
STAT 712 hw 3
Expected value, variance, mgfs

Do problems 2.14, 2.17, 2.24, 2.26, 2.28, 2.32, 2.38 from CB. In addition:

1. Each of N visitors entering a museum must pass through one of n turnstiles. Suppose each visitor
chooses a turnstile at random, independently of the others, and let Xn be the number of visitors
that enter through turnstile n.

(a) Give the pmf of Xn.

We have

pX(x) =

(
N

x

)(
1

n

)x(
1− 1

n

)N−x
, x = 0, 1, . . . , N.

(b) Give the mgf MXn of Xn.

We see that Xn ∼ Binomial(N, 1/n), so

MXn(t) = [et(1/n) + (1− 1/n)]N .

(c) For a positive integer k, letN = k·n, so that k visitors per turnstile enter, and find limn→∞MXn .

With N = kn, we have Xn ∼ Binomial(kn, 1/n), which has mgf given by

MXn(t) = [et(1/n) + (1− 1/n)]kn =
(
[1 + (et − 1)/n]n

)k → ek(e
t−1)

as n→∞.

(d) Give the limiting distribution of Xn as n→∞ when N = k · n.

The mgf of Xn converges to that of the Poisson(k) distribution for all t ∈ R, so the limiting
distribution of Xn is the Poisson(k) distribution.

2. (Optional) A rv X is called b-sub-Gaussian if for some b > 0, EetX ≤ eb
2t2/2 for all t ∈ R.

(a) Show that if X is b-sub-Gaussian, then

P (|X| ≥ a) ≤ 2e−a
2/(2b2) for all a > 0.



For any t > 0, we may write

P (X ≥ a) = P (etX ≥ eta) ≤ EetX

eta
≤ eb

2t2/2

eta
= e−ta+b

2t2/2,

where the first inequality comes from Markov’s inequality. Since this bound holds for all
t > 0, we can get the tightest bound by minimizing the right hand side in t. Doing this
results in

P (X ≥ a) ≤ e−a
2/(2b2).

Now we must consider P (X ≤ −a) = P (−X ≥ a). For this we can obtain the same upper
bound by noting that Ee(−t)X ≤ eb

2t2/2. Finally, we have

P (|X| ≥ a) = P ({X ≥ a} ∪ {X ≤ −a}) = P ({X ≥ a}) + P ({X ≤ −a}) ≤ 2e−a
2/(2b2).

(b) Show that X ∼ Normal(0, σ2) is a σ-sub-Gaussian rv.

We have EetX = eσ
2t2/2, so X satisfies the condition of σ-sub-Gaussianity.

(c) Show that X ∼ Uniform(−b, b) is a b-sub-Gaussian rv.
Hint: Write the mgf of X as an infinite series and use the inequality (2k + 1)! ≥ k!2k.

We have

EetX =

∫ b

−b
etx

1

2b
dx

=
1

2bt
[etb − e−tb]

=
1

bt

[
bt+

(bt)3

3!
+

(bt)5

5!
+ . . .

]
=
∞∑
k=0

(bt)2k

(2k + 1)!

≤
∞∑
k=0

(bt)2k

k!2k

=
∞∑
k=0

(b2t2/2)k

k!

= eb
2t2/2.
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Problems 2.14 2.26 2.286 2.32 2.38 from CB
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