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Abstract

Covariate balance among different treatment arms is critical in clinical trials, as
confounding effects can be effectively eliminated when patients in different arms are
alike. To balance the prognostic factors across different arms, we propose a new
dynamic scheme for patient allocation. Our approach does not require discretizing
continuous covariates to multiple categories, and can handle both continuous and
discrete covariates naturally. This is achieved through devising a statistical measure
to characterize the similarity between a new patient and all the existing patients in the
trial. Under the similarity weighting scheme, we develop a covariate-adaptive biased
coin design and establish its theoretical properties, as well as improving the original
Pocock—Simon design. We conduct extensive simulation studies to examine the design
operating characteristics and illustrate our method with a real data example. The
new approach is demonstrated to be superior to other existing methods in terms of

performance.
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1 Introduction

Peter Hall was one of the most influential and prolific researchers in modern statistics.
His contributions are broad and cover many important areas. From interactions with
him, the authors have been greatly influenced by his statistical thinking, especially in
how to use “smoothing” methods to increase modeling flexibility and reduce estimation
error. One of the nonparametric devices, called kernel smoothing, is widely used in density
estimation and nonparametric regression. In density estimation, Hall (1981) derived the
law of the iterated logarithm for the kernel estimator, discussed the choice on the order
of kernels (Hall & Marron 1988), and addressed the issues on constructing confidence
intervals (Hall 1992). In nonparametric regression, Hall (1984) investigated the asymptotic
properties of the kernel regression estimator. A series of his follow-up works focused on
the confidence intervals and confidence bands for kernel estimators, which include Hall
& Marron (1988), Hall (1992), Hall (1993), and Hall & Horowitz (2013). Motivated by
kernel estimation, we propose a kernel-based covariate-adaptive randomization design. In
addition, we apply the martingale convergence theorem in Hall & Heyde (1980) extensively
in deriving the asymptotic properties of the proposed design, which reinforces Peter Hall’s
impact, especially in the area of sequential analysis.

The primary goals of randomized clinical trials are to differentiate the treatment effects
efficiently as well as to treat patients effectively. If the treatment effects of different drugs
can be quickly discriminated, then patients outside of the trial would benefit from the
more effective therapy sooner. To achieve this goal, allocation of patients is random to
balance out both known and unknown prognostic factors that may affect the response of
interest, and the numbers of patients should also be balanced across different treatment
arms to achieve high statistical power. For discrete covariates, various approaches have

been developed for patient allocation to achieve covariate balancing (Hu & Hu 2012). These



include the biased coin covariate-adaptive randomization design (Wei 1978, Antognini &
Giovagnoli 2004), which is an extension of the biased coin design (Efron 1971) for balancing
the sample size, and the Pocock—Simon design which is based on a minimization method
for sequential treatment assignment (Taves 1974, Pocock & Simon 1975). Despite their
popularity, the main drawbacks of the these designs are that continuous covariates must
be categorized into several groups, while clinical trials often collect a large number of
continuous covariates and different ways of categorization may lead to different imbalanced
structures. In addition, breaking down continuous covariates into sub-categories often
changes the nature of the covariates and makes distributional balance unattainable (Ma &
Hu 2013). If the sub-categories are not appropriately defined, it can even lead to error and
loss of efficiency in the randomization procedure (Stigsby & Taves 2010).

Such a problem has arisen in many clinical trials, which is illustrated with an AIDS
Clinical Trials Group study (Campbell et al. 2012). To evaluate several antiretroviral reg-
imens in diverse populations, patients in the A5175 trial were randomly assigned to the
antiretroviral therapies with efavirenz plus lamivudine-zidovudine (arm 1) and atazanavir,
didanosine-EC plus emtricitabine (arm 2). The study endpoint was the CD4 count at week
96. The baseline covariate CD4 cell count at screening was found to be strongly associated
with the endpoint with a p-value less than 2 x 10716 in a simple linear regression analysis.
To balance the CD4 cell count at screening, there was a controversy on the choice of the
cutoffs, either the clinically meaningful low CD4 count 200 or the sample average 169. In a
simulated clinical trial study, we compared the performances of using these two cutoffs un-
der the same covariate—adaptive procedure. The resulting absolute mean difference between
the two groups was 71.76 for the cutoff 200, and 43.73 for the cutoff 169 with corresponding
p-values of 0.002 and 0.06 for the two sample t-test of the mean differences. This suggested

that a slight variation in the cutoff may lead to substantially different allocation results. To



handle continuous covariates, Frane (1998) proposed to calculate the p-value for the mean
difference of each covariate, presuming that a new patient is assigned to each treatment
group. Using the minimal p-value as a representation of the imbalance of assigning a new
patient to a specific treatment, the new patient is then assigned to the treatment with the
largest minimal p-value. Stigsby & Taves (2010) considered the rank-sum based covariate
adaptive procedure, and Su (2011) discussed a method using quantiles of the covariate dif-
ferences. Ma & Hu (2013) proposed a randomization procedure by defining the imbalance
of the covariates through kernel density estimators, which summarize all the information
in the covariate distributions.

To improve the overall balance among both continuous and discrete covariates, we
develop a kernel-based adaptive randomization framework that can simultaneously handle
a large number of continuous covariates in a single step. In particular, we define a similarity
measure between each incoming patient and all the existing patients, and then allocate the
new patient with the largest probability to the arm that has the least overall similarity to the
new patient. Through weighing each observation by taking into account his/her similarity
with the new patient, the proposed method handles both discrete and continuous covariates
in a natural way and further broadens the traditional counting from integer values to all
nonnegative values.

The rest of the paper is organized as follows. Section 2 describes our covariate—adaptive
randomization procedure via introducing the similarity measure and modifying the biased
coin design. In Section 3, we cast the Pocock—Simon design in our new framework so
as to accommodate continuous covariates. We carry out simulation studies and a real
data example to illustrate the performance of the new designs in Section 4. Section 5
concludes with some remarks. Theoretical results are delineated in the Appendix and the

corresponding technical proofs are presented in the supplementary materials.



2 Similarity Weighted Biased Coin Design

In a randomized clinical trial with m treatments, suppose that we have already assigned n
patients to different arms, and a new patient arrives and is ready for treatment assignment.
Let X; be the p-dimensional covariate vector for the ith patient, and I, be the indicator
of assigning the 7th patient to treatment arm u, u=1,...,m.

We define a similarity measure w; between the ith existing patient and the incoming
(n+1)th patient, whose covariate vector is X, with X, 1), denoting the kth component.
For ease of exposition, we standardize all the covariate values to be within the range of
[—1,1]. The similarity measure between the new patient and the ith patient in the trial is

defined as

p
wi:Hwik, i=1,...,n. (1)
k=1

where
Wik = Khn(Xi - X(n+1)k)7 <2>

Ky, (x) = K(x/hy)/hyn, and K(-) is a kernel function satisfying K(-) > 0, and K(0) = 1,
and h, > 0 is a bandwidth. The classical kernel functions include the triangular kernel
K(z) = (1 — |z|)I(]z| < 1), the Epanechnikov kernel K(z) = (1 — 2?)I(|z| < 1), the
Gaussian kernel K (z) = exp(—z?/2), and so on. Although the selection of kernels does not
affect the large sample properties of our allocation procedure, in practice we recommend to
use the Epanechnikov kernel for the bounded covariates, which is the most efficient one in
minimizing the averaged mean squared error (Epanechnikov 1969). The similarity measure
w;, indicates a higher level of similarity for patients whose kth covariate values are closer
to X(n+1)k, and the similarity decreases to zero as the difference between Xy, and X, 11y,
reaches the bandwidth h,,, for K = 1,...,p. The higher the value of h,,, the kernel opts to

take into account more X;;,’s with larger distances from X, ;1.
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We propose the similarity weighted biased coin design for balancing covariates, which

is described as follows.

1. Calculate the similarity measure of the new patient with each of the existing n patients

in the trial to obtain wy, ..., w, using (1).
2. For u =1,...,m, calculate the weighted total number of patients in treatment arm
u’

i=1

and obtain the imbalance measure of arm w as gny, = 1,/ (> ey ).

3. Define the allocation probability 7, to be a function of g, = (g1, .- -, gn(m,l))T that
is decreasing with respect to each component g,,. We assign the new patient to

treatment arm u with probability m,(g,), u=1,...,m.

In the construction of the similarity weighted biased coin design, a patient who is more
similar to the new patient receives a larger weight, and is counted more towards the total
number of patients in a specific arm. Compared with the biased coin design where n, =
> iy Liy, our definition of n, in (3) is a weighted sum of the treatment indicators I;,. If
the covariate vector X; contains only discrete variables, our method reduces to the existing
discrete covariate—adaptive randomization by choosing h,, to be smaller than the smallest
difference in different categories, i.e., h, < miny,, +x,, | Xk — Xyk|. Such a construction
leads to w; = 0 whenever X, # X(,,41) for at least one k, and w; reaches its maximum if
X; = X,41- As a result, our method reduces to the biased coin randomization procedure
within each stratum defined by the discrete covariates.

We highlight several advantages of the proposed similarity weighting scheme. First, it

overcomes the difficulties caused by the high dimensionality of the covariates. To accommo-

date high-dimensional covariates, Yuan et al. (2011) resorted to a linear model structure,
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which is unfortunately subject to model misspecification. Second, even when all the covari-
ates are discrete, we can choose the bandwidth h,, sufficiently large to avoid the situation
of too many strata and too few or even zero observations within some strata. Finally, the
procedure is automatic and flexible as reflected in the various ways of constructing the
similarity measure.

To study the asymptotic properties of the imbalance measure Dy, = > | (I, — ku) X4,
we explore the properties of DY z = Y" (i, — ku) X} 2,u = 1,...,m — 1, where z is an
arbitrary p dimensional vector. We show that the allocation achieves the target ratio in

the long run as follows.

Theorem 1. Assume that Conditions (C1) — (C6) hold and let Q, = E(z*X;X}z). Then
in the similarity weighted biased coin design with an allocation probability 7,{U,(X,11)},
n~2(DYz,... ,Dg(m_l)z)T converges to a zero-mean multivariate Gaussian distribution,

with the variance—covariance matriz having the uth diagonal element (142p) 1 (1 — £, ) k. Q-

and the (u,v) entry —(1+ 2p) L huroQ., foru,v=1,....m—1,u#v.

Obviously, due to the arbitrariness of z, we readily obtain the asymptotic normality of
D,,. The proof relies heavily on the martingale convergence theorem (Hall & Heyde 1980),

which is provided in the supplementary material.

3 Similarity Weighted Pocock—Simon Design

The proposed similarity measure can also be incorporated into the Pocock—Simon design
(Pocock & Simon 1975), namely the similarity weighted Pocock—Simon design, so that
continuous covariates no longer need to be discretized. Consider the hypothetical situation
where we assign the new patient to treatment 1, the similarity weighted Pocock—Simon

design can be implemented as follows.



1. For the kth covariate, let ng, = Z?:l w1y, be the weighted total number of subjects

assigned to treatment arm u, where w;; is defined in (2).

2. Calculate the aggregated variation in the form of

de=1/2 ) (g — ko)’

u,vEL,...m

for the kth covariate.

3. Sum over the d;’s across all the covariates, leading to the imbalance measure g,; =

i:l ..
4. Similarly, we can calculate g2, ..., gnm by presuming that the new patient is assigned
to treatment arms 2, ..., m, respectively.

5. We order the ¢,.’s, e.g., g1 < -+ < Gnm, create the randomization probabilities

satisfying m(41)1 = *+* = T(nt1)m, and assign the new patient to the m treatment

arms with probabilities 7,111, ..., Ttat1)m.

The selection of dj is not unique; for example, the sum of absolute differences, d, =
1/2 Zwelmm |Mkw — Mo, can also be used to measure the total imbalance among the
treatment arms for the kth covariate. Our modified procedure can be viewed as a general-
ized version of the original Pocock—Simon design procedure: the former calculates the nyg,’s
using a similarity weight w;;, while the latter sets the weight w;, = 1 if the ith patient has
the same kth covariate value as the new patient, and w;, = 0 otherwise. Our approach
handles continuous covariates through a similarity-based weighting scheme and does not

require discretization.



4 Numerical Studies

4.1 Simulation Study

To evaluate the finite sample properties of the proposed similarity weighted biased coin
design and the similarity weighted Pocock—Simon design, we simulate 1000 two-arm clinical

trials, each containing n = 50 subjects. We generate covariates in the form of

2 i
Xik:L(gk)_]-a k:17“'7p) (4>
1+ exp(&ix)
where the dimension p of covariates range from 1 to 8, and &;;, is a normal random variable

with mean k/2 and standard deviation 5. To implement the biased coin design and the

Pocock—Simon design, we discretize the X;;’s to be 0 or 1 according to the negative or

_1_

positive signs of the covariates. We use the allocation probability function ¢,(y) = (v,

1)/> ™ (y,' — 1) in Atkinson (1982), which satisfies Conditions (C1) and (C2) as shown
in Smith (1984). In all the numerical studies, we take the bandwidth to be 2.1, so that the
support of the kernel could completely cover all the covariates. We also experiment with
other bandwidths between 2 and 2.5, and the results turned out to be similar as long as
the bandwidth was chosen to be slightly larger than the covariate range.

We first make comparisons from two aspects: the imbalance of the sample sizes and
the imbalance of the covariates between the two arms. To quantify the former, let n,
denote the sample size in arm w,u = 1,2, and we obtain |n; — ns| averaged over the
1000 simulated trials for all four methods: similarity weighted biased coin design, biased
coin design, similarity weighted Pocock—Simon design and Pocock—Simon design. Table
1 summarizes the imbalance measure on sample sizes, which demonstrates the similarity
weighted designs tend to induce more balanced numbers of subjects between the two arms.
Figure 1 shows the survival function, i.e., one minus the empirical cumulative distribution

function (CDF), of |n; — na| over the 1000 replicated data sets. A sharper decline of the



survival function of the imbalance measure indicates a more effective procedure, and clearly
the similarity weighted designs outperform their counterparts. To compare the covariate
imbalance, we borrow the idea from the analysis of variance to construct an F' test statistic

for each covariate,

(SSTy — SSBg)/(n —m)’

F, = k=1,...,p (5)

where the between-arm sum of squared errors (SSBy) is given by
" n 2 " " 2
SSBy = my (nfl Z In X —n~" Z Xik) + ng (712_1 Z Lp X, —n ™ Z Xik) ;
i=1 i=1 i=1 i=1
and the total sum of squared errors (SSTy) is given by
n n 2
SST,. = Z (Xik —n! ZX““> )
i=1 i=1
As the F' statistic has the same distribution across all the covariates, we summarize the
overall mean of the F' statistics for all the covariates in Table 2, and plot the survival
functions of the F' statistics in Figure 2. Both the similarity weighted biased coin design
and similarity weighted Pocock—Simon design outperform their counterparts in terms of
balancing the covariates. For the biased coin designs, the improvement by using similarity
weights enhances as the dimension p increases, while the opposite is true for the Pocock—
Simon designs. Figure 2 further demonstrates the advantages of the proposed methods,
and particularly the similarity weighted Pocock—Simon design performs the best in terms
of reducing the imbalance in both the sample size and covariates.
To explore the estimation of the treatment effect under the four designs, we consider a

two-arm trial, where I; = 1 indicates that the ith patient is allocated to arm 1, and I; =0

otherwise. We simulate 1000 clinical trials with response Y; generated as

Y, = pl; + exp(ﬁTXi/Q) + €
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where the true parameter values are u = —5 and B = (p/3,...,p/3)T, € is a zero-mean
normal random error with standard deviation 0.1, and X; is generated in the same way as
before. We choose p = 1,...,8 and sample size n = 30. We allocate the first patient with
equal probability to each arm, and started the adaptive allocation from the second patient.

Table 3 shows the estimated treatment effect 1 = Y"1 | LY;/n1 — > (1 — L,)Y;/n,
and its empirical standard deviation and mean squared error for p = 1,...,8. Note that 1
is always a consistent estimator of p regardless of the regression form (Shao et al. 2010).
The biases of the estimates of i are negligible under all four designs, while the empirical
standard deviations and mean squared errors deteriorate as p grows. Again, both the
similarity weighted biased coin design and the similarity weighted Pocock—Simon design

outperform the unweighted counterparts, respectively, in terms of the mean squared errors.

4.2 Real Data Example

We apply all the four methods, namely the biased coin design, the Pocock—Simon design,
and the corresponding similarity weighted versions, to the data from the AIDS trial A5175.
To study the treatment effect, seven covariates were considered important, which should
be balanced between the two arms at randomization: CD4 cell count and percentage (at
screening), Karnofsky score, Hepatitis-B surface antigen reactivity, the laboratory test
values including platelets, white blood cell count, absolute neutrophil count, and albumin.
In the original trial, there are n = 370 patients with complete observations, and they are
allocated to the two arms with equal probability. We take the standardized CD4 count at
week 96 as the outcome, and transformed the standardized covariates via 2exp(x)/{1 +
exp(z)} — 1 to ensure that all the covariate values were within [—1,1]. Let X;, and Y,

denote the covariates and response respectively for the ith patient in arm w,u = 1,2. We
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build separate models for each arm,
Y;u :B0u+ﬁgxw+ewu U= 1’27

with e;, ~ N(0,02). We obtain the least squared estimators (301“33) for each arm, and
use these parameter estimates as the true values to generate the outcomes in different
randomization procedures.

For illustration, we select the first 50 samples to evaluate and compare the four designs.
The observed difference of the mean outcomes between the two arms over these 50 samples
is 0.39, which is substantially different from that using the full 370 samples, 0.22. Since the
trial data are balanced in covariates for n = 370, we used 0.22 as a benchmark to approx-
imate the true underlying mean difference between the two arms. Using each of the four
randomization procedures, we re-randomized the 50 patients and each procedure is repli-
cated 1000 times to obtain the average effect. The means of |n; — ny| under the similarity
weighted biased coin design, biased coin design, similarity weighted Pocock—Simon design
and Pocock—Simon design are 1.30, 1.49, 0.17 and 0.32, respectively, and the corresponding
means of the F statistics in (5) summing over all the covariates are 3.24, 5.41, 2.29 and 2.56.
The results show that the similarity weighted procedures outperform the original counter-
parts in reducing both the sample size and covariate imbalance, and overall the similarity
weighted Pocock—Simon design performs the best among the four designs. In addition, the
estimates of the difference of the mean responses are 0.306, 0.306, 0.306 and 0.313 using
the similarity weighted biased coin design, biased coin design, similarity weighted Pocock—
Simon design and Pocock—Simon design, respectively. Compared with the observed mean
difference in the first 50 samples, the estimates from the four covariate—adaptive designs are
closer to the benchmark value 0.22, indicating that covariates adaptation helps to improve

the balance.
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5 Discussion

To accommodate continuous covariates in the biased coin design and Pocock—Simon design,
we develop a kernel-based similarity measure and its associated imbalance assessment cri-
terion. We define the allocation probability function based on the new imbalance measure
and show that the covariate equilibrium measure D,,, of the proposed similarity weighted
biased coin design asymptotically follows a normal distribution. We choose the continuous
allocation function 7 instead of a discrete one, because discrete allocation functions can
neither discriminate between large versus small values of |g,1 — gn2| nor discriminate be-
tween large versus small numbers of subjects, hence typically yield designs with poor small
sample properties (Wei 1978, Smith 1984, Hu & Zhang 2004). In terms of the bandwidth
requirement, we find that as long as the bandwidth is chosen to be slightly larger than
the covariate range, the results are not sensitive to the bandwidth choice. Not only does
the asymptotic property of the covariate equilibrium D,,, explain the covariate discrepancy
between the arms, but it is also an essential component for analyzing the hypothesis test-
ing procedures in the linear regression problem (Shao et al. 2010, Ma et al. 2015). Our
theoretical results are essential for constructing inference procedures under the similarity

weighted biased coin design.
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Appendix

A.1 Allocation Probability Function

Suppose that n samples have been enrolled in the trial. The allocation probability m, is a
function of the imbalance measure vector g, = (gn1, - - - » Gn(m—-1)) - Let w = (71, ..., mpn_1) "
Furthermore, let k = (k1,...,km_1)T. We show that 7 drives g, towards s under the fol-

lowing conditions. For notational simplicity, we surpress the subindex n in these conditions.

(Cl) mu(g) is a nonnegative and monotonically decreasing function with respect to the
uth element g,. Define |- | to be the L; norm of a vector; the vector 7(g) satisfies
|7(g)| < 1, for any component-wise nonnegative m — 1 dimensional vector g with
lg| < 1. Moreover, 7,,(g) =1 —|7(g)|, gm =1 — |8, km = 1 — |k|. If g, > Ky, then

Tu(8) < Ry; and if g, < Ky, then 7,(g) > Ky, u=1,...,m.

(C2) m,(g) is a twice continuously differentiable function of g with a uniformly bounded

Hessian matrix.

Let 7/ (g) = 0m.(g)/0g, 7., (g) be the partial derivative of m,(g) with respect to its rth

ur

argument, and 7, be the (m — 1) x (m — 1) Hessian matrix.

Remark 1. Conditions (C1) and (C2) are also used in Smith (1984) to establish the
properties of the biased coin design. Condition (C1) implies m, (k) < Ky. If the inequality
s strict for any w, summing both sides over uw = 1,...,m, we obtain 1 < 1, which is a

contradiction. Therefore, we have m,(K) = K, foru=1,... ,m.
Remark 2. For an arbitrary ¢,
Tom(K1 + 6, Ky — 6, K3, .. oy K1) = K + {7 (k) — 7! 5 (K)} + O(5?).

Note that (k1 + 0, k2 — 0, K3, ..., Km—1) @S at most k,, regardless of the sign of §. As

§ — 0, O(6?) goes to 0 faster than the leading terms. This gives 6{n, (k) — 7 5(k)} <0
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and —é{m! (k) — 7w o(Kk)} < 0. Therefore, w,,(K) = 7, o(Kk). Similarly, for each u =

m2

/

rw(K) = p, a constant that does not depend on u. Following the same

1,...m—1, =

argument, for any u <m, u # 1,
Tu(k1 + 6, K, .oy K1) = Ky + 071 (K) + O(6%) < Ky
for all 6, which implies 7., (k) = 0 and in turn 7}, (k) =0 for r < m,r # u.

Remark 3. Because Y . m,(g) =1 forallg, " 7m,.(g) =0 foranyr=1,...,m—1,

u=1 "ur
we have

> m@)=m(g)+ Y. . (8)=7.(8)+m,(8) =0,

u=1 u=1,u#r

which implies

Trrr(K/) - _ﬂ-:nr(g) =—p < 07

forr=1,...,m—1. The last inequality holds due to the fact that m,.(g) is non-increasing

at gr = K.

Remark 4. Combining the results in Remarks 1 to 3, we have that m,(Kk) = K, for all

(k) =0 foru,r=1,....,m—1landu#r; andn, (k) = —7. (k) =p>0

u=1,...,m, o

forr=1,...,m—1.

Recall the definition of the imbalance measure,

Z;’I: P: Khn (Xz - X n+1 k:)Izu
Gnu = Unu(X(n+1)) = nl kpl K X )((+ ) . (Al)
Zi:l k=1 hn( ik — (n+1)k:)

Let U, = (Unt, .., Unm—1))", and then the allocation probability is m,(g,) = mu{Un(Xn+1))},

where 7, satisfies Conditions (C1) and (C2).
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A.2 Asymptotic Properties
We describe additional conditions for the theoretical development as follows.

(C3) In the kernel function K, (t) = K(t/h,)/hn, K is a second order symmetric kernel
function that satisfies [ K(t)dt = 1, [ K(t)*dt < oo, and [#*K(t)*dt < oco. h,,

satisfies nh? — oo, and nh} — 0.

(C4) The density function fi(X}) is bounded away from zero and infinity almost surely on

the support for all £.
(C5) X7 is a uniformly integrable random variable.

(C6) Let ng > p > 0. Assume the first ny patients are randomized to arms 1,...,m with
probabilities k1, ..., k,, respectively, and the adaptive allocation process starts from

the (ng + 1)th patient.

Let Iy, = 0. Under the situation where the desired allocation ratio in the long run is
Fu, w =1,...,m, we show that the covariate equilibrium of the similarity weighted biased
coin design, defined by D, = Z?:l(fiu — Ky)X;, has mean zero and is asymptotically
normally distributed. We first state the asymptotic property for similarity weighted biased

coin design with one covariate.

Lemma 1. Assume that Conditions (C1) — (C6) hold. Let Q = E(X?), Dyy = > o (L —

K/u)XZ';

(1+2p)7 M1 — K1)k ... —(14+2p) ' K1Km1

—(14+20) k1Bme1 - (T+20)7H 1 = K1) B
and Dy, = (D1, ..., Dym—1))*. Then in the similarity weighted biased coin design with the
allocation probability m,{U,(Xn1)}, n12Q712D,, converges to a standard multivariate

normal distribution.
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The proof of Lemma 1 is given in the supplementary material.
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Tables and Figures

Table 1: Comparison of the sample size imbalance, |n; — ng|, among the similarity weighted biased coin
design, biased coin design, similarity weighted Pocock—Simon design and Pocock—Simon design for different

dimensions (p) of covariates.

Dimension of covariates p

Design 1 2 3 4 ) 6 7 8

Weighted biased coin 1.277 1.289 1.265 1.219 1.325 1.343 1.286 1.411
Biased coin 1.279 1.276 1.334 1.687 2.047 2.247 2.456 2.605
Weighted Pocock—Simon 0.122 0.159 0.159 0.183 0.199 0.211 0.233 0.246
Pocock—Simon 0.387 0.241 0.221 0.262 0.288 0.294 0.354 0.351

Table 2: Comparison of the covariate imbalance using the F' statistics, among the similarity weighted
biased coin design, biased coin design, similarity weighted Pocock—Simon design and Pocock—Simon design

for different dimensions (p) of covariates.

Dimension of covariates p

Design 1 2 3 4 5 6 7 8
Weighted biased coin 0.278 0.297 0.299 0.311 0.326 0.345 0.373 0.389
Biased coin 0.280 0.299 0.312 0.402 0.525 0.663 0.809 0.872

Weighted Pocock—Simon 0.028 0.053 0.085 0.128 0.166 0.207 0.256 0.308
Pocock—Simon 0.149 0.145 0.162 0.193 0.225 0.271 0.322 0.358




Table 3: Comparison of the estimated treatment effect under the similarity weighted biased coin design,
biased coin design, similarity weighted Pocock—Simon design and Pocock—Simon design, where fi is the
estimate of y = —5, and SD and MSE are the corresponding empirical standard deviation and mean

squared error, respectively.
D n SD  MSE n SD  MSE
Weighted biased coin ~ Weighted Pocock—Simon
1 -4983 0314 0.332 -4.992 0.134 0.141
2 -5.030 0.830 0.860 -4.999 0.686 0.687
3 -5.022 1.723 1.745 -4.949 1.698 1.749
4 -4864 3.000 3.186 -5.068 3.164  3.223
5 -4.924 4776 4852 -4.726 5.169  5.442
6 -5.130 6.778 6.909 -4.573 7.328 7.755
7 -4.997 8224 8227 -4.959 9.401 9.442
8 -5.153 9482 9.636 -5.016 10.582 10.598
Biased coin Pocock—Simon
1 -499 0.332 0.335 -4.996 0.268 0.272
2 -5.028 0.822 0.850 -4.994 0.865 0.871
3 -4989 1.783 1.794 -5.039 1.899 1.938
4 -5.025 3.201 3.225 -5.063 3.660 3.723
5 -5.015 5328 5.343 -4.956 5.821 5.865
6 -5.167 7.930 8.098 -5.239 7.921 8.161
7 -5.353 9.787 10.140 -5.372 10.015 10.387
8 -5.253 11.797 12.050 -5.169 12.011 12.181
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Figure 1: Survival functions (or one minus the empirical CDF) of sample size imbalance for the similarity
weighted biased coin design (dotted line), biased coin design (dot-dashed line), similarity weighted Pocock—
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Supplementary Material

S.1 Necessary results for Lemma 1

For a new data point X, 11, (A.1) reduces to

S K (X — Xni1) L

Unu Xn = n )
( H) Zi:l Khn (Xi - Xn+1)

and U, (Xni1) = {Un1(Xns1)s - -+, Ungm—1)(Xp11) }'. We set m,{U,(X,,41)} to be the prob-
ability of assigning the new observation to arm u. To derive the asymptotic property of

Dy =Y 0 (Iiy — ky) Xi, we first state useful lemmas that support Lemma 1.

Lemma 2. Suppose that n subjects have been enrolled in a clinical trial. For a new data
point X, 11 and arms u and v, we have
" 2
E {Z K, (Xi = Xong1) (Liw — /‘”vu)} = O(nhy,")
i=1

and

} Z K, (Xi = Xo1) (Lo — HU)Xn+1| = Op(n1/2h51/2)~
—1

Proof: Let F; be a sigma field generated by all the event history up to stage j. Suppose
that a new participant with covariate X, 1 = z¢ is to be allocated. We define a function

n(z,y) = I(x # —y) + I(x = y)z, then

[j+1

ZKh {n(Xi, 20)}Liw — Ku) | |Fjs Xjr1 = o

E( ZKhn{ﬁXuﬁo)}(f — Fu) fj7Xj+1:$0>

r2| K (K 20} )

xE lKhn{n<x07 o) }(L(j+1yu — Ku) | Fjs Xjs1 = l‘o]

2
E [{Kn, (20) T 1y — £u) } | Fjy Xj1 = 1’0}



E( Z K, An(Xi, 20) } (L — Hu)] Fij, Xjp1 = 330)
+FE [{Khn(azo)(l(jﬂ)u — Hu)}Q Fi, Xjm = :1:0} a.s. (S.1)

The last equality holds almost surely, because for any fixed value xg, X; # zo(i =

1,...,7) a.s., which implies n(X;, z¢) = X; — x¢ a.s. Further, with probability one,

{Zm (X200} T = )| B | G0t 0)) T~ )

-7:jan+1 = xo]
J
Z Khn i, — X (] — /ﬁ}u)} E {Khn ($0)(](j+1)u — /‘f;u)

1

‘BvXj+1 = $0}

7

=1

= {Z K — Xy } {U}(Io) — /iu}[ﬂ'u{Uj(xO)} - ’K"/’U‘:IKhn (ZE())
0

<

by the fact that Uy, — , and 7,{U, (Xy)} — K, have opposite signs according to Condition

(C1). By taking the expectation on both sides of (S.1), we have

Ml 12

E ZKhn{ﬁ(Xi, Xj1) HLiw — Fu)

42

j
2
< B K (X X0 i — k) |+ B {En, (X00) T — ka)}

Summing over j from 1 to n,

n [ j+1 12
DB Kn n(Xe X)) i — £u) Xy
j=1  Li=1 i

12

n [
< Z E Z K An(Xi, Xjp1) Hliw — Fu) X
j=1  Li=1

-+ Z E {Khn<Xj+1>([(j+1)u - Hu>Xj+1}27

and it is readily seen that the (j — 1)th summand on the left-hand side agrees with the

jth summand in the first term on the right-hand side. Further, X,,1 # X, a.s., so



Kp An(X;, Xoi1)} = Kn, (Xi — Xnt1), (0 =1,...,n),a.s. As a result, we obtain

i=1
n+1

> E [{Kn, (X)}]

n+1

IN

E D Kn {n(Xi, Xp1) Lo — Fv‘u)] < Z E [{Kn, (X)L — £)}]

- / {K(1))? dtsup| f ()]

= nOy(hy,").

Also by the Minkowski triangle inequality on the Ly space, we have

- Lo\ 1/2
L i=1 |
[n+1 12\ /2
=1 |

= n'20,(h,'?),

which implies

E {Zn: Khn<Xz - Xn+1)([z - Hu)} = nOp(h;1)7

i=1

and as a result, by Condition (A6), we have

=1

{Z K, (Xi = Xong1) (i — feu)} X1 = O,(n*?n;1?).

This proves the result.
Corollary 1. 370, (liw — £u)X; = Oy(nh + n'/2h, %),

Proof: First we can write

n

=1

HU>}2}

1/2



Zz{nf )} K (X — X5) (L — k)X

=1 i=

n

+| )i Zz{nf D} K (Xs = X)) (T — #) X .
i=1 7j=1 i=1
Note that
B35 () K (X — X)L —mu>Xj]
11 =1 2 »
< E{ ) K, (X = X5) (T — k) } } {B(X7)}?
7j=1
= Oy
by Lemma 2.
As a result, we have
ZZ{nf N K (X — X)) (T — ku) X | = Op(n*?h;12).

7j=1 =1
Also note that

n

D (=

1=1

S S )Y B (X, X)) (F — )X,

=1 =1

n

(]

um—m[ -3 ) K (X X>X]

j=1

=1

< ZX Z{nf )} K, (X — X5)X;).

The last equation is of order O, (nh? + n'/2h, "), because
Z{nf YK (X = X)X,

= Zf Hnf (XY K (X — X)X
= [(X)E [{f( DY XX = X0] + Ok + (nhy) 7YY
= X, +O0,{h% + (nh,)"Y2}.

4



The second to the last equality holds because > 77| f(X;) ™ {nf(X DY KL (X — X)X
is a fixed design kernel estimator of X;f(X;)™! = E [{f(X DX X =X, ;], while its
mean squared error is of order O{h? + (nh,)~} (Héardle 2004).

In conjunction with (S.2), we have

n

i=1

= Op(nh2 +n?n71/2).

This proves the result. [

Remark 5. In the above derivations, X; iny ., (Liu—ru)X; does not affect the convergence
rates. Therefore, the convergence rates are the same when considering Z Ly — Ku)Z;

for any other integrable random variable Z;.

Lemma 3. Let f(-) be the density of X, then we have

K, (X — X, Ty — Ko
‘/21 1Zhn Kn (X, +1g(< - >Xn+1f(Xn+1)an+1
=1 n n
_/ ZiZI Khn (XZ X"-l—l)(-[m - ffu>Xn+1
nf(Xng1)

f(Xn11)dX 11| = Op{(nh,) 1}

Proof: We have that

2 i1 Ko (Xi = Xog1) (Tiw — i)
‘/ 121 L K (X — Xog) J(Xog1)d X

/Zz 1 K, (X — X)) (L — Fu)

nf(Xn+1)
¥ih:

/’f nr1) = D00 K (X — Xg)
Zz 1Kh X Xn—l—l)f(Xn—i-l)

= o, g [ f () =07 ST Ky (X = X [
! ! Z?:l K, (X — Xn-‘rl)f(Xn—H)
= Op(nl/Qh:zl/Q)Op(hgz + n—1/2h;1/2)0p(n—1)

f(Xng1)d X

2

IA

1/2
X' - Xn+1>([iu - /fu) f(Xn+l>an+1}

1/2
f(Xn+1)an+1}

1/2
f(Xn+1>an+1 }

= O,(n"Y?h, +n"'h 1)

n



= Op(n~'hy").

The first equality is a result from Lemma 2. The second equality holds because for each

Xii=1,...,n,

> K (Xi = Xnp)

i=1

= Oy(n)

and

= Op{hi + (nhn>71/2}a

'f(Xn+1) —n! Z K, (Xi — Xnt1)

i=1

which follows the uniform convergence of the kernel density estimator (Silverman 1978).

With Condition (A6), we obtain the desired result. O

Lemma 4. For a constant py and n > ng > po, we define A, =[], (1 = po/l)~", then

we have lim n~ A, = Ay, where Ag = ny"™.
n—oo

Proof: The limiting result shown below follows the convergence of the product integral.
We define ¢, = I/n,l = ng—1,...,n, n(t) =1, fort; < t < t;41. For t > t,,, let

P(t) = > 1/n(t) = [, qn(s)"ldn(s). Fort < t,,, define P(t) = 0. Note that
’I’L07

tno Stl St

n(s) changes its values only when s = ¢;, so dn(s) is nonzero only at s = ¢, = ng,...,n.

Therefore, we can write

lim At = lim Al

t
n—00 SUP,<i<n [t;—t;—1|—0 n(tn)

in
= lim H {1 — popl(tl>dtl}

SUPp,<i<n lti—ti—1/—0 t=1
—tng

P/(t)dt}.

17}
-1

tn
= lim | | {1- po/
SUPp,<i<n lti—ti—1/—0 fr=tng t

As n — 00, or sup,, i<, |ti — ti—1| — 0, the above form is a product limit in Definition 1 in

Gill & Johansen (1990). Similar to Example 2.5.6 in Slavik & Karlova (2007), this product

exp <—Po / dP(t)>
t€[tng tn]

6

limit can be written as



— exp | —po / n(t)tdn (1)
5€E[tng,tn]

— exp (—pollog{n(ta)} — log{n(ta)})
= exp|—po{log(n) — log(no)}]

= np’n ",
Therefore, lim,, .., n "°A,, = Ap. This proves the result. O

S.2 Proof of Lemma 1

To assess the properties of D,,, we first note that for n > ny and u < m,

E(lns1yal Fo, Xn41) = Ku
= Tu{Un(Xnt1)} — Fu
= mu(k) + 7, (K){Un(Xn11) — £} + 1/2{Up(Xn41) — £}, (R){Un(Xop1) — £}{1+ 0p(1)} — 5,

m—1

= (K Unu(Xnt1) — Ku} + Z Tor (K Unr (Xni1) — 50}
r#£u,r=1

+1/2{Un(Xos1) = 6} 7, (K){Un(X1) — KHL + 0,(1)}

= —p{Unu(Xns1) = ku} + 1/2{U(Xp11) — K}TW:(K'){Un(Xn-&-l) —KkH1+0,(1)}.

The third equality holds by Remark 1 that 7,(k) = k,. The last equality holds because
by Remark 2, 7/ (k) =0 when r = 1,...,m — 1,7 # u, and by Remark 3, 7/, = —p.
Multiplying the above equation by X, ,; and taking expectation with respect to X, .1,

we have

E{<I(n+1)u - /’iu)XnJrl‘«Fn} = _pE[{Unu<Xn+l) - /fu}XnJrl’Fn] + Vnu,

where

Yina = B |1/2{Un(Xn11) = £} 7, (8){Un(Xot1) — £} Xt

fn] {14 0,(1)}.



Also, foru=1,...,m — 1, we have

E{Unu(Xnt1) = Ku} Xns1| Fol

= /{Unu(Xn—H) - ’fu}XTL-‘rlf(Xn-H)dX”"‘l

= n_l Z / Khn (Xz - X’n—i-l)(]zu - I{u>Xn+1an+1 + Yonu

1

= n (Im - Ku)Xz + Yonu,

i=1

where

Z Kh X Xn-l—l)([ - /{u)
k S (G X))
K, (X; — X, L, — ky) X,
/Zz 1 hn +1)( ) +1 f(Xn-i-l)an-&-l‘
nf( n+1)
This gives
E{(I(n—l—l)u - "iu)XnJrl‘JT_‘n} = _pnil Z([w - HU>X1, + Yinu — PV2nus
=1
foru=1,...,m—1.

Define a,,,, = 1 — p/n for n > ng, and «a,,, = 1 otherwise, and let 3,, = Y1pu — PYonu for

n > ng, and [,, = 0 otherwise, for u = 1,...,m — 1. We have
E(D(n+1)u|~/—:n) - ananu + 5nu

Combining the results of D(,41),,u=1,...,m — 1, we have
E(Dy41|Fn) = a, Dy + B,

where oy, = diag{an1, ..., aym-1)} and B, = (Bu1, - - -, Bum-1)) " Let Ay, = Hz Lo =
n_—l ot B ?:_11 A(H—l)uﬁlu = 2? nlo A l—i—l)uﬁlu; and define Mnu = Ananu - Bnu- It

I=ng lu )

is easy to verify that M;, = D;, for i < ng. For n > ng, we have

E<M(n+1)u|fn> = A(n+1) (anu nw T ﬁnu Z A l+1)uﬁlu

l=ng



n—1
= fLmL%u—-Ejzﬂuanﬁm

l=ng
= Mp,.
Further, X; and I;,7 = 1,...,n, and their continuous functions, D,, and B,,, have finite
second moments by Condition (A6). Therefore, E(|M,,|) < oo, which implies M,,, is
a martingale. We further define AM,,, = My, — M_1), to be a martingale difference.
Combining the results for arm u, the vector M,, = (M, ... ,Mn(m_l))T is a martingale
vector, and AM,, = (AM,,,.. .,AMn(m_l))T is a vector of martingale differences. We
further define A, = diag(A,1, ..., Aym-1)), and B,, = (By1,. . ., Bn(m_l))T.

Now we assess the asymptotic properties of D,, through M,, by utilizing martingale
techniques. We first derive the asymptotic properties of zT M,,, where z is an arbitrary m—1
dimensional vector, and then we show that the term B, is ignorable because it converges
faster to 0 than M,. Note that z'M,, is a martingale while zT AM,, is a martingale
difference, because the linear function does not alter the expectation and boundedness
properties.

Let s, = E(M,M}), according to the martingale invariance principle introduced on

page 99 in Hall & Heyde (1980), if we have

(z"s,2z) " Z z"AM; (AM;) 'z 5 1 (S.3)

=1

(z"s,2)™" ) | Elz"AM;(AM,) "z I{|z"AM;| > €(z"s,2)"/*}] = 0,¥e > 0 (S.4)

i—1
as n — oo, then (z7s,z)~/22TM,, converges weakly to a standard normal random variable,
and in turn s, /*M,, converges to a multivariate standard normal vector. Thus, (S.3)

readily holds by Chebyshev’s inequality for the uncorrelated random variables and

z2's,z

= E(z"M,M}=z)



Z?:1(AMZ'1)2 <o Z?:l(AMilAMi(m—l))
- E ZT . . : 7

Z?:l (AMZIAMz(m—1)> R Z?:I(AMi(m—l))Q

= Xn: E{z" AM;(AM,)"z}.

i=1
The second equality holds because for ¢ < j and arms u and v, we have E(AM;,AM,,) =
E{AM;, E(AM;y|Fj—1)} = 0.

If (S.4) holds, then the martingale invariance principle allows us to show the asymptotic
properties of zTM,, through accessing the convergence of s,,. Therefore, in the following,

we proceed to find the exact form of s, and verify (S.4).
Let Spuu = >y E{(AM;,)?} and Spuw = >y E(AM;,AMj,), and we examine the

convergence of each term s, in the matrix AM;(AM;)™. Note that for n > ny,
A AMyy, = (Inw — Ku) Xo + pDn—1yu/(n — 1) = Bi—1yu- (S.5)
By Corollary 1 and Condition (A4) that nh? — oo, we have
pD1yu/(n = 1) = Op(h2 + 1~ 20 1) = 0,(1).
Next, Yonu = Op{(nhy) ™'} = 0,(1) by Lemma 3. In addition, from

e = E [1/2{Un<xn+1> R (/) {U (Xo) — #) X

7| 0+ o0,

by the boundedness of 7r1/;, Yiny has the same order as

2

E {i Khn(Xz —Xn+1)}_ {i Khn(Xz —Xn+1>(lz —lﬁlu)} Xn+1

= 0,(n"*)Oy(nh,")

Fo

= Op{(nhn)"'}

by Lemma 2, and the fact that > " | Kj (X; — X,11) = Op(n).

10



These together with Lemma 3 imply |5,,,| = 0,(1). Therefore,
A YAM,, = (L — Fu) X + 0,(1). (S.6)

Further note that

n

n”' Y C(AM;,)?

=1

= n " 2PZA AR AM)?
n'- 2”ZA — k) Xi + 0,(1)}

= {an" Z A7 (1= Ky)Ru X7}
Y0 = )1 = 26) X33 |1+ 0, (1)

= { 172 (1 — k) KUZA2X2+OP }{1+0p( )} (S.7)
The second equality holds by directly plugging in (S.6). Strictly speaking, (S.6) can be
used only when ¢ is large. However, since the value on the first finitely many terms do
not affect the final asymptotic results, we do not make distinction here. This practice also
applies similarly in the remaining text. The last equality follows Remark 5 and the fact
that A;,/n” is bounded due to Lemma 4. For a given £ > 0

S AN B(XD)Y A2
i=1

=1

lim Pr [n 1=2p

n—oo

> g] < lim n~27%¢" ZA4 var(X?). (S.8)

n—oo
=1
To inspect the right-hand side of (S.8), using Lemma 4 and following the same argument

to that in the proof of Theorem 1 in Smith (1984), we have

n—2—4p S A A4
n—2- 4p2 1144 40 — 1 (S.9)

in probability, as n — oco. Further,
n 1
n=? Z(i/n)4p —nt / *dr = n~t(1 +4p)~*
i=1 0

11



Thus, the right-hand side of (S.8) goes to 0. This shows that

S - B Y A
i=1
converges to 0 in probability.

n
Now, we assess the limit of n™'"?* E(X?) >~ A?,. Similar to the previous argument, as

i=1
n — oo,
ni=% Doy AL b
n_1_2pA%u Z?:l i2p ’

and

n 1

n DG e = (1420

i=1 0

Therefore,
nIE(XE) Y0 AL — (1 20)7 AL B(XD),
i=1

and hence

n 2”ZA2 X7 5 (1+2p) " A5,Q.

Plugging the result into (S.7), we have

n

w2 ST (AM)? 5 (14 20) AR - k)RGE(XE) = (14 20) (1~ ky)ru A2,Q(S.10)

i=1
in probability as n — oc.
Similarly, for > | AM;,AM;,, u # v, we have
n*1*2p Z AMWAMW
i=1

=1

e {Z Ay Aiy(—Liwkiy — Lipkiy + numv)Xf} {14+ 0,(1)}

12



= [ — n7172’0 (Z AiuAiv/quvaE) — niliQ’o {Z Azqu<[zu — /Qu)/iinQ}
i=1

=1
n-1-20 {Z A Ay (I — HU)KUXE}
_ [ {AOUAOy Z/n)2p/€u/qu(X2 } —1 2p {Z Azqu iu RU)KUX,?}

_1 2p {Z Azquv w K/’U)K;UXE}
)"

AOuAOU'L{'u/{vE(XiQ) + Op(]')‘

{1+ 0,(1)}

{14 0,(1)}

= —(1+2p
The second equality holds because [;,I;, = 0 for u # v. The third equality holds because

lim Pr {n12” > §}
n—oo

< . —2—4p 2 A2 2\ ¢—2
< lim 2y AR AR var(XF)E

=1

i=1 =1

< lim (n™?" 4PZA + T 2”2/1 yvar(X2)E72/2,

nHOO
which goes to 0 by (S.9). The fourth equality holds because

—1-9 n
n r Zi:l AiuAiv -
—1— n .

n720 Agy Aoy Dy 12

in probability, and

n 12 i/n) 2”—>/ *dx = (1+2p)~"
i=1
Finally, the last equality holds by Remark 5 and the fact that A;,/n” is bounded due to
Lemma 4.
Now we proceed to show the convergence of $,,,. But note that if n =172 """  (AM;,)?
and n~= 1727 3" AM;,,AM,;, are dominated by integrable functions, then the asymptotic
properties of s, and s,.,, 4 # v, can be derived easily by using the dominated convergence

theorem. Further, since

n

< n7172p Z

i=1

n-1720 i AM,;, AM;,,

i=1

13



< 1/2717172’0 {i(AMw)2 + i(AMuJZ} ’

i—1 i—1
we need to show the boundedness of n=1=2 """ (AM;,)? for obtaining the convergence
result. Thus, we evaluate the upper bound of n='=2/ 3" (AM;,)? as follows. Because

there exists a constant C; < oo,

n

n 7y (AM;,)

=1

n~17% {Z(AMW)2 +> A?U(A;ulAMiu)z}

1<ng 1>no

IN

i<ng

nomax X? + Cyn~! Z(Z’/n)Q’D {([w — k)X + pDi—1, /(1 — 1) — ﬁ(i—l)U}Ql

1>ng

_ = . 2

1>ng

we first show the boundedness of pD;_1,,/(i — 1) and Bn—1u = Yin—1)u — PV2(n-1)u-
Clearly |pD;_1,/(i — 1)| < |p|max;<p |X;|. Further, since |Upy(Xnt1)| < 1 and 7/ is

bounded by Condition (A2), there exists a constant Cy < 0o so that

ot — E [1/2{Un_1<xn> )T (R (U, (X))

]:n} < Commax | X,
i<n

where k* = (K7, ..., k! ) with k defined as a point on the line connecting x,, and Uy, (X,,41).

In addition,

Y2(n—1u = /E ZZ 1Khn<X )(; )_KU)an(Xn)an

Zi:l K, (Xi — X)) (L, — Ku) X

< B(X,)) + max|X,|

Therefore, (S.11) implies that there exist constants C3, Cy < 0o such that

n_l_QPZ(AMw)2 S 03 m<aXXl-2 + 04,

=1

14



almost surely. Since Cs max;<, X? + C, is an integrable function, by the dominated con-

vergence theorem, we have
n 2p5nuu = n—1—2p Z E {(AMZU>2} — (1 + zp)_l(l - ﬁu)KuAqua

N s = 0T Y E(AMu AM;) = — (14 2p) Rk, AguAgn@. (S.12)
=1

These give the limiting form of s, in (S.3).

To show (S.4), we first note that (S.6), (S.12) and Lemma 4 yield

((zTs,2)"1?2T AM,, |2

= \(z Snz)” 1HZTAM AMTz]

m—1m—1 m—1m—1
= ‘ (Z Z zuzvsnuv) Z Z 202 A (L — 1) Ay (L — 0) X2{1 + op(l)}‘
u=1 v=1 u=1 v=1

m—1m—1
—1

S 1 Ty = ) A o = ) XA+ 0,1}
< 0, {n_l Lo nax 1(Lw — liu)2XZ} :
By Condition (A6), this implies
(z"s,2)"?2T AM,, = 0,(1).
Further,

Elz"AM,(AM,) zI{|zT AM;| > €(z"s,2)"/*}]

< E{(z"AM;(AM,)"2)?}2E [1{|z"AM;| > €(2"s,2)"/2}]"*
= E{(z"AM;(AM,)"2)2} 2 Pr{(2%s,z) "\ /?|z" AM,| > €}/
— 0,

by Condition (A6) and because (z's,z)~1/22TAM,, is 0,(1). This result along with the fact

that s, = O(n'*?) proves (S.4). So far, we have proven that (z"s,z)*/?z"M,, converges

15



to a standard normal random variable. Since z is an arbitrary vector, we conclude that
sn/ M, converges to a multivariate standard normal vector. Next, in order to use the

martingale results to show the asymptotic property of D,,, we first show that for each wu,
W V2 AT B 0,
Note that there exist constants Cy, Cs, C'; < 00, such that

i=1

IA

zn: A A LCs(ihy,)
i=1
< Cgn! i(@'/n)“lhgl
i=1
< Cyht
in probability. Here, we use the definition of B, to obtain the first inequality, the definition
of [, and the results on the orders of Yi,., v2ne lead to the second inequality, Lemma 4

yields the third inequality, and replacing average with integration we can obtain the last

inequality. Therefore, together with Condition (A4) we have
n"Y2|A- B, 50
by Condition (A4), and this gives
n Y2 A My — Dol = 0,(1).
This convergence in probability result for a single u,u = 1,...,m — 1 implies the joint
convergence in probability of the vector constructed by these elements. So, n~'/?D,
and n~Y2A-'M,, converge equivalently to the same limit. Also, we have shown that

(z's,z)"Y/?2"M,, converges to a standard normal random variable for an arbitrary z.

Therefore,
s 12M, % N(0, I).
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Further, A,, — diag(Agin?, ..., Ap,n”) implies [n "' A 1s, A1 —Q| = o(1) by (S.12), where

() is defined in the statement of Lemma 1. Hence,
n V2 A 212N, S N(0, Q).
As a result, we have

n12Q71°D, 4 N(0, I).

S.3 Necessary Lemmas for Theorem 1

Lemma 5. For a new data point X1, we have E{(3 "0 TTh_1 Kn, (Xir — Xn1k) Liw —

Fu) X 12)°} = O (nh,?).
Corollary 2. | Z?:l(lw — k) XTz| = O, {nhi + nl/Qh;p/Z},

Lemma 6. Let f(X;) be the density function of X;. We have

2im1 Kh (Xir = Xror) Liw — K )
: dX
‘/ ZZ 1 h (X X(n+1)k) n+1 f( n+1) n+1
/ Dt Khn( — X)L — Fu) XE, 12
nf(Xn—i-l)

fXng1)dXo i1

= *111 p)
S.4 Proof of Theorem 1

Following Lemma 5, Corollary 2 and Lemma 6, Theorem 1 holds by using the same argu-

ments as those leading to Lemma 1.
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