
 

het A and B be square matrices

Show that is A is not invertible then AB is not mvatible

Solution It is sufficient to show tht AB invertible A invertible

By contrapositive

Suppose AB is invertible Then there exists a matrix C suchthat

ABC I

Then BC in the inverse of A so A is invertible

het A be men and let B be nem Show

a Er A L BA

b Er ATA FEÄ
Solutions

4 We how

GLAD

g
LAB

R

rowg.CA al B

E E An Bin

and

tr BA BA
in

row B al A

IF I Bin Ari

We see that then are equal



b We have

Er A GTA
in

now AT al A

i al A coli A

E E An Ani
AIin je

Show that for any matrix A the matrix ATA in positive semidefinite

We must show that ATA has no negative eigenvalues

ht y be an eigenvector ofATA
Then for some 7 we have

ATA 7

IATA 1kt

HAYN 111 11

Since HAY12 and Hill are both positive we have 730

Therefore ATA does not have any negative eigenvalues

In consequence ATA is positive semidefinite



I het PACE der EI A Then for a 3 3 matrix

A
2 9

az az az

a 932 933

we have

t an an als
tazz an an an als an

az f an an t a an
an E an _an f as It are az

na na

t.at lt ndlt

taz C a an an as as an aest an t az

an E Gazeta s t 92293

t as an an az 9,3932 an sieaus an an t an

E az tags t t an ast 923932 t

a E t an lazztass t a 922933 t an 923932

an az t 9339,292

an 9,2923 93 a t t a 9,3922

a taz ta t

az an 923932 anaz t an arzt an933 93,9 t

an 9,3
t aital an 933

E HAT 1 1 1az

CBldet A



For an orthogonal matrix U show tht det U E S i B

Since U is orthogonal we have UTU I so

dat TU det I L

Moreover det OTV Lt UT det Leto det o

So we have

Leto dato s

which can only be tue if dato is equal to 2 or 2



D ht A

4 hee han rankt 2

b ht ham detLA AI s i D 73

Getting this equal to Zero gives 7 0

There are Zg nonzero eigenvalues

4 We her ATA which he rank z

d The matrix ATA has eigenvalues G az o 1,1 so it has two
nonzero eigenvalues

e Th statement is true for symmetrie matrices but not in generd
es parts a and h showed

It is the for symmetrie matrices because of the statement m the Speed
Theorem For each eigenvalue the dimension of the corresponding

eigenspace is equal to the multiplicity of the eigenvalue as a not of the
characteristic polynomial

Reall that for a metro with n column the Rank Theorem give

rank A t dim Not A en

Now Not A 1 AL o is the union of the eigenspaar corresponding
to the Zero eigenvalues across multiple

So the number of eigenvalues egal to Zero give dem Nol A

Sinn symmetrie nen matrices by the Spectral Theorem have u red
eigenvalues wo kam

rank A n dimNotA n eigenvalues egon too Snonzero eigenvalues



ht A be an idempotent matrix so AA A Show

a The eigenvalues of A are egal to O or 2

b The determinant of A is equal to O or 2

c If the determinant is 2 then A I

d If A symmetrie and idempotent then rank A tut

Solutions

K het I be a scale and I be a nonzero vector such that

Az
Then multiplying both sides of Ag by A given

Az Az 1 7

So um must have I equal to zero or one

b Sinn the determinant is the product of the eigenvalues
and those can be only O of 2 the determinant can
be only O or 2

4 Is detA 1 then all the eigenvalues must be equal to 2

Sinn the number O is not an eigenvalue of A Ais invertible

Combining the facts that A is both idempotent and invertible we have

A A I A
AIA

A AA A I A

d If A is symmetric and idempotent then the multiplicity of O
as an eigenvalue is equal to the dimension of the null span OPA

From statement of the Specht Theorem me have

eigenvalues egal t o dimNot A

Sinn rank A t dimNetA n total number of eigenvalues wehen

rankA nonzero eigenvalues

Sinn all the nonzero eigenvalues are equal to t and Era is equal
to the sum of the eigenvalues we have tra Snonzero eigenuches i e

rankt tut



het A be a symmetrie matrix Show that the quantities

m intGatt and ME up

an

z
Etat

III L

equal to the least and the greatest eigenvalues of A respectively

Solution

hat 2 In be on orthogonal set of unit eigenvectors of A corresponding

to the eigenvalues 1,7 7 An

Then we may write the spectral decomposition of A as

A E nimmt
Note that since he 2ns an orthogonal then fun a been for IR

any vector TER

Then we have
iii

an In

In in

m EEAnwni
Now consider minimizing or maximizing Anwn subject to

ni

w wa Elo B and wars

Since I 1,7m the men and me are In and I resp



Let X X X have covariance matrix 4 e Is TZ 25
a Show that I 2 and it 22 are eigenvalues of

Can show that

E I E Bai tz 3 with a l a1

c a 22 with somealgebra

From here we see that the roots of the characteristic equation
are a r and a 2T so

I I E I

I 22 a 1 27

b Need je 2 2 to make all eigenvalues positive

c We kam Vor u X t v2 Xo t V3 X KEY with y vi rz.rs

iii
III am E nee um a c z

wohinE T

E 1 7 T o T T T

o o o o

x x2 73

E 1
So the eigenspace corresponding to a I E is Spon

choose a unter in this space a scale it to have mit wurm Y YE


