— /

For a continuous rv X, for any a,b € R, a < b, we have

Px(a < X< b) = Px(a <X < b) = Px(a < X< b) = Px(a <X < b) = Fx(b)—Fx(a).

Exercise: Show that if X is continuous,{PX(X = x) = Odfor all x.

(/me. any "3 §£“sn:,. Vv =)

Karl B. Gregory (U. of South Carolina)

7 /18



Then Ixy € ( x- €., x| L. . n2y,

s %((7(\"" Fx(x’cn\ )/‘ a2

Acs
=7 p(A) ¢ P(3)

pb(e )
)

. £ G -F(x-cy: plxe (x-c.,2)
olx~

m u"‘k
c <« E(LX = 'x\ £ |l (&(*) - Fx(k-c..\d
1’\ nwgp
‘)n‘m‘m"a"lv\
a|uc75 yu'ww). 3 F;‘(‘k\ - :.‘;ﬂ 1:>< [K’ ih\
> B - F C E‘:’ (x"vﬁx

\\}

1:1( (xy - Fx(k\

oﬁpx(x=7() ¢ o >D Px()(’k\’a.



Exercise: Let X = time (months) until you drop your new phone and suppose X

has the cdf given by

© Verify that Fx has the three properties of a cdf.
@ Use Fx to obtain Px(X < 1)

© Use Fx to obtain Px(2 < X)

@ Use Fx to obtain Px(1 < X < 3)
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|dentically distributed-ness of two random variables
Two rvs X and Y on the same probability space are called identically distributed if

Px@e A) = Py(@e 4)

for every A € B(R). We write X ly.

Example: The following random variables are identically distributed:

X = # times you get () in 2 rolls of a die
Y = # times you get Jin 2 rolls of a die
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Fx(X) = Fy(x) for every x € R.

Theorem (ldentically distributed-ness result)
The following two statements are equivalent:
x<y

So, two random variables are identically distributed if they have the same cdf.

v
O = = £ QA
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Probability mass function of a discrete random variable

The probability mass function (pmf) px of a discrete v X X with probability
distribution Px is defined as

{ px (x) F Px(X = Xl for all%& /

Exercise: Find the pmfs of the following rvs based on independent Bernoulli trials
e ————

with success probability p: —
© X = 1 if first trial a success, X = 0 if a failure. : § $u cuss, Lahued
¢
P ( 9 yum’h = b

© X = number of successes in n trials.

Q@ X = number of trial on which the first success occurs.

il
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Probability density function of a continuous random variable
The probability density function (pdf) fx of a continuous rv X with cdf Ex is the

function that satisfies
Fx(x) = / fx(t)dt for all x € R.

‘(g(()(ex\ — fd€
If x which satisfies the above is continuous, then fx(x) = £ Fx(x).

Note that the cdf of a discrete rv X with pmf px and support X can be written as

Fx(x)= > Px(ﬂ
{teX:t<x}

Pl =

e~— (be) e
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Theorem (Properties of pmfs and pdfs)
The function py is a pmf if and only if

@ px(x) >0 forall x e R
® > exPx(x)=1 L 'P(J'L\’il
The function fx is a pdf if and only if

o fx(x) >0 for all x e R /\
[\

o [T fx(x)dx=1 -

Exercise: Consider a discrete rv X with pmf given by

~

e M\
pets) = { S A=0L2e
= 0, otherwise

for some A\ > 0. Show that px is a valid pmf.
S —
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Exercise: Consider a continuous rv X with pdf given by

se=X/X >0
c-e , X >
fX(X)_{o, x <0

for some A > 0. Find the value ¢ which makes fx a valid pdf.

C7o0
To b <1 M
-
4 = x(x) Ax
&
- oF
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oZX ~ ég if Px has the pmf px

ariable X with probability distribution Px, we often write

has the cdf Fx

o X ~ fx if Py/has the pdf fx
- e

N —
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We can tell the support of an rv from its pdf or pmf.

The support X of a random variable X is given by
o {x € R: fx(x) > 0}, if X is continuous with pdf fx (wherever pdf is positive)
o {x € R: px(x) >0} if X is discrete with pmf px (wherever pmf is positive).
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More on finding the pdf from the cdf of a continuous rv:

@ If Fx has a continuous derivative Fj, then fx = F.
o Otherwise set fx(x) = < Fx(x) on intervals over which Fx is differentiable. J

Exercise: Let X be a continuous rv with cdf given by

(0, —00 < x <0

- ) o2x, 0<x<1/3
x() =9 234 1/2(x—1/3), 1/3<x<1

1, 1 < x < o0.

© Draw a picture of Fx.
© Find the pdf fx of the rv X
© Draw a picture of fx.
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