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Distributions of quadratic forms, Cochran’s theorem, ANOVA table

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.

They are not intended to explain or expound on any material.
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Univariate Normal distribution:

The pdf of the Normal(µ,�2) distribution is given by

f (y ;µ,�2) =
1p
2⇡

1

�
exp


� (y � µ)2

2�2

�
for y 2 R.

The moment generating function is MY (t) = etµ+�2t2/2
for all t 2 R.

The pdf and cdf of the Normal(0, 1) distribution get special notation:

�(z) =
1p
2⇡

e�z2/2

�(z) =

Z z

�1

1p
2⇡

e�t2/2dt for z 2 R.

The mgf of Z ⇠ Normal(0, 1) is MZ (t) = et
2/2

for all t 2 R.
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Moment generating function of a random vector
The moment generating function of a p ⇥ 1 random vector y is defined as

My(t) = EetT y,

provided the expectation exists for all t such that ktk1 < h for some h > 0.

Exercise: Let Z1, . . . ,Zp
ind⇠ Normal(0, 1) and set z = [Z1, . . . ,Zp]T . Find the mgf

of y = µ+ Az.
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Result (Multivariate mgf results)
Let y1, . . . , yK be K random vectors with mgfs My1 , . . . ,MyK , respectively. Then

1 y1
d
= y2 iff My1(t) = My2(t) for all ktk1 < h for some h > 0.

2 y1, . . . , yK are mutually independent iff

My(t) = My1(t1)⇥ · · ·⇥MyK (tK )

for all t such that ktk1 < h for some h > 0, where y = [yT1 . . . yTK ]T and
t = [tT1 . . . tTK ]T .

See Res 5.1 and 5.2 of Monahan (2008).
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Multivariate Normal distribution

The pdf of the Normal(µ,⌃) distribution is given by

f (y;µ,⌃) = (2⇡)�p/2|⌃|�1/2 exp


�1

2
(y � µ)T⌃�1(y � µ)

�
for y 2 Rp.

The moment generating function is My(t) = etTµ+tT⌃t/2
for all t 2 Rp

.

The pdf of the Normal(0, Ip) distribution is

�(z) = (2⇡)�p/2e�zT z/2
for z 2 Rp.

The mgf of z ⇠ Normal(0, Ip) is Mz(t) = etT t/2
for all t 2 Rp

.
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Exercise: Let y ⇠ Normal(µ,V) and y = a + By. Show that

y ⇠ Normal(a + Bµ,BVBT ).
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Result (Distributions of “blocks” of a Normal random vector)
Let y ⇠ Normal(µ,V) and partition y, µ, and V as

y =

2

64
y1
...

yK

3

75 , µ =

2

64
µ1
...

µK

3

75 , V =

2

64
V11 . . . V1K
...

. . .
...

VK1 . . . VKK

3

75 .

Then:
1 yj ⇠ Normal(µj ,Vjj) for each j , j = 1, . . . ,K .
2 y1, . . . , yK are mutually independent iff Vij = 0 for all i 6= j .

See Cor 5.1 and Res 5.4 of Monahan (2008).

Prove the result.
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Exercise: Let y ⇠ Normal(µ,V) and set

w1 = a1 + B1y and w2 = a2 + B2y.

Show that w1 and w2 are independent if and only if B1VBT
2 = 0.

Karl B. Gregory (U. of South Carolina) STAT 714 fa 2023 Lec 04 9 / 28

4 41 41 N1 1.4.414

YTB
VBT

B VBT B VB

9
h and Ez an indy if this is Zen



Exercise: Let y = Xb + e, e ⇠ Normal(0,�2In).
1 Find the joint distribution of ŷ = PX and ê = (In � PX)y.

2 Check whether ŷ and ê are independent.
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Chi-squared distributions:

The pdf of the �2
⌫ distribution is given by

fW (w ; ⌫) =
1

�(⌫/2)2⌫/2
w⌫/2�1 exp

h
�w

2

i
, for x > 0.

⌫ is called the degrees of freedom
mgf: MW (t) = (1 � 2t)�⌫/2

for t < 1/2.

Let �2
⌫,⇠ satisfy P(W > �2

⌫,⇠) = ⇠, where W ⇠ �2
⌫ .

Let Z1, . . . ,Z⌫
ind⇠ Normal(0, 1), then

W = Z 2
1 + · · ·+ Z 2

⌫ ⇠ �2
⌫ .

Exercise: Prove the above using mgfs.
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t distributions:

The pdf of the t⌫ distribution is given by

fT (t; ⌫) =
�( ⌫+1

2 )

�( ⌫2 )

1p
⌫⇡

✓
1 +

t2

⌫

◆�(⌫+1)/2

for t 2 R.

⌫ is called the degrees of freedom
mgf: does not exist!

Let t⌫,⇠ satisfy P(T > t⌫,⇠) = ⇠, where T ⇠ t⌫ .

Let Z and W be independent rvs such that Z ⇠ Normal(0, 1) and W ⇠ �2
⌫ , then

T =
Zp
W /⌫

⇠ t⌫ .

Exercise: Prove above via finding the joint density of (T ,U), where U = W .
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F distributions:

The pdf of the F⌫1,⌫2 distribution is given by

fR(r ; ⌫1, ⌫2) =
�( ⌫1+⌫2

2 )

�( ⌫1
2 )�( ⌫2

2 )

✓
⌫1

⌫2

◆⌫1/2

r (⌫1�2)/2
✓

1 +
⌫1

⌫2
r

◆�(⌫1+⌫2)/2

for r > 0.

⌫1 and ⌫2 are called the numerator and denominator degrees of freedom.

mgf: does not exist!

Let F⌫1,⌫2,⇠ satisfy P(R > F⌫1,⌫2,⇠) = ⇠, where R ⇠ F⌫1,⌫2,⇠.

Let W1 and W2 be independent rvs such that W1 ⇠ �2
⌫1 and W2 ⇠ �2

⌫2 , then

R =
W1/⌫1

W2/⌫2
⇠ F⌫1,⌫2 .

Exercise: Prove above via finding the joint density of (R ,U), where U = W2.
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Non-central t distributions:

The pdf of the t⌫,� distribution is given by

fT (t; ⌫,�) =
e��2/2

p
⇡⌫�(⌫/2)

1X

k=0

(2/⌫)k/2(�t)k

k!

�((⌫ + k + 1)/2)

(1 + (t2/⌫))(⌫+k+1)/2 , t 2 R.

⌫ is called the degrees of freedom
� is called the non-centrality parameter
mgf: does not exist!

For Z ⇠ Normal(0, 1) and W ⇠ �2
⌫ with Z ?? W , for any � 2 R, we have

T =
Z + �p
W /⌫

⇠ t⌫,�.

Exercise: For X1, . . . ,Xn
ind⇠ Normal(µ,�2), show that

p
n(X̄n � µ0)/Sn ⇠ tn�1,�, with � =

p
n(µ� µ0)/�.
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Non-central chi-squared distributions:

The pdf of the �2
⌫(�) distribution is given by

fW (w ; ⌫,�) =
1X

k=0

e��/2(�/2)k

k!

1

�( ⌫+2k
2 )2

⌫+2k
2

w
⌫+2k

2 �1e�w/2, for w > 0.

⌫ is called the degrees of freedom.

� is called the non-centrality parameter (ncp).

mgf: MW (t) = exp(�t/(1 � 2t))(1 � 2t)�⌫/2
for t < 1/2.

Let Z1, . . . ,Z⌫
ind⇠ Normal(0, 1), then

W = (Z1 + µ1)
2 + · · ·+ (Z⌫ + µ⌫)

2 ⇠ �2
⌫(� = µ2

1 + · · ·+ µ2
⌫).

Note that Monahan (2008) eq. (5.4) parameterizes the ncp differently.

Exercise: Prove the above using mgfs.
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Non-central F distributions:

The pdf of the F⌫1,⌫2(�) distribution is given by

fR(r ; ⌫1, ⌫2) =
1X

k=0

e��/2(�/2)2

k!

�( ⌫1+⌫2+2k
2 )

�( ⌫1
2 )�( ⌫1+2k

2 )

⇣
⌫1
⌫2

⌘ ⌫1+2k
2

r
⌫1+2k

2 �1

⇣
1 + r ⌫1

⌫2

⌘ ⌫1+⌫2+2k
2

, r > 0.

⌫1 and ⌫2 are called the numerator and denominator degrees of freedom.

� is the non-centrality parameter .
mgf: does not exist!

Let W1 and W2 be independent rvs such that W1 ⇠ �2
⌫1(�) and W2 ⇠ �2

⌫2 , then

R =
W1/⌫1

W2/⌫2
⇠ F⌫1,⌫2(�).

Exercise: Prove above via finding the joint density of (R ,U), where U = W2.
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We will need the following result.

Result (Spectral decomposition for an idempotent matrix)
Let A be a symmetric p ⇥ p matrix. Then A is idempotent with rank s if and only
if there exists a p ⇥ s matrix G such that GTG = Is and GGT = A.

Prove the result.
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Result (Chi-square results for quadratic forms in indep. Normals.)

Let y ⇠ Normal(µ,�2Ip).

1 We have yTy/�2 ⇠ �2
p(� = µTµ/�2).

2 If A symm. idem. w/ rank s, then yTAy/�2 ⇠ �2
s (� = µTAµ/�2)

Cf. Res 5.9 and 5.14 Monahan (2008).

Prove the results.
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Exercise: Let y = Xb + e, where e ⇠ Normal(0,�2In) and X has rank r . Define

F =
kŷk2/r

kêk2/(n � r)
,

where ŷ = PXy and ê = (In � PX)y. Find the distribution of F .
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Result (Chi-square results for quadratic forms in Normals.)

Let y ⇠ Normal(µ,V), V a p ⇥ p positive definite matrix.

1 We have yTV�1y ⇠ �2
p(� = µTV�1µ)

2 If A is symm. and AV is idem. w/rank s, then yTAy ⇠ �2
s (� = µTAµ).

Cf. Res 5.10 and 5.15 of Monahan (2008).
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Result (Independence of a linear function and a quadratic form)
Let y ⇠ Normal(µ,V) and A be symm. with rank s. If BVA = 0 then By and

yTAy are independent.

Prove the result.
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Exercise: Let X1, . . . ,Xn
ind⇠ Normal(µ,�2) and let

S2
n =

1

n � 1

nX

i=1

(Xi � X̄n)
2

and X̄n =
1

n

nX

i=1

Xi .

Show that S2
n and X̄n are independent.
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Theorem (Cochran)
Let y ⇠ Normal(µ,�2In) and let A1, . . . ,AK be symmetric, idempotent matrices

with ranks s1, . . . , sK such that
PK

k=1 Ak = In. Then

yTA1y
�2 , . . . ,

yTAKy
�2 are independent

and
yTAky
�2 ⇠ �2

sk (� = µTAkµ) for each k = 1, . . . ,K .

Prove the result.
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Result (Sequential sums of squares by Cochran’s theorem)
Let y = Xb + e, where e ⇠ Normal(µ,�2In) and X = [X0 X1 . . . XK ]. Define

P0 = PX0 , P1 = P[X0 X1], P2 = P[X0 X1 X2], . . . PK = PX

and set s0 = rankP0, sk = rank(Pk � Pk�1), k = 1, . . . ,K . Then we have

1

�2 yTP0y ⇠ �2
s0

✓
� =

1

�2 (Xb)TP0Xb
◆

1

�2 yT (Pk � Pk�1)y ⇠ �2
sk

✓
� =

1

�2 (Xb)T (Pk � Pk�1)Xb
◆
, k = 1, . . . ,K

1

�2 yT (I � PK )y ⇠ �2
n�

PK
k=1 sk

,

where the above quantities are mutually independent.

Show that this is an application of Cochran’s theorem.
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We can summarize the sequential sums of squares and their distribution in a table:

Source SS/�2
df �

X0
1

�2 yTP0y s0
1

�2 (Xb)TP0(Xb)

Xk
1

�2 yT (Pk � Pk�1)y sk
1

�2 (Xb)T (Pk � Pk�1)(Xb)

e
1

�2 yT (I � PK )y n �
PK

k=0 sk 0
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Exercise: Let Yi = µ+ ↵i + "ij , "ij
ind⇠ Normal(0,�2), i = 1, . . . , a, j = 1, . . . , ni .

Derive the ANOVA table:

Source SS df �

Mean n.(ȳ..)2 1 n
�
µ+ n�1 Pa

i=1 ni↵i

�2
/�2

Treatment
Pa

i=1 ni (ȳi � ȳ..)2 a� 1
Pa

i=1 ni (↵i � n�1 Pa
j=1 nj↵j)2/�2

Error
Pa

i=1
Pni

j=1(yij � ȳi.)2 n � a 0
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Monahan, J. F. (2008). A primer on linear models. CRC Press.
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