STAT 712 hw 10

Convergence in distribution, central limit theorem, Slutzky’s, delta method
Do problems 5.18 f#), 5.30, 5.44, 5.51 (a),(b) from CB. In addition:

1. Let X1,..., X, = Poisson()\). Show that the interval /X, & z,/2/(2y/n) contains v/A with probability
tending to 1 — a as n — oo.

By the central limit theorem we have
Vn(X, —\) N Normal(0, A),

since the mean and variance of the Poisson(A) distribution are both equal to A\. Now, using the
delta method with the function g(z) = /z, of which the derivative is ¢'(z) = 1/(2/2), we have

V(v X, — V) 25 Normal (0, i) :

where the asymptotic variance comes from

We see that

2\/5(\/)771 -V 2, Normal(0, 1),

so that

lim P <—Za/2 <2vn(V X, — \/X) < Za/2> =1-—o.

n—o0

Rearranging the above gives the upper and lower bounds of the confidence interval.

2. A real-valued function ¢ is uniformly continuous on A if for every € > 0 there exists 6. > 0 such that
if z,2" € A and |2’ — x| < d. then |g(2') — g(x)| < €. Let the random variables {X,,},>1 and X have
support on X’ and suppose g is uniformly continuous on X. Show that g(X,) == ¢(X) if X,, = X.

Choose € > 0. Then there exists d. > 0 such that | X,, — X| <. = |g9(X,) — g(X)| < ¢; that is
{| X, — X| < 0.} C{]9(X,) —g(X)| < e}. Therefore

P(lg(Xn) —9(X)| <) = P(IX, — X[ < 0).

The right side goes to 1 as n — oo, giving lim,_,+ P(|g(X,) — g(X)| < &) = 1. Since € > 0 was
chosen arbitrarily, we have shown g(X,) —= g(X).




3. (Optional) Let 64, ..., 0, be independent realizations of the random variable 6, for which we have

E cosf = pcos q Ecos(2(0 — p)) = a
Esinf = psin an Esin(2(0 — p)) = B2

Define estimators p and fi by the equations pcosfp = n~' 3" cosf; and psing = n~'> "  sin6;.
This question is inspired by the paper [1]. The setting is circular data, in which angles or directions
01,...,0, are observed and one wishes to estimate the mean angle .

(a) Show that \/n(pcos(ft — u) — p) RN Normal(0, (1 4+ ay — 2p%)/2) as n — oo.
Hint: Show pcos(ft — p) =n~t> 1" cos(0; — p) and find Var cos(6 — p).

Using the trigonometric identity cos(x — y) = cosz cosy — sinx siny, we may write

pcos(fi — p) = pcos frcos pu + psin fisin p
= (n~ 1> cosb;)cosp+ (n7t YT sinb;) sin p
=n"tY " (cosB;cos p+ sinb; sin p)
0 S0 cos(ls — ).

Moreover, making use of the trigonometric identities

1+ cos(2z
cos® x = %() and  cos(z —y) = coszcosy — sinzsiny,

we have
Var cos(f) — p1) = Ecos®(6 — p) — (Ecos(f — p))?

1

= éE[l + cos(2(0 — p))] — [E(cos # cos ju + sin 6 sin p)]?
1

= 5(1 + ag) — [peos® u + psin? p)?
1

From here the central limit theorem gives the result.

(b) Show that n(1 — cos(fi — p))/0? — y% as n — oo, where 02 = (1 — o)/ (4p).
This takes some time. Focus on the rest of the hw first.

Letting X; = cos(f; — p) and Y; = sin(f; — p) for i = 1,...,n and setting X,, = n~! Yo Xi
and Y, = Y7 | Vi, we can show that cos(i — u) = g(X,,,Y,) for g(z,y) = x//22 + y2. First
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write

psin(ft — p) = psin ficos p — psin fi cos
= (n~'>"  sinf;)cospu — (1> sinb;) cos p
=n~tY " (sin6; cos pu + sin b, cos p)
=n~' 3L sin(f; — p).

From this and from our earlier work we may write

5 = (s (i — ) + cos? (i — 1)
= (peos(fp — p))* + (psin(jp — p))?
= (n 'Y cos(B; — p))? 4 (nt Y0 sin(0; — w))?

= X2+Y7
This gives B
. _peos(p—p) Xy
cos(ft — p) = - =
p X2 4+Y?
Now

EX, = Ecos(#, — p) = E(cos )y cos ju + sin 0y sin p1) = pcos? pn + psin? p = p,
and

EY; = Esin(0; — p)
= [E(sin 6, cos pu + sin 0y cos )

= psin f1cos [t + psin [ COoS fi
= psin(p — 1)
=0,

where we have used the trigonometric identity sin(x — y) = sinx cosx — siny cosy. So

9lpx, py) = 9(p,0) = p/(p* +0)'/* = 1.

If we try the first-order delta method on y/n(cos(fi — p) — 1) = /n(g(X,, Yn) — g(px, pty)),
we run into a problem: For the function g(z,y) = x/+/2? + y?> we have

9] y?

% (Jf,y) = (272 + y2)3/2

0 xy

8_y (ZC?y) = _(1’2 +y2)3/27
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each of which is equal to zero when we plug in (z,y) = (p,0). Therefore we cannot use the
first-order delta method.

Since we cannot use the first-order delta method, we establish the result with the second-order

expansion
— — T —

S : Xn — px L Xy —px ) . Xn — px

X,,Y,) ~ iy )&, i) S +-1 = , >
9 ) = g(px, by ) +&(x, py) ( Y. — oy ) s\ v oy ) Bl (T
where

9?2 92
g(ﬂXuNY) = < %z E y) ) ) g(/LX,LLy) = < %22 g(ﬂ? y> 88_(2349(1: y)
o9 (29)=(ux iy ) dwdy I\ I Gy I () =(ux

After some more differentiation of the function g(z,y), we obtain

B0 = o o |

which, with g(p,0) = 1 and g(p,0) = 0, gives the approximation

- - 2
g(X Y)zl—l-—(Y”_“Y>2:1— oy (VY = py)
ny n 2p2 2np2 O_Y Y

where 02 = VarY;. We now use the fact that v/n(Y, — jy)/oy converges in distribution to a
Normal(0, 1) random variable, which when squared has the x? distribution we can represent
this random variable with . Lastly, we plug in
oy = Varsin(f — p)
= Esin®(0 — pu) — [Esin(f — p)]?

= %]E(l — cos(2(6 — p)) — (0)

1— (0%}

=—

and rearrange to obtain
1-— (0%)]
1— [ — R -W.
n[l — cos(fi — )] 1
(¢) It can be shown that 6% = [1 —n~ !> " | cos(2 ( 1))]/(4p%) is a consistent estimator of o2
Use this fact to argue that the interval i + cos™ (1 —0°X1 4 / n) will contain p with probablhty

approaching 1 — a as n — oc.
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We begin by writing P(n[l — cos(fi — p)]/6* < x},) = 1 — a as n — oo. Then we have

~2
. R R g
[l = cos(j— W] /5* < 33} = {eos(ia— ) > 1= Tt )
~ —1 6-2 2
={li = pl < cosTH (1= —xTa)},

5’2

so that fi will lie within cos™'(1 — ?Xia) of p with probability approaching 1 — « as n — oo.

4. (Optional) Additional problems from CB: 5.35, 5.42
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