
 

MULTIVARIATE KERNEL DENSITY ESTIMATION

het Xi Xn CRd del with pdf f Bnd IR

ht 1kHz exit traf for x cRd

Consider a multivariate KDE of the form
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where K IR IR and he hd an bandwidth

E Check whether x is a legitimate pdf What assumptions
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More general version of multivariate KDE is
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when KH a IHF K H a for some k RSR Ha bandwidth matrix

We will consider this estimator und H h Id which becomes
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Bounding MSE Ko at each x cRd

Varian To get an upper bound for Ff War xD assume
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Bias het bfa EIL feat

Again the bias is much trickier because we must consider
the wiggliness of the true density

In the multivariate setting we need to expand our

definition of the Hölder class to dat

We will make use of Multiindex notation

For a vector of positive integers X di d let
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Nou we can define the multivariate Hölder class

d
Defy het T R ß 0 be an integer and L o

The Hölder class ß L on T is the set of functions
fRd IR of which all partial derivatives of order l ß I exist
and satisfy
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To analyze the bias we need a multivariate Taylor expansion



Multivariate Taylor Expansion

Suppose IRA IR has partial derivatives of order Rtl defined on

a convex set S Then if ES and x.tt ES
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when the Lagrange form of the remainder is
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Exercise ht f x Xie t 7,43 Find 2 order Taylor expansion
around lol 1 T evaluated at 2,2 2 T
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DIEN het l I be an integer We call K IR IR a

d dimensional Kernel OP order l if the functions
um AKG kko.la l are integrable and satisfy
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In the following we will on the assumptions

1 K is a d dimensional kernel of order h

L
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with l and ß taken from the relevant Hölder class
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Under KD and 3 and it f cPy ß then
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for some constant C o depending on ß L and theKernel K
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The next result gives the USE of xD

Ruft Under CD and 2 and if f cPILA we have
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Exercise Find the optimal choice of h

b Bound on MSE aß h Ü Idf 8 K
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Exgay Plug in the optimal h to obtain the minimum MSE bound

Solution We obtain MSEI.la E nFd.CI for some C o

What happens to USE Öko es d increases



Understanding the effects of d 2

Consider ß 2

1 2 D D 4 d 8

optimalRate n n n

MSE Equivalent
sample sizes ton h h n n

for d I

100 252 1,585 63,096

For the second and third rows of th table we ask what
sample size under d I would be equivalent in terms of the
optimal USE ignoring constants under d 2 We solve for
d below
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The above is meant to illustrate the curse of dimensionality
the phenomenon that a fixed number of points positioned
in spaces of higher and higher dimension will be much
further apart from each other

The point do not fill the higher dimensional span
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The following exercise from pg30 of Györfilo explores this idea

Esce ht I ü U 0,19 show that
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Hin Use the fact that the volume of a ball in Rd with
radius t is

to show that
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Note that for large enough t this inequality loses relevance
since the bound will exceed 2 So it is useful only
when

fügte es it PEI
Now for a continuous ru TECO with adf F and which
possesses a density we have
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