
STAT 713 hw 2
Maximum likelihood and method of moments estimators

Do problems 7.1, 7.6, 7.10, 7.13, 7.14, 7.15(a) from CB. In addition:

1. For the following, find (i) MLEs and (ii) method of moment estimators for the unknown parameters:

(a) X1, . . . , Xn
ind∼ Uniform(a, b), −∞ < a < b < ∞.

The find the method of moments estimator we can use the equations

m1 =
a+ b

2

m2 =

∫ b

a

x2

b− a
dx =

b3 − a3

3(b− a)
=

a2 + ab+ b

3
,

or, equivalently, we can use

m1 =
a+ b

2

m2 −m2
1 =

(b− a)2

12
.

These both give

a = m1/2−
√

3(m2 −m2
1)

b = m1/2 +
√

3(m2 −m2
1).

so the method of moments estimators for a and b are

ā = m̂1/2−
√

3(m̂2 − m̂2
1)

b̄ = m̂1/2 +
√
3(m̂2 − m̂2

1),

where m̂1 = n−1
∑n

i=1 Xi and m̂2 = n−1
∑n

i=1X
2
i .

The MLEs for a and b are â = X(1) and b̂ = X(n).

(b) X1, . . . , Xn
ind∼ f(x;µ, σ) = (1/σ)e−(x−µ)/σ · 1(x > µ), µ ∈ R, σ > 0.

We note that for all µ ∈ R, σ > 0, and x ∈ R, we may write f(x;µ, σ) = (1/σ)fZ((x−µ)/σ),
where fZ(z) = e−z ·1(z > 0). So if X ∼ f(x;µ, σ), we can write X = µ+σZ, where Z ∼ fZ .
Noting that EZ = 1 and VarZ = 1, we may write

m1 = EX = E(µ+ σZ) = µ+ σ

m2 −m2
1 = VarX = Var(µ+ σZ) = σ2.



Solving for µ and σ gives

σ =
√
m2 −m2

1

µ = m1 −
√
m2 −m2

1

so the method of moments estimators for σ and µ are given by

σ̄ =
√

m̂2 − m̂2
1

µ̄ = m̂1 −
√

m̂2 − m̂2
1,

where m̂1 = n−1
∑n

i=1 Xi and m̂2 = n−1
∑n

i=1X
2
i .

We find the MLEs as follows: The likelihood function is given by

L(σ, µ;X) = (1/σ)ne−nX̄n/σenµ1(X(1) > µ).

We see that for each σ > 0, L(σ, µ;X) is an increasing function of µ when µ ≤ X(1). So
the MLE for µ is µ̂ = X(1). Now the MLE for σ is the maximizer of L(σ,X(1);X). We find
this by maximizing

logL(σ,X(1);X) = −n log σ − n(X̄n −X(1))/σ.

We have
∂

∂σ
logL(σ,X(1);X) = −n

σ
+

n(X̄n −X(1))

σ2
.

Setting this equal to zero and solving for σ gives

σ̂ = X̄n −X(1).
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