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Nonparametric regression: Least-squares splines

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.

They are not intended to explain or expound on any material.
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Least-squares nonparametric regression estimators

Let (X1,Y1), . . . , (Xn,Yn) be indep. realizations of (X ,Y ) 2 [0, 1]⇥ R, where

Y = m(X ) + ", for some m : [0, 1] ! R,

where " is independent of X with E" = 0 and E"2 = �2.

Idea: Given a set of basis functions b1, . . . , bdn : [0, 1] ! R, suppose

m(x) ⇡
dnX

k=1

↵kbk(x) for some ↵1, . . . ,↵dn .

Then estimate ↵1, . . . ,↵dn with least squares to get m̂n(x) =
Pdn

k=1 ↵̂kbk(x).

As n ! 1, let dn ! 1 so that the approximation improves.
Quality of approximation depends on

1 the type and number of basis functions.
2 the smoothness of the true function m.

There will always be some approximation bias.

Karl B. Gregory (U. of South Carolina) STAT 824 sp 2023 Lec 05 slides 3 / 20



Least-squares nonparametric regression estimators

A non-parametric least squares estimator
For a set of basis functions b1, . . . , bdn : [0, 1] ! R, let

Bn = {m : m(x) =
Pdn

k=1 ↵kbk(x),↵1, . . . ,↵dn 2 R}.

Given (X1,Y1), . . . , (Xn,Yn), the least squares estimator of m in Bn is given by

m̂n = argmin
g2Bn

nX

i=1

[Yi � g(Xi )]
2.

Exercise: Let Y = (Y1, . . . ,Yn)T and define the matrix

B = (bk(Xi ))1in,1kdn
.

Show that m̂n(x) = bT
x ↵̂, where

↵̂ =
�
BTB

��1 BTY and bx = (b1(x), . . . , bdn(x))
T .
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Splines and rates of convergence for least squares splines

Splines: see Stone (1985) [2]
For a positive integer Kn let

Ink =
h
k�1
Kn

, k
Kn

⌘
, k = 1, . . . ,Kn � 1, and InKn =

h
Kn�1
Kn

, 1
i
.

For r � 1, define the set of functions

Mn,r =

8
<

:m : [0, 1] ! R :
m is a polynomial of degree r or less on
each interval I1, . . . , InKn , and m is r � 1 times
continuously differentiable on [0, 1]

9
=

; .

Moreover, let

Mn,0 = {m : [0, 1] ! R : m is piecewise constant on I1, . . . , InKn}

Fns in Mn,1, Mn,2, and Mn,3 are called linear, quadratic, and cubic splines.

Values j/Kn, j = 0, . . . ,Kn are called knots. Can choose knots differently.

Functions in these spaces can nicely approximate functions in Hölder classes.
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Splines and rates of convergence for least squares splines

For a function g : T ! R, we write kgk1 = supx2T |g(x)|.

Key result from deBoor (1968) [1]
For each m 2 H(�, L) on [0, 1], there exists a function mspl

n,r 2 Mn,r , where
r � � � 1 such that

km �mspl
n,rk1  C · K��

n

for some constant C > 0.

Idea is to let Kn ! 1 as n ! 1, so that this approximation error goes to zero.

Exercise: For m 2 Lipschitz(L) on [0, 1], show that 9 mspl
n,0 2 Mn,0 such that

sup
x2[0,1]

|m(x)�mspl
n,0(x)| 

L

Kn
.
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Splines and rates of convergence for least squares splines

We now define the order r least-squares splines estimator of m as

m̂spl
n,r = argmin

g2Mn,r

nX

i=1

[Yi � g(Xi )]
2.

Bound on MSE m̂spl
n,r (x0)

If m 2 H(�, L) on [0, 1], then for r � � � 1, we have

MSE m̂spl
n,r (x0)  C ·

✓
K�2�
n +

Kn

n

◆

for all x0 2 [0, 1] for large enough n, provided (C1), (C2), and (C3) hold.

We will study the conditions (C1), (C2), and (C3) later on.

Exercise:
1 Find the value of Kn which minimizes the MSE bound.
2 Give the minimum bound over choices of Kn.
3 Anything interesting about this?
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B-splines as basis functions

For our spline spaces Mn,r , we need sets of basis functions b1, . . . , bdn such that

Mn,r =
n
m : [0, 1] ! R : m =

Pdn
k=1 ↵kbk ,↵1, . . . ,↵dn 2 R

o
.

B-splines: Cox-deBoor recursion formula
For a non-decreasing set of knots 0 = u0  u1  · · ·  uK = 1, let

Nk,0(u) =

⇢
1, uk  u < uk+1
0, otherwise for k = 0, . . . ,K � 1,

and
Nk,r (u) =

u � uk
uk+r � uk

Nk,r�1(u) +
uk+r+1 � u

uk+r+1 � uk+1
Nk+1,r (u)

for k = 0, . . . ,K � r � 1. These functions are called B-splines.

Can compute row vector Nr (x) = (N0,r (x), . . . ,NK�r�1,r (x)), x 2 [0, 1], with

splineDesign(knots = u, x = x, ord = r + 1)

Require splines package.
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B-splines as basis functions

The Cox-deBoor recursion has a structure like this:

The recursion has a structure like this

o Inka k

No h NKy.co n

I
No.fm N n NK4,2Gt NK3,2 n

N n N Lu N Lu
c N k N k N Lu0,1 s K4.1 41 1 2

Nook VI ok Naok Nao VK.no n NK3,0Gt Nie NKI ok
no 4 z Ens 44 4 s Ihk un 4 3 Kr Kz K i K

Typically for cubic Bsplines choose knots Knt as

O a z n i K Kat Katz Kat 2

knots now and nki 2 withmultiplicity4
no K 1,4

Ns.sk Nui n

Nis N2,2 0 VK.bz n Nk n

N Na N Lu NK lu N n N n3,1 1,1 Kit kn

N n N Lu N Lu N Lu N n N n N n N Lu3,0 2,0 1,0 0,0 KI.co Koo Kuo Kuo

4 3,22 nun d no no Enkelmk Uk Kt Cktienkt ktz.nl

F Maler pictures of basis functions using spline.des from the
splines package in R

Exercise: Show construction of N0,1 based on knots (u0, u1, u2) = (0, 1/2, 1).
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B-splines as basis functions
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B-splines as basis functions

To handle boundary issues, a convention is to include the end knots r + 1 times:

0 = u�r = · · · = u0 < u1 < · · · < uK = · · · = uK+r

This results in K + r basis functions when [0, 1] is subdivided into K intervals.

Exercise: Make beautiful plots of B-spline functions of order r = 0, 1, 2, 3 in R
1 with equally spaced knots.
2 with unequally spaced knots.
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B-splines as basis functions
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B-splines as basis functions
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B-splines as basis functions

Replicating boundary knots r times results in dn = Kn + r basis functions.

For X1, . . . ,Xn, we can obtain the n ⇥ dn design matrix B with

splineDesign(knots = u, x = X, ord = r + 1),

where X is a vector containing the values X1, . . . ,Xn.

Note that (with the replicated boundary knots) the rows of B always sum to 1.

Exercise:
1 For n = 200, generate data Yi = m(Xi ) + "i with

I X1, . . . ,Xn
ind⇠ Uniform(0, 1), indep. of "1, . . . , "n

ind⇠ Normal(0, 1)
I m(x) = 5x · sin(2⇡(1 + x)2)

2 Plot m̂spl
n,r under Kn = 10 for r = 0, 1, 2, 3 with

I knots equally spaced in [0, 1]
I knots at equally space quantiles of X1, . . . ,Xn

3 Try different values of Kn.

Karl B. Gregory (U. of South Carolina) STAT 824 sp 2023 Lec 05 slides 14 / 20



B-splines as basis functions
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B-splines as basis functions
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B-splines as basis functions
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B-splines as basis functions
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Sketch of proof of mean squared error bound

Conditions for bounding MSE m̂spl
n,r (x0); see Zhou (1998) [3]

Let m 2 H(�, L) on [0, 1] and let mspl
n,r 2 Mn,r satisfy km �mspl

n,rk1  C · K��
n .

Let X1, . . . ,Xn 2 [0, 1] be deterministic such that for large enough n,

(C1) K�1
n · c1  �min

�
n�1BTB

�
 �max

�
n�1BTB

�
 C1 · K

�1
n

(C2)
���
�
n�1BTB

��1
���
1

 C2 · Kn

(C3)
��n�1BT (m � mspl

n,r )
��
1  C3 · K

�1��
n ,

where

m = (m(X1), . . . ,m(Xn))
T and mspl

n,r = (mspl
n,r (X1), . . . ,m

spl
n,r (Xn))

T .

Exercise:
1 Use above to get bounds on the bias and variance of m̂spl

n,r (x0).
2 Consider (C1), (C2), and (C3) in the case of � = 1, r = 0.
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Sketch of proof of mean squared error bound

Carl De Boor.
On uniform approximation by splines.
J. Approx. Theory, 1(1):219–235, 1968.

Charles J Stone.
Additive regression and other nonparametric models.
The Annals of Statistics, pages 689–705, 1985.

S Zhou, X Shen, DA Wolfe, et al.
Local asymptotics for regression splines and confidence regions.
The Annals of Statistics, 26(5):1760–1782, 1998.
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