STAT 712 hw 1

Set theory, probability axioms, counting

Do problems 1.2, 1.3, 1.8, 1.10, 1.11, 1.12, 1.13, 1.14, 1.18, 1.19, 1.23 from CB. In addition:

1. For a collection of sets Aq,...,A,, n > 2, we have
P A) = o)~ S5 P04
1<11<2<n
™ Z Z ZP(Ail N A, N Agy) =+ (_1)n+1p(m?=114i)'
1<i1<ig<iz<n

This is known as the inclusion-exclusion principle.

(a) Prove this result by induction. That is, prove it for n = 2 and then show that if it is true for
an arbitrary n > 2, it must be true for n + 1.

We have proven the base case in class: P(A; U Ag) = P(A;) + P(A2) — P(A; N As). Now,
assuming the formula holds for n, we write

P(UMEA) = P(UL, A U Apy)
(Ui Ag) + P(Anp1) — P((UZ A N Ayp)

(U1 4i) + P(Anga) = P(UL (A 0 Ap ),

P
P

using the n = 2 result. Now we apply the inclusion-exclusion formula for an arbitrary n to




the first and the third term of the above. This gives

P(UMA) Z P(A) = > Y P(A, NAL)+ D ) > PA, NA, NA,) —

1<i1<i2<n 1<i1 <ig<iz<n
+ (—1)"+1P(ﬁ?:114i) + P(An1)

n

> PANA) = D) PANA, N Ay)

1<i1<io<n+1

=1
DD P(AL N AL N A N Any)

1<11<12<13<n

1)” Z . Z P(A“ n--- ﬂA’in,1 mAn+1) + ( 1)TL+1P< " 1(14 mAnJrl))
1<i1 < <ip—1<n

> P(A) + P(Anp)

[ZZPAHQA% iP<AimAn+1)

=1 1<i1<ia<n i=1
T2 PN AN A+ Y Y P(AL N AL N An) | =
1<i1<ig<iz<n 1<i1<iz<n+1

D" Y Y P(A, NN Ay N Ag) 4 (1) P(NE Ay

1§i1<"'<in—1§n

+ (=) P(N Ay

We see that we can match terms as in the sets of square brackets above and simplify. This
gives the result:

n+1
P(UMA) Z P(A) = Y > P(A,NAy)
1<11<12<n+1
+ 3NN P(A, N AL, N A) — o+ ()P P(NELA).
1<i1<ig<iz<n—+1

(b) Suppose n guests take n seats around a table at random. Then the host rearranges them
according to a seating chart he made before the guests’ arrival.
i. Find the probability that every guest must move to a different seat. Hint: Let A; be the
event that guest © sits in his or her assigned seat fori=1,...,n.

Letting A; be the event that guest ¢ sits in his or her assigned seat for ¢ = 1,...,n,
the event that every guest must move to a different seat is the event N}, AS, which by
De Morgan’s Laws is the event (U, A4;)°. We can find P(U}_;A;) using the inclusion-
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exclusion principle and subtract this from 1 to get the final answer. Noting that there
are n! possible seating arrangements, we have

P(A;) = (n—1)!/n!  (Put guest i in correct seat; arrange others.)
P(A;NAj) =(n—2)!/n! (Put guests i and j in correct seats; arrange others.)

P(A;,Nn---NA;,)=(n—m)!/nl (Put guests iy,...,i, in correct seats; arrange others.)
So we have
n "\ (n— 1 (n — 2 n— g1 L
O SLEUD 3 Sl 1D 3 3) S IR
=1 1<i1<2<n 1<11<12<13<n
(n—1)! n\ (n —2)! n\ (n —3)! !
= — — ... 1)t =
A 2 n! i 3 n! +(=1) n!
_ L1 nt1 1
_ 1 z+1_
11< ) i!

So the answer is
P(Mf, AS) = 1= (1)~

7!
i=1

ii. Find the limit of this probability as n — oo.

We find that
'L+1 1
Jim D0 =

by considering the Taylor expansion of the function e™ around x = 0. So we have

1
lim P(N?,AS) =1 — lim Z )"~ = 7! = 0.3678794.

n—00 n—00 7!

(¢) Two 52-card decks are shuffled and place side-by-side. From each deck a card is drawn and
placed face-up. This is repeated 52 times, resulting in 52 pairs of cards drawn. What is the
probability that at least one pair is a match?
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Letting A; be the event that the ¢th pair is a match, we have
_52-511-510 1

P(A) =222 90 2

(Ai) 521 . 52! 52
52-51-500-500 (52 —2)!

PANA) =55 = 5

525150490491 (52 — 3)!

P(A; 0 4; 0 Ay) = 521 - 521 DY
(52 —m)!

P(Ay 0o N Ay,) = 20

To obtain the expression for P(A;), we divide the number of ways in which flip ¢ can be a
match by the total number of ways in which the cards in the two decks can be arranged.
The latter is 52! - 52!. The former is obtained by considering that to arrange for a match
on the ith flip, we can place any of the 52 cards in position i of the deck (52 ways to do
this), rearranging the rest of the cards in any way (51!, and then placing the same card of
the other deck in position ¢ and arranging the rest of the cards in any way (51! ways to do
this). So the numerator is 52 - 51! - 51!.

We obtain the expression for P(A; N A;) similarly: There are 52 ways to choose a card to
place in position 7 of the first deck and then 51 ways to choose a card to place in position j
of the first deck. Then there are 50! ways to arrange in rest of the cards. Then after placing
the same cards in positions ¢ and j in the second deck, there are 50! ways to arrange the
rest of the cards in the second deck. So the numerator is 52 - 51 - 50! - 50!

Now, by the inclusion-exclusion principle, we have

P, A) = 3 (~1ymt (72) 2

— m 521
52
1
= —1)ymtl
mZ:1( ) m)!
= 0.6321206.
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