STAT 712 hw 9

Order statistics, convergence in probability

Do problems 5.23, 5.24, 5.27(a) from CB. In addition:

1. For a random sample X;,..., X, x fx, the joint density of all the order statistics Xy < -+ < Xy
is given by
IX Xy (@15 ) =l fo(xl) (oo <xy < - <y, < 00).
=1

Suppose Xi,..., X, b Exponential(1), with order statistics X1y < --- < X(,), and let

Z1 = TLX(l)
Zg = (n — 1)(X(2) — X(l))
Zz = (n—2)(X@) — X@)

Lp = X(n) — X(n—l)-

(a) Find the joint pdf of Z;,..., Z,.

mation 1s

X(l) = n_lZl
X(Q) = (TL - 1)71Z2 -+ nilZl
X(g) = (n — 2)_1Z3 + (n — 1)_122 + n_1Z1

X(n) =Zy+ 271Zn71 + -+ (n — 2)7123 + (n — 1)71Z2 + nilzh

which has Jacobian J(zy,. .., z,) = (n!)~'. Noting that

n

ZX(i):Zl+"'+Zna

i=1

the joint pdf of (Zy,...,Z,) is given by

for (z1,...,2,) € (0,00)".

We first note that the joint support of (Z3,...,Z,) is the set (0,00)". The inverse transfor-

(b) State whether Z1,. .., Z, are mutually independent.



Since the joint pdf can be factored into a product of functions such that each function depends
on only one of the variables z;, the random variables Zi, ..., Z, are mutually independent.

(c¢) Give the marginal distribution of each of Zy, ..., Z,.

Each Z; has the Exponential(1) distribution, for j =1,...,n.

2. For a random sample X,..., X,, from a continuous distribution with median M, give

P(Xa4y <M < X))
for each integer 0 < [ < ”T’l Evaluate the probability for n = 15 and [ = 3. The idea is that we
can choose [ so the interval (X4, X(,—y) will contain M with some desired probability (this is a
confidence interval for the median). Hint: When n =3 and |l = 0 the probability is 0.75.

We have

P(Xayy <M < X)) = P{ Xy S M {M < X))
=1-P({Xqwy > M} U{X@y < M})
=1-P({{Xauy > M} - P({Xuy < M}),

since { X141y > M} and {X(,_;) < M} are disjoint events. Now consider the probabilities

P(X@41 > M) = P(at least n — [ are greater than M)
P(Xm-1y < M) = P(at least n — [ are less than M),

noting that both are equal to P(Y > n —[), where Y ~ Binomial(n, 1/2). So we have

P(X(]_H) S M S X(n—l)) =1- 2P<Y Z n — l)
=1-22" 20, ()

=1 - 2x(1 - pbinom(n-1-1,n,0.5))

For n = 15 and [ = 3 we have 1 - 2%(1 - pbinom(11,15,0.5)) = 0.9648438, so the interval
(X(1), X(12)) will contain the median with probability 0.9648438.

3. (Optional) Let Xq,..., X, xd Uniform(p — 0,1+ 0), n > 2, and consider the sequences of random
variables { R, }n>2 and { M, },>2 given by

_ X — Xo
2

X+ Xw)

R, and M, =

for n > 2.
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(a) Find the joint pdf of (R,, M,).

We first write down the joint pdf of (X(1), X(»)) as

Sx )Xy (0, 0) = @0 (v—u)"? L(p—O<u<v<pu+b).

Now, the trickiest part of finding the joint pdf of (R, M,) is writing down the joint support.
We have

(Rp, M) €{(r,m):0<r<Opu—0+r<m<pu+60—r}
={(rrm):p—0<m<pu+6,r<0—|m-—ul}

To see this, it might help to run a simulation and plot many realizations of (R,,, M,,), as below
(these plots were made with § =2, =1, and n = 5):
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Now we have
. _ _. 1
r=(v—u)/2=:g1(u,v) u=m-—r=:g; (r,m)

m=(v+u)/2=:gs(u,v) — v=m+r=:gy (r,m)

with Jacobian

d d
J(@,9) d%m—i—r %m—i—r 1 1 2
Now the joint pdf of (R, M,,) is given by
n(n—1)

JRu My (T M) = 207 " A (-0 <m < pu+0,r<0—|m—pl.
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(d)

()

Find the marginal pdf of R,,.

For r € (0,6), the marginal pdf of R,, is given by

p+0—r .
Fa () :/ T n(n - 1) 2 g,

—0+r 29n

=0 (g ) — (- 64 7)
_n(n—1)
=g T [20 — 2r]

We can write this as

Fr.(r) = % : H (f)(n_l)_l (1- 5)2_1 10 <7 < ).

Find the marginal pdf of M,,.

For m € (u— 0, + 0) the marginal pdf of M, is given by

6-lm=ul n(n B 1) -2 n n—1
fM"(m):/o o " 'dT:%'(Q—W—MD :

So we write N

faty(m) = 5o (0= | — )"+ 1 — 6 < m < i+ 6).

Show that R, converges in probability to 6 as n — oo.

If B,, ~ Beta(n — 1,2), then R, has the same distribution as #B,,. Therefore

n—1 o
n—1+2

Var R,, = Var(6B,,) = 6° -

ER, =E(0B,) =0 6 asn— oo, and

(n—1)2
(mn—1+2)2n—-14+2+1)

—0 asn — oo,

from the mean and variance formulas of the Beta distribution. Therefore R, —— 6.

Show that M,, converges in probability to u as n — oo.
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Fixing € > 0, we have P(|M,, — u| < ¢) =1 if ¢ > 6; otherwise, we have

pte n .
P<|Mn—m<a>=/ s (6~ lm — )"
H—e
o [ =y
= /ﬂ %'( — (m —p)) m
1 pte
Ze—n(@—(m—u))”
m

Since the right hand side goes to 1 as n — 0o, M,, —= j as n — oo.
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