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Variance component estimation in random and mixed effects models
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These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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@ Random and mixed effects models

© Variance component estimation, ML and REML

© Prediction of realized values of random effects

@ Testing hypotheses for variance components
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Mixed model setup
: : U
A linear mixed model has the form l-‘ﬁ“‘* b
y:Xb{Zu—Feﬁ) &vv: Lv(a‘:fﬁx
n<) nxp nxg ’Y - T
where et e 2 ﬁ@"‘“"‘\a
@ X is an n x p design matrix b "Cj ﬂT&
@ bis a p x 1 vector of parameters describing fixed effects L
@ Z is an n x g design matrix =V
@ un~ Normal(O,@is a g x 1 vector of random effects
@ er Normal(O,@ is an n x 1 vector of error terms independent of w.
Letting V = ZGZ" + R, we have y ~ Normal(Xb, V).

Typically V = V(0) depends on some parameters 2 which we wish to estimate.
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One-way random effects model
For responses Yj;, assume Nz el
y Ni
. La A.'
where : call | 4 e
Y“'o ! ”~
o ¢;; are independent Normal(Q, o2 ; 1 A
o A; are independent Normal(0, o3) oo LR e, 0
c ’ N
@ A; and ¢ are independent =
y
7hh| ]
Goals: w ~ Norw (" Sy S
- 2 2
@ Estimate p, 05, and o ,,}J( o ot J__'J\

© "Predict” the realized values of the random effects Ay, ...
©Q Test Hp: O'A = 0 versus Hs: O'A > 0.

/

Exercise: Put equations in matrix form Y = Xb + Zu + e.
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Two-way random effects model

For responses Yjj, assume
Y,jk:,LL—FA,'—FBj—F(AB),‘j—F&“,'J‘k, i=1,...,a, j=1,...,b, k=1,...,n;

where

® ¢;i are independent Normal(0, o2)
A; are independent Normal(0, 03)
B; are independent Normal(0, o)
(AB);; are independent Normal(0, 05 5)
Ai,Bi, (AB)jj, and ¢j; are independent

Exercise: Put equations in matrix form Y = Xb + Zu + e.
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Two-way mixed effects model (Randomized complete block design)

For responsg Uk’ assume
Y. \[ =1 b, k=1
ijk T~ Eijk, yd, J=1,...,D, — 4 y Nij
M
where : \°° b~ | % n.;

. b= % i
@ [ is a mean ... . et L
fon
o a, are treatment effects l\l"“" )
< ® ¢jj, are independent Normal(0, o2

@ B; are independent Normal((Q

@ (aB)j are independent NormaI(O,af\B)

e Bj, (AB)jj, and ¢j; are independent

Exercise: Put equations in matrix form Y = Xb + ZQr e
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© Variance component estimation, ML and REML

KTV g = ¥V

T~ - u™t
i - T~ < XV Xx x' vV
X (I xY x TV byl x (ZV) 4
8‘,',9.\40'[ X
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V= 2627+ = V(e
Maximum likelihood estimation of variance components
Let y ~ Normal(Xb, V), where V = V(8) for parameters (b,0) € R? x ©. Then

T
(Bmleaémle) — }érrg% é(b 0 y) z
0)ERP X O |

—

where

1
(b, 8:y)=—3 ~ log(2) — > log |V/| - —(y Xb)"V~i(y — Xb)
M‘V“V“ ¢¢~ }34{& e “‘SFV}.
is the log-likelihood function for (b, 8) based on y. ﬁv"x e x-r\,-~17

v

-
by’é = X(XTV'xy xTV~ Z

rcise: Show that the MLEs can be found in two steps: -

@ Find 6, by maximizing (in many cases numerically) the profile likelihood

1 1 _ - _
0(0;y)= - §Iog|V|—§y (V71— Vv IX(XTVvIX) X"vi)y.

© Find bm|e satisfying (XTV 1X)bm|e — XTy-1 y, where V = V(9m|e).
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Exercise: Let Y,-j:qué\_,;_Jr@, i=1,...,a,j=1,...,n, with

AN Normal(0,03), &; S Normal(0, o2).

Show that the MLE of (u,03%,02) is given by
((_ . SSE o
(y..aaf\, a(n_1)> |f0'/%\>0

(y.,o, SSE+SSA) 62 <0
\ T

an

(fi,65,62) =

SSA SSE

Z f?"‘xn—n]a“

1
where 04 = - [

SSA = ni()'/,-_ — )7“)2 and SSE = ii(yu — )7,-,)2
i=1

i=1 j=1

Useful: (al, + bd,)~t = (1, — J,) and |al, + bJ,| = a""1(a + nb).

a—l—nb
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Restricted maximum likelihood REML principle

The REML approach to estimating variance comps. is to first remove fixed effects.

That is, for y ~ Normal(Xb,V(8)), estimate 6 based on!(l — Px)y. ’
A A

More precisely:
© Reparameterize X so that it has full-column rank (simplifies our exposition).
© Then |etRl — Px) = AAjwith ATA = I p, with p = rank X.
© Then the REML approach estimates 6 based on®: Aly.

o N(AXE, AVAY | Axh s FARX:

- A (; ?x) x‘,’., .’3
© Obtain the “restricted” log-likelihood ¢z(8; w) for 8 based on w.
@ Show that /g(0; w) is equal to

g — S

1 1 1
(r(0;y) = const. ——Iog\V\——Iog|XTV 1X|——(y Xbgs) V™ (y—X@

WherQLq— (XTV-1X)"1XTv-1y. j

See pgs. 192,193 of Monahan (2008).

Exercise:
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Summary of REML approach

For y ~ Normal(Xb, V(8)), estimate € and b in two steps:
© Obtain Oz by maximizing the restricted log-likelihood

1 1 1
(r(0;y) = const. — > log V|- 5 log IXTV—IX| - E(y—ngB)TV_l(y—ngB)

Mﬂ- e

@ Set V = V(0g) and compute bg = (XTV-IX)"IXTV-1y,

Can be useful to write £z(0;y) (scaling and ignoring the constant) as

(r(0;y) = log V| —log [ X"V7IX| —y" (V1 -V IX(XTV'X) X"V 1)y.
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Exercise: Let Yj=pu+Ai+¢e;, i=1,...,a,j=1,...,n, with

A; N Normal(0,03), &; e Normal(0, o2).

Show that the REML estimators of (05, 02) are given by

9

( SSE
-2 . -2
<0A, a(n—l)) if 04 >0
= <07 SSE+SSA> 62 <0
\ an
where SSA SSE
) a(n — 1)

SSA = nZ(y;_ — )7,_)2 and SSE = za:zn:(yu — )7,-,)2
i=1

i=1 j=1

(r(6;y) = log |V| — log [ XTVIX| —y" (V" =V IX(XTVIX) X"V 1)y
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© Prediction of realized values of random effects
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Let ¢ b be an estimable contrast in the model y = Xb + Zu + e.

Consider“predicting"the realized value qu?:

Best linear unbiased predictor (BLUP)
© A predictor v of v is an unbiased predictor it EV = Ev.

@ A linear predictor of v has the form ¥ = ag +a’y.

© A linear predictor v is called the best linear unbiased predictor of v if

E(V — \7)2 < E(V - ‘7*)2
e sn Sieoa-‘ rn"c‘h“‘ erny
for all linear unbiased predictors v* of v.

Exercise: In the one-way random effects model, give ¢ and d such that the
corresponding v are the realized treatment means.

ﬁ
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V= g"-k-\-?(:‘-u & TV
-

”~ ~

Result (BLUP for the mixed model

In the mixed model setup y :@ @ ere

U%Normal(O,G) and e“r\?NormaI(O, R),

the BLU(?P for/v —c’'b + d"u,{where c"b is estimable, is given by

V=c"bys +d"GZ"V ! (y — Xby).
/4

ks
S
1
i
¥
<>

: ‘(,"bv
Prove the above in two steps: T pretiy

—\ C-H-u + Way %L“pl }
g )
hOW that@My] =c'b+ dTGZTv—l(y — Xb)\ bt Al o ok 11

© Minimize E(v — (ag +a'y))?, ensuring that ag +a'y is unbiased.

1
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© A predictor v of v is an unbiased predictor if EV = Ev.

@ A linear predictor of v has the form ¥ = ag +a'y.

© A linear predictor V is called the best linear unbiased predictor of v if
E(v — V)? < E(v — v*)?

Teen Sguerd predicisn eme
for all linear unbiased predictors V* of v.
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Exercise: Let Y =pu+Ai+¢5, i=1,...,a, j=1,...,n, with

A; % Normal(0, o%):  <i " Normal(0, o2).

Show that the BLUP for v; = 4+ A; is given by
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Exercise: Let Y,-j:oz+ﬁx,-j,-j+e,-j, i=1,...,n,j=1,...,r, where

AR Normal(0,03), B; % Normal(0,03), &; 5 Normal(0, 2).

With the sleepstudy data in the R package 1me4, obtain the following:

© The REML estimates for 03, 03, and o2.

@ Estimates of the fixed effects parameters o and §.

© Predictions for the realized values of the random effects.
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V - A + Px; = A. + B x, +5; A;"N("o V‘;\\)
'.. - G L ¢ ) -
4 3. ~n (o, 5 )
# pull data from 1lme4 package ‘a y 27 ~ 2, Ly IU(°) ‘;3
library(lme4) = XY

y <- sleepstudy$Reaction/10 # rescale for numerical stability with optim()
x <- sleepstudy$Days
1

# construct design matrices X and Z gy
n <- 18; r <- 10

X <- cbind(rep(1l,n*r),x)
Z

<- matrix(0,n*r,2*n) qt‘jzl

for(i in 1:n){

ind <- ((i-1)*r + 1):(i*r)
Z[ind,i] <- 1 —
Z[ind,n + i] <- x[ind]
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(r(0;y) = —log |V| — log |XTV7IX| —yT(VI =V IX(XTVIX) X"V 1y,
e et

# define a function which is the negative restricted log-likelihood

negllR_slp <- function(th,y,X,Z){ G- A
%
sgh <- th[1]; sgB <- th[2]; sge <- th[3] s
# build V (wy:-\Jz 2627 ¥&
~

G <- cbind(diag(rep(sghA~2,n)) ,matrix(0,n,n))
G <- rbind(G,cbind(matrix(0,n,n) ,diag(rep(sgB~2,n))))
V <- Z 7x% G 7%*% t(Z) + diag(rep(sge~2,n*r))

# compute restricted log-likelihood

Vin <- solve(V); A <- t(X) %x% Vin %x% X

dl <- det(V); d2 <- det(A)

quad <- t(y) %*% ( Vin - Vin %%/ X %*J) solve(A) %xV t(X) ¥%x% Vin) %*/ y
return(log(dl) + log(d2) + quad)

.
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sgluse optim() to find the REML estimators (this is a clumsy way)
optim_out <- optim(par = c(1,1,1), fn = negllR_slp, y =y, X =X, Z = Z)
th_hat <- optim_out$par

sgA_hat <- th_hat[1]; sgB_hat <- th_hat[2]; sge_hat <- th_hat[3]

# construct V_hat

G_hat <- cbind(diag(rep(sgA_hat~2,n)) ,matrix(0O,n,n))

G_hat <- rbind(G_hat,cbind(matrix(0,n,n),diag(rep(sgB_hat~2,n))))
V_hat <- Z %Y G_hat %x*/ t(Z) + diag(rep(sge_hat~2,n*r))

# compute estimated fixed effects

b_hat <- solve(t(X) %*% solve(V_hat) %x*x% X) %*x)% t(X) %x*/ solve(V_hat)%*/ y
A_hat <- b_hat[1]

B_hat <- b_hat[2]

# obtain predicted values of A and B (which is u)

u_pr <- G_hat %*% t(2Z) * solve(V_hat) %*% (y - X %*/% b_hat)
A_pr <- u_prl[1:n] =

B_pr <- u_pr[(n+1):(2%*n)]

19 / 24
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# compare output to that of the lmer function from the 1me4 package
summary (lmer (Reaction/10 ~ Days + (Days | Subject), sleepstudy))

# make plots

par (mfrow = c(2,9) ,mar = ¢(0,0,0,0), oma = c(4,4,1,1))
xlims <- range(x); ylims <- range(y)

for( i in 1:n){

ind <- ((i-1)*r + 1):(i*r)
plot(y[ind] “sleepstudy$Days[ind] ,x1im = xlims, ylim = ylims,
xaxt = "n",yaxt = "n")

if (i %in’% c(1,10)) axis(side = 2)
if (i %inY, c(10:18)) axis(side = 1)

abline(A_hat + A_pr[i], B_hat + B_pr[il)
abline(A_hat,B_hat,lty = 3)

}
mtext(side = 1, outer = TRUE, text = "Days of sleep deprivation",line=2.5)
mtext (side = 2, outer = TRUE, text = "Reaction times", line = 2.5)
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Reaction times

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrorororl
o 4 80 4 80 4 80 4 80 4 80 4 80 4 80 4 80 4 8

Days of sleep deprivation
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@ Example of ANOVA and hypothesis testing in mixed models
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Exercise: Let Yj=pu+Ai+¢e; i=1,...,a, j=1,...,n, with

S Normal(0, 03), &; e Normal(0, o2).

Define the sums of squares

S5ST = Z?:l 2;21()//1 y.)?, SSA = ”Z, (Vi =Y. )?, SSE = ”Z _1 (i — ¥i.)?
as well as the mean squares MSA = SSA /(a — 1) and MSE = SSE /(a(n — 1)).
© Show that SSA /(02 + no3) ~ x2_ 13
e (v, 90)
© Show that SSE /o2 ~ Xa(n—l)l
@ Give EMSA and EMSE.
Q Give ANOVA (method of moments) estimators of 03 and o2.

Q Give the distribution of MSA /MSE. = ¥, .
O Give a size-« test for Hp: 05 = 0 based on MSA / MSE. Give power function.

nh-*)

\‘“(73 \'vli z Y‘») (,; Vo ly) + @Lffj,v\
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Let y ~ Normal(p, V), V a p X p positive definite matrix.

Q@ We havey™Vly ~ x2(¢p = pn"V 1)

@ I/f A is symm. and AV is idem. w/rank s, thxg(d) = pTAp).
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Result (Chi-square results for quadratic forms in Normals.)
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