
 

KERNEL DENSITY ESTIMATION ke chapter 2 of Tsybakov Zoo

het X Xu be a res with edf F

If the edf F has a continuous derivative F then the
corresponding pdf is f F In this case

f Im for all xcIR.hno 2h

This suggests the estimator of Xx given by

Ic Elexth Elan
2h

for some small value of h where E x L IN x

We may rewrite Ink as

Ink fh.EE ih xiExth 1LLxiEx hD

Ih tz It x h x Exth

In Itz h

In k.EE
where Koln EIL 2 ne 2

This is called the Rosenblatt estimator of f



EET cheek whether In is a legitimate pdf

bohrten We have x 70 V ER since Koln O Un c IR

We have

fände ftp.EK.EE dx

R u Xi de holen

Xi hm
8

t Kohl da

t.IE E1ftcneDdn
z

2

We can generalize the Rosenblatt estimator by choosing other Ki

Kh 2 1 KLINIK 2 Triangular

Klm l a KLINE Epanechniko

ka L e Gaussian

Then we have the so called kernel density estimator E

In In KLEE for x



The function K is called the Kernel and h the bandwidth

For to be a legitimate density ve require

ICO Klm o V NER

KF Kaidu L

Exercise Generate data and plot KDES along with true density
Try different kernels and bandwidth

Mean squared error of KDE at a point Xo upperbound

Varian ht Eko Vor x for x ER

Make the assumptions

F 7 fm so est ICH Etwa ER

2 Kind EK

Besoff Under F and LK we have

it E t fm K
uh

for each X ER



Proof For a point x ER we have

v HEE fit KEIN
KH

fit tun

tun E dx

tun h Kkw du

h.fm K

Now we have

v In v KLEE

h.fm la

t.fm Ii D
uh

Bias het bald F ÄH fKo for some x c IR



Trickier than the variance must consider wiggliness of f

Det het T be an interval in R und L 0 The
Lipschitz class of functions Lipschitz L on T is the set
of functions f IR satisfying

JG f xD E L x x V x.x ET

hat that of pdfs that belong to Lipschitz l on be denoted by

PILL J f so Spfladet JeLipschitz L on R

We require another assumption on K which we will later expand on

43 Salut kcal du ka o

RIE UnderC and 43 and if f ePyll then

Ibex h L K

for each Xo ER

Proof We have

EEG fho LEGEKLEI fan

L KLEY JG

L KLEE A dx

fanXE exotah da hdu



Klub Hotel du f xd

by Ci

fkuiffcx.tn f du

So we how

lb.nl LKW Hatun fan du

byCz G flkall Inkl du
L h tut kcal du

IR
by kJ

L h k D

Putting the bias and variance together we get the following result

Reis Under K 223,437,41 and if SERC then

MSE Fho E E K t.fmax.IE
for each point v ER

Ct To minimize MSEFG in the setting of the previous
result we would choose

hop i C f ERC
where C depends on unknown constants



WI

bound on USE In 2h L KT fhz.fm K o

zhs.in kI tmaxI
n

n ih
E la z

OptimdordroPMSEfnlxo o.IOugginginhopt nYC gives

MSEICHE a I te Peak

We now introduce a more general class of functions than Lipschitz

Defy het T be an interval in IR ß a positive integer and L
The Hölder class ß L on T is the set of e ß I
times differentiable functions T R of which the derivative

µ satisfies

If f D1ELIx KIV x.x.tt

Can define Hölder classes for non integer ß but we ignore these

For ß 1 the condition is f Lx f x E L Ix x

Exercise Determine if f EH ß L for some ß L or if f CLipschitz L

a f x x b fG Xx c Xx logx
d f x Ü e f x e 14 o

Letthe Set of all pdfs belonging to KCAL on R be represented by

ß f fest fpflxsdx.fcHG.tn on R



To consider estimating JE ß L we must expand 2
We will need a new definition

Dfü hat 131 be an integer We call K R IR a kernel
of order l if the functions um niklas j 0,1 e
are integrable and satisfy

Klm du L Spi kudu 0 j b e
R

In the following we will on the assumptions

1 K is a kernel of order l

G flut KG du Kp o
IR

with l and ß taken from the relevant Hölder class

We now revisit the bias

Rest Under Kl and 4 and if Jepp ß L on IR we have

bald Eh Life
for each v ER

Prof Following our previous work we can write

EEG fix In EKKI tun

i

fklulftlx.tn f du

Now we write f xotuh via Taylor expansion as



Hutu An Fifth SEE un

for some ost 2 Note that O
S klug F Flach du so

R

since K by k is a kernel of order l This gives

bald Jklaflx.tt du

by k

falken flott f du

So we how

Inlands JITKA II tun f du

Llull km Llull du

ß lt

hört Sami kalten

L Kp D

The variance depends only on fma and IT from F 2



Resolut Under Kl 42143 D and if f EIG then

2ß
USE SIC E h tief t Ifm K

for each point x ER

Optik To minimize USE Ex in the setting of the previous
result wer would choose

h c tePG.LI
when depends on unknown constants

Why

Bound on ns.EInlxo Hh Lte tun Ii o

zßt Imax K
h t z

ap L Kiste
23 1

n zttif.tnh zpll.hn e

z

Optim.lorderoPMSEI.lu PIugginghopt into the USE bound gives

USE c NÄHE feppelpit



Exegese Suppose f is 2x differentiable with a bounded second
derivative What is h.pt and the resultingbound on USE Intro

Luton We have f C Pq 2 t for some L so

h.pt is and MSEE.la n

We now present a summarizing theorem for this section

the Under KI 42 andCK if h an
2 for

home 270 then for all n we have

sur er Ilo km IF
HER fEP pl

where 70 depends only on ß L and the Kernel KC

This bounds USE x unify over the class of densities P ß

Regt When did assumption 2 go We can show thtffm.at

er sup tho E Imax seeTsyb pg9
xoc IRfc PHG.tn

so 2 is redundant if f E ML



NeanintegratedsguarederrorotkDE e

Instead of looking at a Single point zu look at entire IR

Det The mean integrated squared error LUISE of In is defined as

MISE In E Äh f da

We have the following decomposition

MISE In E Äh fix dx

Fun Tom Inka f dx

USE Ink dx

54 da t find
bis term variance term

REI Under 4 we have

fpflxsdxa nf.IE
Proof

El Var Ife



v I KEE

v.lk D

IiHilE KEIN

I EINTE

ICE Hz dz

R

In Kk flatuh du

Nou we have

GELD dx Kk flxtnhldndx

nhfp.IN pflxtnh dx dn

L

K
nh D

The bias as before is much trickier as we must consider
the smoothness of the function



We find that we need another function dass to describe
smoothness under the Lz norm

DEI For ß o an integer and L o the Nikolski class of functions N ß
is the set of functions IR R of which the
derivatives µ of order e ß I exist and satisfy

f Latte f xD dx a LHIV tcR.IR
Let the sit of densities f EN ß be represented by

Pulp GEWIß f so Kader L

REH Under and if f EPNlp.tn then

finden t

In order to prove the result we need this inequality

Generalizedtthkowskiinegu.liy For any Borel function on Rick we have

f Kgaa d dx f f Ilm d du



Proof of bound on the bios tun

First consider the Taylor expansion

Kxtuh fan Äh Luh

G
in tag ti't dt

a ÄH nun

Now we write

bad Eint K fan

t KEE fan

In K E Kz fan
R

Klm flxtah du fan

Klm flank f du

2 e

L III t.tn YhTk rFtha unaJdn
2

µ

Kk Kh lief flextruh da du
F o



LKH FLÄZ E da du

can subtract becauseKernel
of order h

Now we get a bound on buds by using Minkowski 2x
and the smoothness class

Gfk dx ftp.kki a a Hxtznhl
fhldzdnjdxeglu.edu

f km a riskant tat DÄ

jln.xdx

ff.fm µ ähm Id

Tsx DT

2 k

MHH Ifa Haru ta did
o

Tsx dx

H.nl 14am ta did
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Elftal Ii di Hunt d
D TEL

ß lt 2

h fürkhl du
D

Rei Under KI 42 and 3 if f c PNG.tn we have

MISE In E life t Ihk

We an also state a uniform result
t
2ßt

Theorie Under l 2 and if h L n for some
a 0 then for all n

Es Äh Haida n
It

where C depends only on ß L x and the Kernel KE



Data based bandwidth selection
__

ftp.g in d the Sheathe Jones method uses the following result

1 3 If K is a Kernel of order In

e.t.IEpf4 dncx fülkluldneo ri fiiklzidr.co
and f is differentiable on IR with a c onR and with

IHYIEflfkxitdxao.IR

in.fi iYtnIkJkt
as h o

as n an h o

See pg 192 of Tsybakov for a proof

The proof of the abou result is more tedious than the proof
of the MISE result under the Nikokski class

The above result is also not a uniform result over any class
of functions but rather assumes a single fixed density

Ex Gut an aggression for the optimal bandwidth usingThm3

Solution We have

Dominating term of MISE h HÖHE LK o

nh



b the MISE minimizing
choice of k is

ts Ii
h.pt n j

The SJ method plugs in an estimator of Hätte Hau plugin method

be option bw ST of the densityC function in R

A Crossualidatron Methode

The idea is to estimate from the data the MISE of In
A given bandwidth values and then to choose h which minimizes it

Consider

MISEIn Fnla Kajakf

Eg4 4 1dx zEffztnlxlflxsdx

fflxsdxh.tt

fände
Bn Effpäldfaddx

Note that Ähda is trivially an unbiased estimate of An

Now an unbiased estimator of B can be constructed as

n

In t.ESn.it



where Leave one out
Crossualidation

Ein E E KC

is the KDE of f computed after removing obs i from the date

We see that

FlyB Es I E Eil
Eff x

In E

Ey Kfh

I Ggf KE fczfunded

We also ham

Bn Eg Entstand
IR

Es ftp.EKC tandx

ES E KE JAM

ftp.fpKEIJCxsdxfczsdz



so that Ein Bn

Sinn angmin MISE In angmm An 2Bn choose

h o h o

her argmin

h o

h

where

euch Imax E Eil
IR

Some assumptions implicit in our work are given in the
following proposition

Ref Assume that K IR and f satisfy

Stünde and I J K F fcz defends
IR

for all h o Then

EUCH MISEL In Ende
IR


