
 

STAT 714 HW 5 SOLUTIONS

For matrices X A and B

4 show that AXTX BTX AXT BXT

b Show that TX is a gen innen of XT

htt
a Suppose AXT BXT Then postmultiplication by X give AIX BEX

Suppose AXTX BXTX This implies

XTXAT XTXBT EX T BT O

so the columns of AT BT are a Nut IX

Sinn NutXTX NIX we have shown this indas we have

CAT BT O XATEXBT AXT BXT

b Write

XTXCXTXTXTXEXTX.Th.is
implin XTEXTAXT XT by the result proven in a

Therefore XIX is a generalized inverse of XT

hat 4 Mt Bi ß Ei f ist n

het Si eineneyed have fl column rank and suppose fisij L K i b n

4 Gin representation y X K te

b Cheek if µ is estimable

C Gon matrix C auch tht b on imposes E Si P O

d Find µ under the constraint in dt

ü D
te



4 µ It with s l o o

To chute whether ge ColXT build augmented matrix for solving XTE
and now reduce

i
iO

f subtract from the first

µ IS row the sumof all the
other rows

We see that there is no solution so µ is not estrmable

al We may impose the constraint EiFgGB o es ch o with

o ESi EnSid
Cda

dt The constrained estimator is the unique solution to

19
Letting I Sy In for each 5 1 d we may write

TX XE
I IE

iIka Ii

From here me now reduce the augmented matrix

n Zi Ziha
si I IT

E3
y

Is I o



i T
first non

si I Ii
Ii Jura

ze

This shows that the first entry of the aol.to I to E b f is J

So I

ht X hin fullcolumn rank with first column a column of ones
xp

LA Y a vector of response not all equal to the same valve

ht PI b the orth prj.ontokp.us n3

a EEIT
b Gin range of values for quantity in ca

C Write quantity m terms of Yi Fi F

hatte

1 This is the ratio of the model sum of squares over the total
sum of squares

The denominator measures the total variability m y around its men

The numerator measures the variability of Ry around the men ofy
This is R the coefficient of determination



b h ca write

KE PEI IIE RI Ex PD L

MERD atAPGP.ly I2tzKPx P E R

where

Ex P E R ECR PILI PAI

IT R I PAI

IT R PP

O

since PPy P

To see why PPx P note that since X has a columnofones

RR RI V I since spans alt

Tax
This given Pyp P CAP PT P PPy R

From the abou we have

ME D III KE D atAP PD.IR

so the numerator APGP 1112 can here exceed the denominter NIC P 1

The denominator is positive and the numerator is nonnegative so

LEIIT.cn



hat X E X when Xe has a column of ones and X ha fullcolumn ran

ht B GATTI
show tht Vorhin Einfalt when Ri

b Interpret

Exc We kam

Gtx xt EI Tx

O2 TX

The variance of 5 is th i i entry of T x

Using a block matrix invasion formula we obtain

Vor 02 ITI EX xix Atr

iii
5

i D

it n

et

IT E an

Ex a
uses the fact that Py p is idempotent

y in µ yay a

b As R approaches 2 Vor5 will explode The quantity R expresses how
correlated I is with the other columns op X High correlation collinearity
leads to high variance



het y X te when EE on and love Ein

Assume eigenvalues of XIX are all positive

a Show that Xix b Ty has a unique solution

b Show E III hell r if a where I Ip an the eigenvaluesof Xix

Solution

4 Sinn XTX has all positive eigenvalue its determinat is nonzero and
therefore it is invertible So

GTX II

b We kam

EH KIT ELITE z ET Ek

ELITE EETA LEETAEZ Er ACE
2

Eh ECKE 5

tr con

o Ey

E Nix

rtr Gtx

je

Sinn j c p an the eigenvalues of GTX and the then of a

matrix I the sum of its eigenvalues



Show under Xkte E E q a contrast Eth is estimate C Collt

Solution Firstly note that Cover plays no role in determining estimability
of a contrast in dass we established this result under Elf on so
one could have any kind of covariance structure for q

Estimable means them exists ao and s such that E a tat gib 4h
het s EGIXT Then 7 g such tht E Xia
Then with no o we how a TI GTX Eth Kk
Suppose ELot ITI Ih tu all k
The not Ex cTh k h
which implies a so and GTX E so ge GIXT



het X y Ip be full rank with unit columns

Find the unit vector g and the scala A sch that It A fo j b p

Sotto
The condition GTI A fo j b sp may be expressed es Xi A p

A solution is given by
a x Akp

where X is a generalized inverse of XT

A generalized inverse P XT is TX sina.XTXCXTXTXT

XT.brwe can write at A X TX Ip

But we must scale th solution so that it has unit norm This gives

HÄ ÄXTE A XIII'Er
2,1
XXX'Er

Then

XT XTXCXTYT.JP
xTyjznlI HATTEN

A Tx2,11
We can do write

A Zitat

ZELT XX Ip


