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Abstract

Classification with a large number of predictors and biomarker discovery become increasingly important in biological and

medical research. This paper focuses on performing classification of cardiovascular diseases based on electrocardiogram

analysis which deals with many variables and a lot of measurements within variables. We propose an optimal quantile

level selection procedure to reduce dimension by characterizing distributions with quantiles and combine with

classification tools to produce sensible classification and biomarker discovery results. Simulation and an intensive

study of a real data set are performed to illustrate the performance of the proposed method.
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1 Introduction

With fast advancement of technology in medical devices, ‘‘big data’’ in medical area has been rapidly growing in
the recent years. Various data related to a person’s health are collected. For example, a wearable watch may collect
a person’s heart rate, blood pressure and walking speed over a long period of time; a DNA test may obtain
information about a person’s genes with relatively low cost. With such big data, much research focuses on making
predictions and finding useful predictors for certain purposes. Prediction with a categorical response is
classification, and useful predictors can be biomarkers (for diseases). Therefore, classification with a large
number of predictors and biomarker discovery have become increasingly important in modern biological and
medical research.

A lot of statistical methods and machine learning tools have been developed for classification with a large
number of predictors, such as support vector machine (SVM),1 neural network,2 classification trees,3–5 other deep
learning methods, etc. These methods have sophisticated software packages and have been widely used in many
areas. Although they perform reasonably well with a large number of predictors, the performance tend to get
worse when the number of predictors becomes larger than or far exceeding the number of sample size. For the data
that a portable device generates, there are usually many measurements recorded for each variable. In dealing with
such data, it is not wise to put all the measurements of all the variables into the classifiers directly, since (1) there
will be tens of thousands of input variables which add to the difficulty of producing accurate results and (2) the
data have certain structures that can be utilized to reduce dimension. A natural way would be to find some
representative measures for each variable and then put them into the classifiers.

The most commonly used summary measures are mean, median, wavelet coefficients, etc.6 However, the means
or medians only represent the central locations of the distributions of the variables, which may not be very
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powerful in distinguishing two distributions when the distributions differ in other ways, as shown in the real data
example. The wavelet coefficients may not be interpreted well from the physical background. In the present paper,
we aim to find interpretable (and easy to understand for nonstatisticians) summary measures and focus on the
situation when each variable has a large number of measurements, such as heartbeat interval measurements on
electrocardiograms (ECGs). Our research is specifically focused on cardiovascular disease classification and
biomarker identification problem based on ECG data.

ECGs are comparatively low cost and noninvasive in screening and diagnosing heart diseases. With the
development of personal ECG monitors, large amounts of ECGs are recorded and stored; therefore, fast and
efficient algorithms are called for to analyze the data and make diagnosis. Interpretable features that characterize
ECGs include heartbeat interval features, amplitude features, slope features, etc. See Figure 1 for various
waveforms and intervals on ECG. For each variable such as the QT interval (the time between the onset of the
Q-wave and the offset of the T-wave on ECG), a large number of measurements are available since each subject
may have thousands of beats recorded and each beat has one QT interval measurement. Therefore, summary
statistics need to be chosen to characterize the distribution of the QT intervals. The most frequently used statistic
in ECG analysis is the sample mean. However, it is observed that the sampling distributions of various
measurement variables of the diseased subjects are often skewed, heavy-tailed or multi-modal, as compared to
the symmetric, light-tailed and unimodal distributions for those of the healthy subjects, as shown in Figure 2.
Indeed, the distributions of the PR and QT intervals for the diseased subjects have heavier tails than those of the
healthy subjects; the distributions of the slopes of up-T and down-T waveforms are mixed for the diseased subjects
and not mixed for the healthy subjects. It seems that the diseased subjects tend to have a small portion of abnormal
beats, leading to heavy-tailed or mixture distributions (MDs) for some measurement variables. Therefore, sample
quantiles characterizing tail behaviors of distributions seem to be better summary statistics to distinguish such
distributions from normal distributions. To maximize the reduction of dimension, we propose to select an optimal
quantile level to best distinguish distributions. This optimal quantile level together with variable selection
procedures will help doctors to identify important measurement variables on ECGs and to interpret the
cardiovascular behavior of patients with various diseases.

There has been much research in comparing two distributions in terms of quantiles. Doksum8 introduced
quantile treatment difference, which is to measure the treatment effect in terms of quantiles. Hollander and

Figure 1. Various local wave forms and intervals/segments on ECG.
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Korwar9 and Henry et al.10 extensively studied the two-sample horizontal quantile shift function; Li et al.11

introduced and discussed the two-sample vertical quantile comparison function, both were mainly focused on
testing equality of two distributions based on quantile measures of censored or truncated data. Gilchrist12

discussed the statistical applications of quantile functions. Parzen14 introduced further quantile-based measures
to quantify the distance between two distributions. The quantile-based classification procedure is usually related to
the receiver operating characteristic (ROC) curve, which is to assess the performance of a diagnostic test associated
with a marker that yields continuous measurements.15 However, these procedures mainly focused on classification
with one continuously measured variable and identification of the best quantile to make diagnostics. In our
problem, there are a number of continuously measured variables. One cannot use ROC or related methods to
simultaneously choose the best quantiles for all the variables. In addition, to combine with the aforementioned
machine learning classification tools, we need not only a measure to describe the distance between two
distributions for each variable but also an easy-to-understand statistic to be conveniently put into the classifiers
to produce sensible classification and biomarker identification results.

The proposed optimal quantile level is easily understood by medical doctors since the sample quantile with a
certain level can be interpreted in the same way as the median (sample quantile with a 50% level). In addition, in
diagnosing cardiovascular diseases, usually it is not the exact time that abnormal heart beats occur but rather the
frequency of the abnormal heart beats during a period that helps to diagnose a heart disease. This frequency can be
captured by the densities of certain variables on ECG. To select the optimal quantile level to achieve best
classification between healthy and diseased subjects is similar to finding the frequency of abnormal beats.
Therefore, we think this optimal quantile level is a good biomarker for cardiovascular diseases.

The organization of the paper is as follows. In Section 2, the optimal quantile level selection method is
introduced. Section 3 contains a simulation study to compare the performance of the proposed method under
different situations to the mean method. In Section 4, we perform a thorough real data analysis to demonstrate the
powerfulness of the method. Discussion on several issues of this approach is given in Section 5.

Figure 2. Histograms of the PR interval, the QT interval, the slope of the up-Twaveform and the slope of down-Twaveform of both

healthy and diseased subjects.
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2 The optimal quantile level selection procedure

The optimal quantile level is chosen to maximize the standardized difference between the sample quantiles of two
distributions. Suppose we have observations

Xi, i ¼ 1, . . . ,N �
X
i

l1i

Yj, j ¼ 1, . . . ,M �
X
j

l2j

where Xi is a random variable having N ¼
Pn

i¼1 l1i iid observations following distribution FX, n is the number of
subjects of the first group and l1i is the number of measurements of the ith subject in this group. Yj is a random
variable having M ¼

Pm
j¼1 l2j iid observations following distribution FY, m is the number of subjects of the second

group and l2j is the number of measurements of the jth subject in this group. The optimal quantile level �̂ is defined
to maximize the standardized difference of the sample quantiles

�̂ ¼ argmax0���1j�̂X� � �̂Y�j=bseð�̂X� � �̂Y�Þ ð1Þ

where �̂X� ¼ F̂�1X ð�Þ and �̂Y� ¼ F̂�1Y ð�Þ represent the sample quantiles at level � of X and Y, respectively

bseð�̂X� � �̂Y�Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1� �Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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s

represents the estimate of the standard deviation of �̂X� � �̂Y� obtained from the asymptotic variance of �̂X� � �̂Y�,
in which f̂Xð�Þ, f̂Yð�Þ are kernel estimates of the probability density functions fXð�Þ, fYð�Þ.

Theorem 1. Let �̂ be defined in equation (1), and let � maximize the standardized absolute quantile difference
j�X� � �Y� j=seð�X� � �Y� Þ, i.e.

� ¼ argmax0���1j�X� � �Y�j=seð�X� � �Y�Þ

Then, �̂ � � has the leading term Að�Þ�1T as N and M approach infinity.
Here
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where f 0 and f 00 are the first and second derivatives of the density f, K is the kernel function and h is the bandwidth
of the kernel estimator. Assume N/M is bounded between two constants, T ¼ Ofh2 þ ðNh3Þ�1=2g.

The results in Theorem 1 essentially tell us that the proposed procedure is estimating the target quantile level �,
which is the quantile level at which the standardized quantile difference of the two distributions is maximized. As
an estimator, �̂ is consistent, and �̂ approaches � at the rate of h2 þ ðNh3Þ�1=2. This is the order of a nonparametric
estimation of the derivative of a density estimation, which agrees with our intuition due to the inclusion of the
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estimated standard error term. When we set h ¼ N�1=7, the difference between �̂ and � will go to zero at the best
rate of N�2=7 when the sample size approaches infinity. The proof of Theorem 1 is in Appendix A of the
Supplementary Materials.

Remark 1. To facilitate the proof of Theorem 1, we assume that the observations are independent and identically
distributed. This condition can be relaxed to the assumption that the observations are weakly correlated.

In the quantile regression setting for comparison of treatment effects

�̂ð�Þ ¼ F̂�1Y ð�Þ � F̂�1X ð�Þ

is called quantile treatment effect estimate.8 In fact, the optimal quantile level defined here is to maximize the
standardized quantile treatment effect. The reason for the standardization is that without standardization, the
maximum tends to be achieved at the most extreme quantile levels and the estimator has a large variance. Hence, a
balance between achieving the largest difference and the largest estimation accuracy needs to be considered.

Note that the optimal quantile proposed here is for two-category classification, more general procedures for
multi-category classification will be presented in future work.

3 Simulation study

The proposed approach consists of two steps. The first step is to reduce dimension by characterizing the
distributions of the measurements with ‘‘optimal quantile levels’’ that have good classification properties based
on distance, and the second step is to combine with machine learning tools to further reduce dimension and
perform classification. The simulation here focuses on the first step since this is the novel method proposed in the
paper.

To simulate the situations that are observed in real data as shown in Figure 2, we consider classification between
a standard normal distribution and a heavy-tailed distribution or a MD. For visual comparison of the
distributions, Supplementary Figure 1 shows the histograms of 10,000 random numbers generated from a
standard normal distribution and two heavy-tailed distributions: t distributions with degrees of freedom 10 and
3 (t(10)and t(3)), respectively, and Supplementary Figure 2 shows the histograms of 10,000 random numbers
generated from a standard normal distribution and five MDs. The five MDs are MD1: 0:8Nð0, 1Þ þ 0:2Nð2, 1Þ,
MD2: 0:8Nð0, 1Þ þ 0:2Nð4, 1Þ, MD3: 0:6Nð0, 1Þ þ 0:4Nð2, 1Þ, MD4: 0:8Nð0, 1Þ þ 0:2Nð2, 4Þ and MD5: 0:8Nð0, 1Þ
þ0:2ðtð3Þ þ 2Þ. MD1 is a mixture of two normal distributions, with the main component N(0, 1) representing the
normal beats, and a minor component N(2, 1) representing the abnormal beats for a subject with disease. Based on
MD1, we increased the mean, the weight and the variance of the minor component in MD2, MD3 and MD4,
respectively. In MD5, we replaced the minor normal distribution with a more heavy-tailed t-distribution. These
changes make the minor component in the MD manifest more clearly in the histogram. Results of classification
between a standard normal and all the five MDs are compared.

To illustrate the procedure, the objective functions computed from 10,000 randomly generated numbers are
shown in Figure 3, where the left graph shows the case of distinguishing N(0, 1) from t(3), and the right graph
shows the case of distinguishing N(0, 1) from MD1. The left graph is close to symmetric since both N(0, 1) and t(3)
are symmetric about 0. There is a peak on each side of the objective function. The right graph is skewed since the
main difference between N(0, 1) and MD1 is on the right side due to the minor component shifting some mass to
the right of the main component in MD1. Naturally, the peak is therefore located on the right side at which the
optimal quantile level is selected.

To compare the performance of the optimal quantile level method (referred to as ‘‘quantile method’’ in the
sequel) with the mean method (classification using the means of the variables) under various scenarios, Table 1
shows the sensitivity and specificity of classification using these two methods from 5000 runs. Here, n1 ¼ N ¼M is
the sample size of the training data belonging to one category; hence, 2n1 is the sample size of the training data
used to compute the optimal quantile level �̂, and n2 is the number of measurements within one observation/subject
in the testing data set. Here, we fix n1=n2 ¼ 10. This mimics the data structure when there are 21 subjects, each has
the same number of measurements n2, 20 of the 21 subjects are used for training (10 subjects for each category) and
1 subject is used for testing. Thus, n1 ¼ 10n2.

After �̂ is obtained from the training data, sample quantile at level �̂ for the testing data is compared with the
sample quantiles at level �̂ of the two empirical distributions generated from the training data. The empirical
distribution that has its sample quantile closer to the testing sample quantile is chosen to be the class where the
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testing data belong to. From Table 1, it is clear that the quantile method performs much better than the mean
method in comparing normal with heavy-tailed distributions. As the sample size increases, the quantile method
performs better while the mean method stays about the same. This is because the sample mean cannot differentiate
two distributions with the same mean. In the MD cases, both methods perform well, while the quantile method
generally outperforms the mean method.

To reflect the sample size of the real data set analyzed in Section 4, Supplementary Table 1 shows the
classification results when n1 ¼ 70, 000 and n2 ¼ 300. The quantile method outperforms the mean method in all
cases.

To study further how the optimal quantile level �̂ changes with the underlying distributions, �̂ is obtained with
one distribution being a standard normal, and the other distribution varies in different ways. Below are
observations for three typical cases.

Case 1: When the tail of the other distribution becomes heavier, �̂ becomes closer to 0.5. To illustrate
this, we used t-distributions with decreasing degrees of freedom to represent distributions with heavier tails.
Note that the objective function to distinguish a normal distribution from a t-distribution is symmetric and
centered at 0.5, so the optimal quantiles have equal chance to be on either side of 0.5. To make the
comparison easier, we always select the optimal quantiles larger than 0.5 and show the mean and standard
deviation of �̂ from 5000 runs, as shown in the top part of Table 2. The sample size for estimating � is set to
be n1 ¼ 100, 000 for more accurate estimation. To provide a more complete picture of the heavy-tail effect, results
for both heavy-tail distributions and mixture of normal and heavy-tailed distributions are listed, and they show
similar trends.

Case 2: When the mean and standard deviation of the minor distribution in the MD become bigger, i.e., the
separation of the two component distributions becomes more obvious, �̂ becomes closer to 1, as shown in the
middle part of Table 2. Also note that Std ð�̂Þ becomes smaller since it is easier to distinguish the two distributions.

Case 3: When the weight of the minor distribution in the MD becomes bigger, �̂ becomes closer to 0.5, as shown
in the bottom part of Table 2. Std ð�̂Þ becomes bigger as it is harder to distinguish the standard normal with the
MDs. Also note that �̂ is smaller for 0:8Nð0, 1Þ þ 0:2ðtð2Þ þ 2Þ than that for 0:8Nð0, 1Þ þ 0:2Nð2, 1Þ, since the tail of
the minor component is heavier, which agrees with the observations in Case 1.

4 Real data analysis

We now analyze the ECG data from the Department of Cardiology of University Clinic Benjamin Franklin in
Berlin, Germany. The ECGs were collected from healthy volunteers and patients with different heart diseases. The
data set contains ECG records of 290 subjects, each subject has several 1- to 2-min long records of standard
12-lead ECGs, accompanied with his/her gender, age and clinical diagnosis results. Among the 290 subjects,
44 subjects have missing information in their records, so 246 subjects with 498 ECG records are used in
classification. The data contain subjects belonging to five health status categories: healthy (52 subjects),
myocardial infarction (149 subjects), cardiomyopathy (17 subjects), atrioventricular bundle branch block
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Figure 3. The objective functions of selecting optimal quantile levels comparing (0; 1) with t(3) (left graph) and comparing N(0; 1)

with MD1 (right graph).
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(14 subjects) and rhythm disorders (14 subjects). Since the sample sizes of the last three diseases are too small, we
combine the disease groups together to form a ‘‘Disease’’ category. The sampling frequency of the data is 1000 Hz.

Single-lead data (MLII) are used for classification, with the notion that the method can be applied to 12-lead
data as well. The ECGPUWAVE function in the WFDB package, available at http://www.physionet.org/
physiotools/ecgpuwave/, is applied to mark the start, peak and end points of the P-wave, the QRS complex
and the T-wave. This function also provides the T-wave type of each heartbeat which is one of the features
used in classification.

Measurements of various variables on ECGs are obtained based on the annotations by the ECGPUWAVE
function. Three general types of features are considered: time span measurement variables, amplitude
measurement variables and the slopes of waveforms. Below are detailed descriptions of these types of features:

. Time span measurements
Six commonly used time span measurements are considered: the lengths of the RR interval, PR interval, QT
interval, P-wave, QRS complex and T-wave.

. Amplitude measurements
The amplitudes of P-wave, QRS complex and T-wave are considered. To measure the P-wave amplitude, we
first estimate the baseline by taking the mean of the values in the PR segment, ST segment and TP segment
(from the end of the T-wave to the start of the P-wave of the next heartbeat), then subtract the maximum and
minimum values of the P-wave by the estimated baseline, and take the one with a bigger absolute value as the
amplitude of P-wave. Other amplitude measurements are obtained similarly.

Table 1. Sensitivity (above) and specificity (below) for both the mean and the quantile methods.

n1¼ 1000 n1¼ 10,000 n1¼ 100,000

n2¼ 100 n2¼ 1000 n2¼ 10,000

N(0, 1) vs. t(10)

Quantile 57.10% 89.34% 99.98%

74.40% 96.28% 100%

Mean 43.76% 48.72% 45.10%

54.54% 52.16% 55.92%

N(0; 1) vs. t(3)

Quantile 70.18%

98.94%

99.72%

100%

100%

100%

Mean 46.72% 48.98% 48.48%

53.60% 51.88% 53.64%

N(0, 1) vs. MD1:

0.8N (0, 1)þ 0.2N (2, 1)

Quantile 95.78%

99.62%

100%

100%

100%

100%

Mean 98.98% 100% 100%

95.48% 100% 100%

N(0, 1) vs. MD2:

0.8N (0, 1)þ 0.2N (4, 1)

Quantile 100%

100%

100%

100%

100%

100%

Mean 100% 100% 100%

99.98% 100% 100%

N(0, 1) vs. MD3:

0.6N (0, 1)þ 0.4N (2, 1)

Quantile 99.98%

100%

100%

100%

100%

100%

Mean 100% 100% 100%

99.98% 100% 100%

N(0, 1) vs. MD4:

0.8N (0, 1)þ 0.2N (2, 4)

Quantile 88.92%

100%

100%

100%

100%

100%

Mean 89.22% 99.98% 100%

94.38% 100% 100%

N(0, 1) vs. MD5:

0.8N (0, 1)þ 0.2(t(3)þ 2)

Quantile 98.62%

98.54%

100%

100%

100%

100%

Mean 96.98% 100% 100%

96.38% 100% 100%
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. The slopes of waveforms
The slopes of waveforms are also considered to measure the dynamic features of a heartbeat. Each heartbeat is
split into nine segments, and the slope of the waveform in each segment is estimated by simple linear regression.
Supplementary Table 2 lists the nine segments with definitions.

The optimal quantile levels �̂‘s are then selected for all the 19 measurement variables, and the sample quantiles
at level �̂‘s are used as input variables of the classifiers. Although in this case, the number of variables is not that
large compared to the number of subjects, yet there are several hundred measurements within each variable for
each subject. If one considers all the measurements as input variables for classification, the number of input
variables would be huge. Therefore, the main purpose of using this real data example is to illustrate the use of
the optimal quantile level method. One may find other applications when both the number of variables and the
number of measurements within variables are big.

To further reduce the number of input variables and account for correlations that might exist among predicting
variables, we also consider using principal component analysis (PCA), where the largest principal components that
contribute to a total of 90% of the variability are extracted. Therefore, the classification performances of four sets
of input variables are compared: (a) the means of the variables; (b) the principal components of the means of the
variables; (c) the quantiles of the variables and (d) the principal components of the quantiles of the variables. In
addition, three frequently used classifiers are compared: stepwise discriminant analysis (SDA),16 SVM1 and
LASSO logistic regression (LLR).17 All three methods are popular classification methods and are based on
different principles and procedures.

Table 3 shows the sensitivity, specificity and accuracy of classification with leave-one-out cross-validation. Note
that quantile-based methods are generally better than mean-based methods in terms of accuracy, which takes into
account both sensitivity and specificity. Comparing PCA to non-PCA procedures, the PCA procedure is generally
helpful in improving classification performance. Comparing across the three classifiers, we find that both LLR and
SVM have high sensitivities but low specificities, while SDA has higher specificity with relatively low sensitivity.
Overall SDA has the best balance between sensitivity and specificity. Therefore, considering good balance between
sensitivity and specificity, the best performance is achieved by ‘‘QuantileþPCAþ SDA.’’ Considering only the
accuracy, ‘‘QuantileþPCAþSVM’’ has the best performance.

Through the PCA procedure and variable selection procedure in the classifiers, one is able to identify important
variables as well as their optimal quantile levels as biomarkers for disease classification: the slope of the up-T-wave

Table 2. Mean and standard deviation of the optimal quantile level for distinguishing a N(0, 1) from various heavy-tailed distributions

(top); distinguishing a N(0, 1) from mixed distributions with changed means and standard deviations (middle); distinguishing a N(0, 1)

from mixed distributions with changed weights (bottom).

(Top)

N(0; 1)

vs.

Change of heavy-tail Mixed þ change of heavy-tail

t(10) t(4) t(2) 0.8N (0, 1)þ

0.2(t(10)þ 2)

0.8N (0, 1)þ

0.2(t(4) þ 2)

0.8N (0, 1) þ

0.2(t(2) þ 2)

E(�) 0.9894 0.9797 0.9574 0.9405 0.9328 0.9209

Std(�) 0.0033 0.0026 0.0028 0.0054 0.0051 0.0044

(Middle)

N(0, 1)

vs.

Change of mean Change of standard deviation

0.8N (0, 1)

þ0.2N (1, 1)

0.8N (0, 1)

þ0.2N (2, 1)

0.8N (0, 1)

þ0.2N (4, 1)

0.8N (0, 1)

þ0.2N (2, 1)

0.8N (0, 1)

þ0.2N (2, 2)

0.8N (0, 1)

þ0.2N (2, 4)

E(�) 0.8399 0.9445 0.9463 0.9445 0.9826 0.9873

Std(�) 0.0330 0.0054 0.0024 0.0054 0.0016 0.0015

(Bottom)

N(0, 1)

vs.

Change of weight Heavy-tail þ change of weight

(0.8N (0, 1)

þ0.2N (2, 1)

0.7N (0, 1)

þ0.3N (2, 1)

0.6N (0, 1)

þ0.4N (2, 1)

0.8N (0, 1)þ

0.2(t(2) þ 2)

0.7N (0, 1)þ

0.3(t(2) þ 2))

0.6N (0, 1) þ

0.4(t(2) þ 2))

E(�) 0.9444 0.9121 0.8747 0.9207 0.8835 0.8433

Std(�) 0.0054 0.0063 0.0074 0.0044 0.0047 0.0050

n1¼ 100,000.
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(14% quantile), the slope of the down-T-wave (78% quantile), the slope of the up-R-wave (18% quantile),
the length of the QRS interval (73% quantile) and the amplitude of the T-wave (4% quantile). These are most
frequently selected and have highest weights in the classification procedure.

5 Discussion

The optimal quantile level selection is a good dimension reduction method when each variable has a large number
of measurements. In the real data analysis, this efficient dimension reduction method allows us to include all
commonly used measurement variables on ECGs without pre-selection. This is useful when no prior information is
available regarding which variables are more important.

Three frequently used classifiers are applied using the optimal quantile levels of the measurement variables, and
their results are compared. It is found that SDA on dimension-reduced features by PCA is the most stable and
effective procedure. LASSO type of methods are well known for variable selection and classification when the
number of independent variables is large (even larger than the sample size) and only a few of them are related to
the response variable (sparsity).18 In this particular application, the number of independent variables is large but
still can be handled well by other methods. In addition, model sparsity may not be satisfied, because many
variables may be related to the response and they are correlated. In this case, PCA and stepwise procedures are
more appropriate dimension reduction methods.

It is likely that the measurements of different beats on ECGs are correlated, especially for diseased subjects.
However, the correlation may vary from subject to subject and one may need to introduce a complex model for
such correlation. In the present paper, we allow the observations to be weakly correlated without looking deeper
into the structure of the correlation. Further research on correlated observations will be addressed in future work.

Due to small sample sizes in disease categories such as Bundle branch block, cardiomyopathy and dysrhythmia,
only two-category classification is performed in the paper. However, the proposed method can be extended to
multiple-disease classification when more data are available. Also note that with bigger sample sizes, multi-lead
analysis is preferred to single-lead analysis, since different diseases may show abnormality in different leads. For
example, Shen et al.19 and Zimmerman and Syeda-Mahmood20 performed multi-lead classification of ECG
waveforms. The proposed quantile-based measures can be combined with those procedures to achieve better
classification results.
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Table 3. Classification results of the different methods using leave-one-out cross-validation.

Classification Feature selection

Method Method Sensitivity Specificity Accuracy

SDA Mean 88.05% 80.77% 84.14%

Quantile 81.44% 90.38% 82.93%

MeanþPCA 72.16% 90.38% 76.02%

QuantileþPCA 80.93% 96.15% 84.15%

LLR Mean 94.33% 48.08% 84.55%

Quantile 90.72% 75% 87.40%

MeanþPCA 94.33% 46.15% 84.15%

QuantileþPCA 90.72% 55.77% 83.33%

SVM Mean 92.78% 38.46% 81.30%

Quantile 91.24% 50.00% 82.52%

MeanþPCA 94.33% 48.08% 84.55%

QuantileþPCA 92.78% 69.23% 87.80%

SDA: stepwise discriminant analysis; SVM: support vector machine; LLR: LASSO logistic regression; PCA: principal component

analysis.

The bold values are computed based on leave-one-out cross-validation of the real data, they are percentages.
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