
STAT 712 hw 4
Transformations of a random variable, mgfs, quantile functions

Do problems 2.9, 2.12, 3.13(a), 3.14, 3.25, 3.26 from CB. In addition:

1. Let X be a random variable taking each value in its support X = {x1, . . . , xn} with probability 1/n,
and denote by x(1), . . . , x(n) the values x1, . . . , xn when sorted such that x(1) < x(2) < · · · < x(n).

(a) Give the quantile function QX(u) = inf{x : FX(x) ≥ u}, u ∈ (0, 1), where FX is the cdf of X.

Note that FX(x(i)) = i/n for each i = 1, . . . , n. Now suppose u ∈ [i/n, (i + 1)/n) for some
i. Then inf{x : FX(x) ≥ u} = x((i+1)/n). Drawing a picture makes this clear. In order
to define QX(u) for all u, we can make use of the ceiling function d·e which returns the
smallest integer greater than or equal to its argument (it “rounds up”). We have

QX(u) = x(dune) for all u ∈ (0, 1).

(b) For some h > 0, let Y be a random variable with pdf

fY (y) =
1

nh

n∑
i=1

φ

(
y − xi
h

)
,

where φ is the pdf of the Normal(0, 1) distribution.

i. Show that fY is a valid pdf.

We have ∫ ∞
−∞

fY (y)dy =

∫ ∞
−∞

1

nh

n∑
i=1

φ

(
y − xi
h

)
dy

=
1

n

n∑
i=1

∫ ∞
−∞

1

h
φ

(
y − xi
h

)
dy

=
1

n

n∑
i=1

∫ ∞
−∞

φ(zi)dzi ( set zi = (y − xi)/h )

= 1.

ii. Show that the cdf FY of Y is given by

FY (y) =
1

n

n∑
i=1

Φ

(
y − xi
h

)
for all y ∈ R,

where Φ is the cdf of the Normal(0, 1) distribution.



We have

FY (y) =

∫ y

−∞

1

nh

n∑
i=1

φ

(
t− xi
h

)
dt

=
1

n

n∑
i=1

∫ y

−∞

1

h
φ

(
t− xi
h

)
dt

=
1

n

n∑
i=1

∫ (y−xi)/h

−∞
φ(zi)dzi ( set zi = (y − xi)/h )

=
1

n

n∑
i=1

Φ

(
y − xi
h

)
.

iii. Find EY .

We have

EY =

∫ ∞
−∞

y · 1

nh

n∑
i=1

φ

(
y − xi
h

)
dy

=
1

n

n∑
i=1

∫ ∞
−∞

y · 1

h
φ

(
y − xi
h

)
dy

=
1

n

n∑
i=1

∫ ∞
−∞

(hzi + xi)φ(zi)dzi ( set zi = (y − xi)/h )

=
1

n

n∑
i=1

xi =: x̄n.

iv. Find VarY .

We have

EY 2 =

∫ ∞
−∞

y2 · 1

nh

n∑
i=1

φ

(
y − xi
h

)
dy

=
1

n

n∑
i=1

∫ ∞
−∞

(hzi + xi)
2φ(zi)dzi ( set zi = (y − xi)/h )

=
1

n

n∑
i=1

[
h2
∫ ∞
−∞

z2i φ(zi)dzi + 2hxi

∫ ∞
−∞

ziφ(zi)dzi + x2i

∫ ∞
−∞

φ(zi)dzi

]
= h2 +

1

n

n∑
i=1

x2i .
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So

VarY = h2 +
1

n

n∑
i=1

x2i −

(
1

n

n∑
i=1

xi

)2

=
1

n

n∑
i=1

(xi − x̄n)2 + h2.

(c) For xi = i, i = 1, 2, 3, 4, 5, make a sketch of FX with FY , for some small h, overlaid.

This can be done by hand, but here is a plot made in R that shows FY based on xi = i,

i = 1, 2, 3, 4, 5 in the left panel and FY based on x1, . . . , x10
ind∼ Normal(0, 1) in the right

panel.
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We see that FY is a smoothed version of the empirical distribution function. The following
code makes these plots:

library(latex2exp)

plot_edf_smooth_edf <- function(x,h){

x <- sort(x)

y.seq <- seq(min(x) - 3*h,max(x) + 3*h,length=200)

plot(NA,

xlim = range( y.seq ),

ylim = c(0,1),

ylab = TeX("$F_X$, $F_Y$"),

xlab = TeX("$x$"))
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Fy <- numeric()

for(i in 1:length(y.seq)){

Fy[i] <- mean( pnorm((y.seq[i] - x)/h))

}

lines(Fy~y.seq)

n <- length(x)

x.tilde <- c(-10,x,10)

for(i in 2:length(x.tilde)){

lines(x = c(x.tilde[i-1],x.tilde[i]), y = c((i-2)/n,(i-2)/n))

points(x = x.tilde[i], y = (i-2)/n,pch = 19,col = "white")

points(x = x.tilde[i], y = (i-2)/n,pch = 1)

points(x = x.tilde[i], y = (i-1)/n,pch = 19)

}

}

par(mfrow = c(1,2))

x <- c(1,2,3,4,5)

plot_edf_smooth_edf(x,h=.2)

x <- rnorm(10)

plot_edf_smooth_edf(x,h=.2)

2. (Optional) Let FX be a step function with jumps at the points x1, x2, . . . and let QX(u) = inf{x :
FX(x) ≥ u}, u ∈ (0, 1). If U ∼ Uniform(0, 1), show that the rv X = QX(U) has cdf FX .

Consider first, for some xi,

PX(X = xi) = PU(QX(U) = xi) = PU(FX(xi−1) < U ≤ FX(xi)) = FX(xi)− FX(xi−1).

For the above, we can set x0 = −∞. We can see this by drawing pictures of a step function cdf
and the corresponding quantile function. Now, for any x ∈ R, we have

P (X ≤ x) =
∑
{i:xi≤x}

P (X = xi)

=
∑
{i:xi≤x}

[FX(xi)− FX(xi−1)]

= FX(xi∗)− FX(x0),
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where i∗ = max{i : xi ≤ x} and FX(x0) = 0. Since FX is a step function, FX(xi∗) = FX(x),
which shows that X has cdf FX .

3. (Optional) 3.24 from CB is time-consuming, but is good for practicing transformations. I highly
recommend working it out.
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