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Order statistics

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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Order statistics

Given a random sample Xi, ..., X,, define

Xy = the least of Xi,..., X,
\y/ X(2) = the next-to-least of Xy,..., X,

X(ny = the greatest of Xi,..., X,.

Then X(1) < X(2) < --+ < X(n are called the order statistics of the rs.

Exercise: Define range, midrange, and median with order statistics.
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Theorem (pdf of kth order statistic)
Let X(1), ..., X(n) be the order statistics of a rs with cdf Fx and pdf fx.

Then the pdf of Xy is given by

fu (X) = HFx G = Fx (01" fx(x),

n!
(k= 1)t(n = K)!

fork=1,...,n

Exercises:
© Derive the above.

Q Let Uy,..., U, e Uniform(0, 1). Find pdf of Uy, find EU(x) and Var Uy

© Draw samples Xi,..., X, ind Uniform(0, 1) and record kth order statistic.
Make histograms. Use n = 10 and consider k = 1,5, 9.
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© Draw samples Xi,

Exercise: Let Xi, ..., X, be independent rvs with cdf Fx(x) = (1 + )71
© Find the pdf of the kth order statistic.

histograms. Use n = 10 and consider k = 1,5,9.

., X, from Fx and record kth order statistic. Make

o = = E A
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Corollary (pdf of minimum and maximum)
Let X(1),...,X(n) be the order statistics of a rs with cdf Fx and pdf fx. Then
@ X1y has cdf and pdf given by

Fxp(x) =1 =1 = Fx(x)]"
fixw (X) = n[L = Fx(x)]" " fx(x)
® X(n) has cdf and pdf given by

Fxwy (x) = [Fx(x)]"
Fix (%) = nlFx (31" fx (x)

Exercise: Let Xi,..., X, Exponential()).
© Find the pdf of X(,,).
© Find the pdf of X(;) and identify the distribution.
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Theorem (Joint pdf of two order statistics)

Let X(1y, ..., X(n) be the order statistics of a rs with cdf Fx and pdf fx.

Then the joint pdf of X(jy and X(x), 1 < j < k < n, is given by

n!
fX(j),X(k)(U, V) = (_/ — l)l(k _j — 1)'(” — k)l fX(u)fX(V)

x [Fx(u)V " Fx(v) = Fx ()] 7L = Fx(v)]"

for —oco < u < v < 0.
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Exercise: Let Xi,..., X, e Uniform(0, 1).

© Find the joint pdf of the order statistics U = X,y and V = X(;11).

scatterplot of the values. Use n = 10, k = 2.

© Draw samples Xi,..., X, nd Uniform(0, 1) and record (X(x), X(k+1))- Make a
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Corollary (Joint pdf of min and max)
Let Xy, ..., X(n) be the order statistics of a rs with cdf Fx and pdf fx.

The joint pdf of X1y and X, is given by

Py X (s v) = n(n — 1) (u) fx (v)[Fx(v) — Fx(u)]"~?

for —oco < u < v < 0.

Exercise: Let Xi,..., X, e Uniform(0, 9).
© Find the joint pdf of X(;) and X,).
@ Find the joint pdf of R = X,y — X(1) and M = X(,,).
© Find the marginal pdf of R.

@ Draw realizations of the range of Uniform(0,1) samples with n = 4,8, 16.
Make histograms and overlay densities.
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