
STAT 712 fa 2021 Final Exam

1. Let X1, . . . , Xn
ind∼ fX(x) = e−(x−µ)1(x > µ) and let X(1) < · · · < X(n) be the order statistics.

(a) Give the pdf of X(1).

(b) Give the value to which X(1) converges in probability; establish the convergence.

(c) Give the value to which X̄n = n−1
∑n

i=1Xi converges in probability; establish the convergence.
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2. Let the random variable pair (X, Y ) have joint density given by

fX,Y (x, y) =
6

c
exp

[
− y

cx

]
(1− x) · 1(0 < x < 1, y > 0)

for some c > 0.

(a) Find the marginal pdf fX of X.

(b) Find the conditional pdf f(y|x) of Y given X = x.

(c) Give EY and VarY .
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3. Let Y1, . . . , Yn
ind∼ fY (y) = 3y2 · 1(0 < y < 1).

(a) Find the values a and b such that

√
n

(
n−1

n∑
i=1

1

Yi
− a

)
D−→ Normal(0, b) as n→∞.

(b) Find the values c and d such that

√
n

(
1

Ȳn
− c
)

D−→ Normal(0, d) as n→∞.
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4. For each n ≥ 1, let X1, . . . , Xn
ind∼ fX(x) = αx−(α+1)1(x ≥ 1) for some α > 0, and set Yn = n−1/αX(n).

(a) Give sequences an and bn of real numbers such that an(X̄n − bn)
D−→ Z ∼ Normal(0, 1). Discuss

any restrictions needed on the value of α.

(b) Give the cdf FY such that Yn
D−→ Y ∼ FY as n→∞.
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