
STAT 713 hw 1
Su�ciency, minimality, ancillarity, completeness

Do problems 6.7, 6.9 (a)(b)(c), 6.13, 6.14, 6.15, 6.20, 6.21, 6.22 from CB. In addition:

1. Let X1, . . . , Xn
ind⇠ Uniform(✓ � 1, ✓ + 1), ✓ 2 R.

(a) Show that T (X) = (X(1), X(n)) is a minimum su�cient statistic for ✓.

We have f(x; ✓) = (1/2)1(✓ � 1 < x < ✓ + 1), so the joint pdf of X1, . . . , Xn is given by

f(x; ✓) =
nY

i=1

(1/2) · 1(✓ � 1 < xi < ✓ + 1) = (1/2)n · 1(✓ � 1 < x(1)) · 1(x(n) < ✓ + 1).

For two samples x and we have

f(x; ✓)

f(; ✓)
=

(1/2)n · 1(✓ � 1 < x(1)) · 1(x(n) < ✓ + 1)

(1/2)n · 1(✓ � 1 < y(1)) · 1(y(n) < ✓ + 1)
,

of which the numerator and denominator are nonzero for the same values of ✓ if and only

if (x(1), x(n)) = (y(1), y(n)), over which same values of ✓ the numerator and denominator are

constant if and only if (x(1), x(n)) = (y(1), y(n)). Therefore T (X) = (X(1), X(n)) is a minimal

su�cient statistic.

(b) Show that T (X) = (X(1), X(n)) is not complete.

For every ✓ 2 R, the pdf f(x; ✓) = (1/2)1(✓ � 1 < x < ✓ + 1) can be written as f(x; ✓) =
fZ(x� ✓), where fZ(z) = (1/2)1(�1 < z < 1). Therefore f(x; ✓) belongs to a scale family.

In consequence, the statistic R(X) = X(n)�X(1) is ancillary; since we can define an ancillary

statistic as a function of T (X), the latter is not a complete statistic.

2. (Optional) Additional problems from CB: 6.9 (d)(e), 6.23.
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