STAT 712 fa 2021 Final Exam

1. Let Xq,..., X, ~ fx(z) =e @ MW1(x > p) and let X(;) < --- < X(,) be the order statistics.

(a) Give the pdf of Xy

The cdf corresponding to the pdf fx is given by
Fx(z)=1—e (@M
for x > i, so we have
fxo (@) =n[l —(1- e~ @myrle=@mn) — penlz=n)

for z > p.

(b) Give the value to which Xy converges in probability; establish the convergence.

We have X(y) L5 1, since, for any € > 0, we have

P( X~ ul <€) = P

(p—e<Xagy <p+e)
Plp < Xa) <p+e)

pte
/ nm,u, dr
1-—

—1

as n — 0.

(c) Give the value to which X,, = n=!>"" | X, converges in probability; establish the convergence.

By the WLLN, X,, -2+ EX; provided Var X; < oo. We have EX; = 1+ 1 and Var X; = 1 (do
integrals or note that the distribution is a shifted exponential), so X, L+




2. Let the random variable pair (X, Y') have joint density given by

fxy(z,y) = gexp [—i} (1—-2)-1(0<z<1,y>0)

for some ¢ > 0.
(a) Find the marginal pdf fx of X.

We have

SO we write

(b) Find the conditional pdf f(y|z) of Y given X = z.

For any x € (0, 1), we have

(¢) Give EY and VarY.

VarY = Var(E[Y|X]) + E(Var[Y|X]) = Var(cX) + E(c?X?)

Cc

Noting that Y| X = x ~ Exponential(cz) and that
EX L d Var X !
=— and Var X = —
2 20’
we have
EY = E(E[Y|X]) = E(cX) =
and

C2
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2
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3. LetYy,....Y, ~ fy(y) =3y 1(0 <y < 1).
(a) Find the values a and b such that

n

1
Vn (nl Z v a) N Normal(0,b) asn — 0.

i=1 !

Letting U; = 1/Y}, we have

! ! 3,1 3
EU, = / — - 3y%dy :/ 3ydy = —yQ‘ =—.
0o Y 0 27 lo 2
and
1 1
EUf:/ —2-3y2dy:/ 3dy = 3,
oY 0
so that Var U; = 3 — (3/2)% = 3/4. Therefore, the convergence in distribution holds for

a=3 and bzg

by the central limit theorem.

(b) Find the values ¢ and d such that

1
Vn (? - c> 2, Normal(0,d) as n — oo,

n

We have . .
EY; = / y - 3ydy = / 3yidy = 3/4
0 0
and
1 1
EY? = / y* - 3y’dy = / 3y'dy = 3/5,
0 0
so that VarY; = (3/5) — (3/4)* = 3/80. So the central limit theorem gives
Vn(Y, —3/4) - Normal(0, 3/80)

g'(z) = —1/2*. We obtain
Vi((Y,) ™t = 4/3) = Normal(0, [~1/(3/4)%)? - 3/80),

convergence in distribution holds for

4
c=—- and d=-—
3

as n — 0o. Now use the delta method with the function g(z) = 27!, which has derivative

as n — oo, where the asymptotic variance simplifies to [—1/(3/4)%]? - 3/80 = 16/135. So the
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4. For each n > 1, let X,,..., X, ~ fx(x) = az= @ 1(z > 1) for some a > 0, and set Y;, = n~ X (,).

(a) Give sequences a,, and b, of real numbers such that a,(X, — b,) 27~ Normal(0,1). Discuss
any restrictions needed on the value of «.

Provided a@ > 2, we can work out that

EXl =

so that

2
« « «
Vaer:a—Q_(a—l) T a-2a-1*

Then the central limit theorem gives that

\/n. (@ —2)(a—1)* (Xn— @ 1) 2, 7 ~ Normal(0, 1),

(% o —

so the convergence holds under

_ —1)2
an = \/n (@ =2)(a—1) and b, = a .
« a—1

(b) Give the cdf Fy such that Y, LY ~ Fy asn — oco.

First, the cdf of X(, is given by Fx  (z) = (1 —27%)", for z > 1. Next, note that ¥, €

(n='/*, 00). Now, for any y > n~/® we have
Fy,(y) = P(Y, <y)
= P(n_l/aX(n) < y)
= P(X(n) < n'/*y)
= (1= (n"oy)~)"
= (1= yny

From this we see that Fy, (y) — e™¥ " asn — oo for any y > 0, so Y, 25V ~ Fy, where

et o y>0
FY_{O y < 0.
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