
STAT 714 hw 8
Simultaneous confidence intervals, variance component estimation, mixed models

1. Let A be an n× n matrix. Prove each of the following results:

(a) We have xTAx = xT Ãx for all x ∈ Rn, where Ã = (1/2)(A+AT ).

(b) If xTAx = 0 for all x ∈ Rn then A = −AT .

(c) If A is symmetric, then xTAx = 0 for all x ∈ Rn implies A = 0.

2. If a random vector z has covariance matrix Σ and moment generating function Mz(t) = et
Tµ+tTΣt/2,

but Σ is singular, then z is said to have a singular multivariate Normal distribution. Come up with
a way to generate a realization of z and describe it.

3. Let Yij = µi + εij, εij ∼ Normal(0, σ2) for i = 1, . . . , a and j = 1, . . . , n. Suppose you are interested
in building simultaneous confidence intervals for every contrast comparing a pair of means, that is
for µi − µj for all i ̸= j.

(a) Give the matrix representation y = Xb+ e of the model.

(b) Let c1, c2, . . . be the vectors defining the necessary contrasts and let C = [c1 c2 · · · ]. Give the
values of the diagonal entries of CT (XTX)

−
C.

(c) Referring to Lecture 5, run a Monte Carlo simulation to obtain the value of |t|∨N−a,α such that

P
(
µi − µj ∈

[
ȳi. − ȳj. ± |t|∨N−a,ασ̂

2
√
2/n

]
for all i ̸= j

)
,

where N = na. Use α = 0.05, n = 6, and a = 5.

(d) Tukey’s HSD method for building simultaneous confidence intervals for all pairwise differences
in a balanced one-way ANOVA design prescribes building the intervals[

ȳi. − ȳj. ± qa,N−a,ασ̂
2
√
1/n

]
,

where the values of qa,N−a,α appear in tables in the appendices of many textbooks. Use your
Monte Carlo code to verify the numbers highlighted in the table attached to this homework
(note that qa,N−a,α =

√
2|t|∨N−a,α). Each entry in the highlighted row of the table will correspond

to a different (n, a) pair. For example, the value 3.96 corresponds to n = 6, a = 4. Note: Some
of the Error df and Number of Groups combinations are not possible with a balanced design
(e.g. 20 and 3). You may skip these, as these numbers are obtained with an adjusted method
called the Tukey-Kramer method.
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# to obtain one number:

a <- 4

n <- 6

N <- n*a

N - a

## [1] 20

Cmat <- matrix(0,nrow = a, ncol = choose(a,2))

k <- 1

for(i in 1:(a-1))

for(j in (i + 1):a){

Cmat[i,k] <- 1

Cmat[j,k] <- -1

k <- k + 1

}

K <- ncol(Cmat)

X <- diag(a) %x% rep(1,n)

H <- t(Cmat) %*% solve(t(X) %*% X) %*% Cmat

Sigma <- diag(diag(H)^(-1/2)) %*% H %*% diag(diag(H)^(-1/2))

eig <- eigen(Sigma)

s <- qr(Sigma)$rank

M <- 50000 # number of MC draws

Z0 <- matrix(rnorm(M*s),M,s)

Z <- Z0 %*% diag(sqrt(eig$values[1:s])) %*% t(eig$vectors[,1:s])

W <- rchisq(M,df = N - a)

t_alpha <- quantile(apply(abs(Z),1,max) / sqrt(W / (N-a)),.95)

t_alpha*sqrt(2)

## 95%

## 3.965533

4. Obtain an expression for the REML estimator for σ2 in the model Yi = µ+ εi, εi
ind∼ Normal(0, σ2),

i = 1, . . . , n.
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5. Consider the model Yij = µ+ αi + Bj + εij, where µ and αi are fixed effects, Bj
ind∼ Normal(0, σ2

B),

and εij
ind∼ Normal(0, σ2

ε), i = 1, . . . , a, j = 1, . . . , b.

(a) Write the model in matrix form y = Xb+ Zu+ e.

(b) Give V = Cov y.

(c) Give the expected values of these sums of squares:

i. SST =
∑a

i=1

∑b
j=1(yij − ȳ..)

2

ii. SSA = b
∑a

i=1(ȳi. − ȳ..)
2

iii. SSB = a
∑b

j=1(ȳ.j − ȳ..)
2

iv. SSAB =
∑a

i=1

∑b
j=1(yij − ȳi. − ȳ.j + ȳ..)

2

Let ᾱ = a−1
∑a

i=1 αi. Then we find

• E SST = E
∑a

i=1

∑b
j=1(yij − ȳ..)

2 = a(b− 1)σ2
B + (ab− 1)σ2

ε + b
∑a

i=1(αi − ᾱ)

• E SSA = Eb
∑a

i=1(ȳi. − ȳ..)
2 = (a− 1)σ2

ε + b
∑a

i=1(αi − ᾱ)

• E SSB = Ea
∑b

j=1(ȳ.j − ȳ..)
2 = a(b− 1)σ2

B + (b− 1)σ2
ε .

• E SSAB = E
∑a

i=1

∑b
j=1(yij − ȳi. − ȳ.j + ȳ..)

2 = (a− 1)(b− 1)σ2
ε .

Here is some sloppy work:

Page 4



(d) A randomized complete block design applied several pre-planting treatments to soybean seeds
in different fields (blocking variable). The response is the number of plants, out of 100 planted
seeds, which failed to emerge.

Field
Treatment 1 2 3 4
Control 8 11 12 13
Avasan 2 5 7 11
Spergon 4 10 9 8
Semaesan 3 6 9 10
Fermate 9 3 5 5

These data are taken from Dr. Michael Longnecker’s course notes from 642 at TAMU in 2010.

i. Obtain (numerically) the REML estimator of the variance of the Field effect.

ii. Obtain (numerically) the REML estimator of the variance of the error term.

iii. Obtain a p-value for testing the significance of the treatment effect using the test statistic

FA =
SSA /(a− 1)

SSAB /((a− 1)(b− 1))

iv. Obtain a p-value for testing H0: σ
2
B = 0 using the test statistic

FB =
SSB /(b− 1)

SSAB /((a− 1)(b− 1))

v. Complete an ANOVA table like the one below, providing F values and p values for Treat-
ment and Field.
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Source df SS MS F p-value
Treatment SSA

Field SSB
Error SSAB
Total SST

rm(list=ls())

# y is number of plants which failed to emerge out of 100 seeds

y <- c(8,11,12,13,

2,5,7,11,

4,10,9,8,

3,6,9,10,

9,3,5,5)

Treatment <- c(rep("Control",4),

rep("Avasan",4),

rep("Spergon",4),

rep("Semaesan",4),

rep("Fermate",4))

Field <- rep(1:4,5)

soybean <- data.frame(y = y, Treatment = Treatment, Field = Field)
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a <- 5

b <- 4

n <- 1

A <- 1:a %x% rep(1,b*n)

B <- rep(1:b %x% rep(1,n),a)

N <- a*b*n

X <- matrix(0,N,a)

ZB <- matrix(0,N,b)

for(i in 1:N){
X[i,A[i]] <- 1

ZB[i,B[i]] <- 1

}

negllR_rcbd_noint <- function(x,y,X,ZB){

sigmaB <- x[1]

sigma <- x[2]

V <- sigmaB^2 * ZB %*% t(ZB) + sigma^2 * diag(length(y))

Vinv <- solve(V)

Amat <- t(X) %*% Vinv %*% X

d1 <- det(V)

d2 <- det(Amat)

quad <- t(y) %*% ( Vinv - Vinv %*% X %*% solve(Amat) %*% t(X) %*% Vinv) %*% y

val <- as.numeric(log(d1) + log(d2) + quad)

return(val)

}
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theta_hat <- optim(par = c(1,1), fn = negllR_rcbd_noint, y = y, X = X, ZB = ZB)$par

sigmaB_hat <- theta_hat[1]

sigma_hat <- theta_hat[2]

sigmaB_hat^2

## [1] 2.039995

sigma_hat^2

## [1] 6.390949

# compute SST

SST <- sum( (y - mean(y))^2)

# compute SSA

Xf <- cbind(X,ZB)[,-1]

Xr <- ZB

Pf <- Xf %*% solve(t(Xf) %*% Xf) %*% t(Xf)

Pr <- Xr %*% solve(t(Xr) %*% Xr) %*% t(Xr)

SSA <- as.numeric(t(y) %*% (Pf - Pr) %*% y)

# compute SSB

Xf <- cbind(X,ZB)[,-1]

Xr <- X

Pf <- Xf %*% solve(t(Xf) %*% Xf) %*% t(Xf)

Pr <- Xr %*% solve(t(Xr) %*% Xr) %*% t(Xr)

SSB <- as.numeric(t(y) %*% (Pf - Pr) %*% y)
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# compute SSAB

SSAB <- sum((y - Pf %*% y)^2)

MSA <- SSA / (a-1)

MSB <- SSB / (b-1)

MSAB <- SSAB / ((a-1)*(b-1))

FA <- MSA / MSAB

FB <- MSB / MSAB

SSA

## [1] 72.5

SSB

## [1] 49.8

SSAB

## [1] 76.7

MSA

## [1] 18.125

MSB

## [1] 16.6

MSAB

## [1] 6.391667

FA

## [1] 2.835724

FB

## [1] 2.597132

1-pf(FA,df1=a-1,df2=(a-1)*(b-1))

## [1] 0.07226899

1-pf(FB,df1=b-1,df2=(a-1)*(b-1))

## [1] 0.1006951
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