STAT 712 hw 7

Covariance, hierarchical models, inequalities

Do problems 4.32, 4.42, 4.43, 4.54, 4.58, 4.63 from CB.

1. For Z,...,Z, ~ Normal(0, 1), not necessarily independent, prove the maximal inequality

E max Z; < \/2logp.
1<5<p
Use these steps:

(a) Show that for all t € R we have exp(t - Emaxi<;<, Z;) < pet”/2. Hint: Begin with Jensen'’s.

We have

exp(t - E max Z;) < Eexp(t max Z;) = E max exp(tZ,) <]EZ€ % = pet’?,

1<5<p 1<;<p 1<5<p

where the first inequality comes from Jensen’s inequality and the second from the fact that
the sum cannot be less than the maximum of a set of positive numbers.

(b) Find the value of ¢ yielding the best possible upper bound on E max;<;<, Z;.

Taking the natural logarithm of both sides, we see that

12 logp ¢
< — < —.
t- EE?éZ logp + 5 — Elrgjz%)ZJ_ ; +2

The value of ¢ which makes the right-hand side the smallest is ¢ = 1/21log p (take the derivative
with respect to ¢, set it equal to 0, and solve for ¢; check that 2nd derivative is positive).
Plugging this in for ¢ gives the desired inequality.

2. Let X; ~ Normal(my, s ') and X, ~ Normal(ms, s~ ') be independent rvs.

(a) Let the rv pair (R, ©) be defined by X; = Rcos© and Xy = Rsin ©, where R > 0and © € [—7, 7).
In addition, represent m; and mgy as my = s-cos u and my = s-sin p for some s > 0 and pu € [—7, 7).

Give the joint pdf of (R, ).

The joint pdf of (X, X5s) is given by

K K
f(x1,x9) = G exp [—5@1 — m1)2 + (22 — m2)2

The Jacobian of the transformation defined by (xy,z2) = (rcos,rsin @) is given by

Dy cosf grsiHQ‘ ‘ cos sin 6

F)
8Trcos& @rsmé —rsinf@ rcosf

‘ = rcos’f +rsin?6 =r.




The joint pdf of (R, ©), by the multivariate transformation method, is given by

f(r,0) = ;—H exp —g(r cos — scos 1) + (rsinf — ssin,u)ﬂ
T i
= ;—H exp —g(r2 + 5% — 2rs(cos 0 cos 4 sin § sin pd)}
s i
rK [ K, o o }
- _=Z _9 _
5, €XP | 2(7’ + 5 rscos(f — )

for r >0 and 6 € [—7, 7).

(b) Note that if s = 1 the point (mq,ms) lies on the unit circle and if R = 1 the point (X7, X5) lies
on the unit circle. Show that, under s = 1, the conditional density of © given R = 1 is given by

er cos(0—p)

firﬂ- ericos(0’—p) 49! 1

fOIR=1) = (—m <0 <m).

This is the pdf of the von Mises distribution, which is often used for modeling directional data.

The conditional density of 8 given R = r is given by f(0|r) = f(0,r)/f(r), where f(r) =
fjﬂ f(0,r)dl. Setting s = 1 and plugging » = 1 into f(6,r), we have (abusing notation for
the sake of clarity)

K K
Q.r=1)= — —k(1 = 0 — _ v -k HCOS(@—#)'
f(O:r =1) = o—exp[=r(1 = cos(f — )] = 5—e™"e
Now we write
K oK ok cos(0—p) K cos(6—p)
— _ _ _ 27T6 € . €
f(0|r - 1) - f(07 1)/f<,r — 1) - fj’ﬂ- %einencos(eliu)del - f:rﬂ— eKCOS(GI*H)dQ/.

3. (Optional) Additional problems from CB: 4.33, 4.40.
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