STAT 704 --- Preliminaries: Basic Inference

Basic Definitions

Random variable: A function that maps an outcome from some
random phenomenon to a real number.
* A r.v. measures the result of a random phenomenon.

Example 1: The weekly income of a randomly selected USC

student.
Example 2: The number of accidents in a month at a busy

stretch of highway.

* Every r.v. (say, ¥) has a probability density function (pdf)

fly) associated with it.
For a discrete r.v. Y, 4‘ ( ) F ( \/ ) ’G’ é .

1) = o
For a continuous r.v. Y, and for any numbers a<b, \3 ’

P(mé v < ]o> = g Hg)cﬁa

Expected Value: The expected value of a r.v. 1s the mean of its
probability distribution.

For a discrete r.v. Y, +L\L Q,XTQCJLLJ \f"u[ e\ S

E(Y) 4 £0y)

For a continuous r.v. Y, a” d

e(v) = §yfly)dy

Note: If a and c are constants,
E[ourc,\/} - a+cC E(\/)
IV\ Tm‘h\cw(qf; E(Q) = e
E(C?'> = CE(\/)
E(V+a)=€e(¥) +



Variance: The variance of a r.v. measures the “spread” of its
probability distribution.

var(y) = E?[‘F E(\/)]Q’i

= He “e,xfec:l‘@l SzLLGU‘QOl a(e,w\a:ld“f‘am ot Y ‘“me

Equivalently, mean .

s
Var(7> = E(\/Z)._ [E(\O:l?_

Note: If a and c are constants,
2
V4V£Q+ C \7'] = C  var [Y)

Th perhedler  yar (OL>: O
F
/ vur(c“/} - c° vcu*(\/)
vcur(\/-\—a) = \Jar (\/)

Note: The standard deviation of a r.v. Y is W/w
var (\/)

Example: Suppose Y (the high temperature in Celsius of a
random September day in Seattle) has expected value 20 and
variance 10. Let W = the high temperature in Fahrenheit.
Then

E(W) = E(%\/ +3z> = 2el¥)+32 = £(0)+32 = (§
vaur(w ) = ww(*%\/ + '3?/>' :(%)va(‘f) =3.24 ('@ = 32..4
Covariance: For two r.v.’s ¥ and Z, the covariance of ¥ and Z

cov(f2)= €9 [1-en][z-E(@]§
Moo, v (1,2) = €(v2)- E(E(e)

* If Y and Z have pes \ D V¢ covariance, then small values of Y
tend to correspond to _sm« |\ values of Z (and large values of

Y to \omq- ¢ values of Z).
Example: He, 9 It < e j LV-Q' o 10 F@f le
W or k EXFQII\QJ(CC & SoLtcu“y




e If Y and Z have hé‘_.‘IOCH v€covariance, then small values of Y
tend to correspond to " larq e values of Z (and large values of
Yto _Sm«l| values of Z).

Altitde + Temfe/rd‘w‘é oA M Sites
S Size "w\a( Gas leq—ﬂﬁ 810 Cars
Note: If a1, c1, a2, and c2 are constants,

C_D\/[Q|+C‘\/} aZJcQZ%:( = C,C, ¢ov [\// Z]
Note: By cl&@mi’h‘o"\/ QDV(V/\/> = v&ur[\/>

* The correlation coefficient between Y and Z is similar, but is
scaled to be between —1 and 1:

C@rr(\//%>; : IC(’V (\/; .Z>
\[var (V) var ()
If corr(Y, Z) = 0, then we say

Y oand 2 are wncorrelated
(\7, "LV\O( Z  ware net __[l‘v\eﬁu«-lz ﬂSSOc(‘a&ea(>

Independent Random Variables: Informally, two r.v.’s Y and
Z are independent if knowing the value of one r.v. does not
affect the probability distribution for the other r.v.

Example:

Note: If Y and Z are independent, then \/ and & are

uncorrel«ted (Cov (Y, 2)= 0o )
. Ol . N L
* A covariance of zero does not imply independence in general,
butl..

(\m \/ac.r:‘a«,c'@/)
e If Y and Z are normal r.v.’s, then

v (¥, 2) 20 & V2 indpededt



Linear Combinations of Random Variables
« Suppose 1.1,,....Y, arer.v.’s and 4,,49,,...,4, are constants.

Then = ij_ag 7’;] = Zm_&: E[Y;)
(=1 (=
E[aa.\/ﬁ-w a,\‘/n] = a, 6(1) ¢+ an E(‘A)
Alse, \W[Z.a /] = Z'_ZM o ceV(‘/c)‘/J')

For o r.v's - E(\/ +V>_. E(Yl \—E(\/ )
Var (\/ + Y ) Var C\[ ) *\'Vﬂ\-f'(yz,) + ZC@U(\/‘ L>
var (Y, -y?,) = var () + var(y,) - zw»(% 7.)
Note: T4 Y Vo are &M,‘r thea ccu[ial\/i f’ca‘/&]
wr[Z« V] ZO\ var (Y(). . = "
/HSO I‘p 7) Ve are t‘«.” no(%%‘l‘“d- -|-\4e44 J = ;QIC(_ Vaf(%f)

Important Example: Suppose 1;,1,...,Y, are independent
r.v.’s, each with expected value u and variance 6. Then

consider the sample mean Y= Z ¥

o[ S ] s e lny e ECR)



When
Central Limit Theorem: With we take a large sample of size n

from a population with mean p and variance o2, and » is

“reasonably large”, then Y has an approximately normal

0_2

distribution with mean p and variance

The Normal Distribution: A r.v. Y having a normal (:(\3>
distribution has the pdf: /\

1 ———z—(y#) u
f(y)= 262 9f0rany—-00<y<00 jl( J

2no
* The two parameters of a normal distribution are its mean

and its variance o
* If ¥~ N(p, o?), then the standardized r.v. % — \/ M

nean / ’t_.,va,mance,

l/\l’kﬁv o “S"Wu(a_v ne Pmt’:_,( : \S‘H‘ Lu.'i‘\or\ [\J éO 1> '

Note: If a and c are constants and Y is a normal r.v., then

0&‘\‘&\/ &ls«: l/m.s o vwv*vvuul A(S‘h"l u:hom w;‘H—\ mMea
o\—l—(;E[\/ waa( Varience (0 F VU—(\/)

Note: If 1},Y,,...,Y, are independent normal r.v.’s and
a,,a,,...,d, are constants, then @, + +a,Y, aJSo lhas a

V\Or‘wu!ut 0\(5’[“" ’Q“:h“”’t WH—L‘» o ZQ E(\/L) o Varienee

Z- “

“ e (Y1

Example: Suppose Y;,%,.--,7, are a random sample from a
normally distributed population with mean p and variance ¢”.

Then ' s a normal distribuhon witl,

mean /L( OU«oL VAV amce. %

27+

Other Related Distributions
Chi-square: If Z,,...,Z, are independent N(0, 1) r.v.’s, then

<t Z Y has  a %(’ ») distribichon , “QL\\‘“S‘C’LQPQ w it

Y Aeﬂrees o'p «Fre&l\em . /)L(V)FA‘F 1/—\

..T\/\ﬂ mean D’Q a //(O;) r.ov.oUs V. -

The vorionce of a ?({y) v, s 2 V.



distribaion (£ with v )

t-distribution: If Z and X are independent r.v.’s and
Z~NO,1)and X~ z>>then _Z ——— las o f(y)

%

'—T]’L?-. Mme a-(j e —(:O,)rv (S D (\‘p V>l>

— T\ne_

Fvi, Y,

veLr | ance mﬁ o t(y) AR VAREENES \/ (’# V>2.>
F-distribution: Suppose X1 and Xz are mdependent r.v.’s and
Z~N@rend Xi ~ X, X2~ Z,- Then 7\ 4)1,

LLCLS am
v : - 2"

\\AQM-@M[VLdbhr— d 'F 1y

(»/)@rv 'S an F(\v) h.

Pr_(wf:[t(VD]Z: W = %/\

7%
A Model for a Slggle Sample
« Suppose we have a random sample 1;,1,,....Y, of

observations from a normal distribution with unknown mean pu
and unknown variance 6°.

* We can model this as: - . C
\/J_}al“r £J) \)..\l)...,)V\ (*)

WL\U& EJN N(OJQ’L>
» Often we wish to perform inference (confidence interval or
hypothesis test) about the unknown population mean M.

- . —_— 9
Let SZ_—_—_ %(\/t"\/) 1[36— ~—H,\¢ _SOLWLF{¢ }lclrz‘onncé_

=

Note: The square of a _(:

ond S = V<>  be e 33@{316 s-{-qm{qu

de\j‘m‘t lon




-1)8* 2 o |
Fact: Cm_-Q/_)L__ lf‘-"ks a_ %(V\-l) Cll s try Luj70v\ '
Heuristic “Proof”: N)ste - (‘/t - M) Z—Z LMS N
'L’ v . \ \
W distribion. And - (a- Ds _ wn .
Z( 7t \/) o= p— Z e
- TL‘S o s

- %(n -1 c[nsﬁﬂzl,u_ On Since we

o

193,_;__ 4 J&JHZ& w‘p ‘PI‘Q Om 107 QSJWV"L‘ChVLj J e +, Y.

=

Y -
() Fact: \/— has a N( 0 I) distribution.
0\
N Therefore, look at: o
C M- M Liva I
TN A N
T C - Yw
n-1)5s =
B °
\ )
\/xz, el
) We see that \/* hasa L., _ 1) distribution.
n—|

(Note that ¥ and s? are independent when we sample from a
normal distribution.)

So, under model (¥),

P ¥ _

( (- 0‘/2n1)< g/f{: <‘t([-zn1)}—l’—0<
=

F( (M/”')V_< Vo<t zu\>(\r'>>’lp
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|-« = .90
CI Example (Summer temperatures data):

72774@7 s=8.872, n=30
04 T - 1—_( 529y = 1 699 (Tkle B. 2)

77‘4’4’7i(‘9‘7?>(“”’>% (74991, 80.42)

Wgh Interpreta\tion: LJ, Ha ?C‘)Z condn a(wce) He Prue meay
/\‘FQm«fejw{jlbrér 1S hetween _7L1‘¢?) and BOH2 ‘*?ﬁ}q&es

(See R example on course web page.)

Hyvpothesis Testing
* We may also perform a t-test to determine whether p may
equal some specified value, say po.
* We decide whether to reject a null hypothesis (Ho) about p on
the basis of our sample evidence (as measured by our test
statistic).

*Let ‘t)* = \15;/(’(0 be @ur —tesT ctahisha |
'

hree types of test: o ( \ .on
w One-sided " <) D ne-sided s ">*)
Ho = pr= Mo Ho 1= Mo Ho » M= Mo
Hag/‘*?‘é/(’(‘? Hoow M < M, Hot M > Mo
« Note that under Ho (if p really is o), then % has a + (-1 distr Lechon
« If the #* that we observe is highly unusual (relative to the -
Distribution), we will reject Ho and conclude H..
* Let a = the significance level = maximum allowable
probability of rejecting Ho when Hp is true.

(n—\)




Rejection rules
Twosided: T[4 56, tlen reject He
otherwise fil o reject fl, .
Onesided (M *<): @ T£ <t | | = =)0,
-'H,\Q)A reﬂec‘\‘ HO/ D‘H«Qrwfse “@111 4 ré‘ac‘i‘ Hc,, )

One-sided (Ha: “&”): 1{2 + < t(\’_a ") Hee
Y-Q:BQ'CA— HO/ a'\'\\@*wu'se -pal‘ { +e f‘-&:)fec“‘ H)

P-value approach: We can also measure the evidence against
Hy using a P-value, which is the probability of observing a test
statistic as extreme or more extreme than the test statistic
value that we did observe, if Ho were true.

* A small P-value indicates strong evidence against Ho.

Rule: ‘ \
Rule: ‘ @H\UWISQ ¥ ‘
14: F,. \)a,lu.ﬁ < X = TQ—_J{C_‘. HO' “+o r-e,j-ecj' Ho .

* The calculation of the P-value depends on the alternative
hypothesis:
Ha: “;é” = EF'V %\ue = 2 "HM&S ‘Hne ayea ov&"‘Sf\A&

our tF G the £,y dishributien,
Ha: “<” = F’-\/k[%e, = Ar&% "{"o +L\& ’Q7C+ Q—Q— O "t+
“V\ ‘H/\Q t(h-l) CJI\S“T\\L@{"I‘O“ .
H.: 669 % ?,Vaklu& - Ar\e}”\ '\“b +L& 'f‘lv_c- L-1~ &_p ®Ur -t*ﬁ
(v the ’t(w!) distr louCHow

Example: We wish to test whether the true mean high
temperature is greater than 75 degrees, using o = 0.01.

Ho: M=75 ws. Hut M > TS

7766775 - — ¢
1*= %’Ff?/’é{ = [ 646 Note 4y ,y= 2-7162
1696 # 2462 = fxil 4 reject o

From K., ?/V@(%Q = .085 > .0| = «x




Conclusion: We ‘@U\ l +o r{\jeC T HO : A+ x=.0 [/
we C_,q_vww“\’ S&-7 "H/&_ ’hfv&& meon -]'QMTQJ\QLLAFQ 1S
‘Xre)JL?J’ Heaw 75 7.

Connection between Cls and Two-sided tests
Fact: An a-level two-sided test rejects Ho: b = o if and only if
Lo falls outside a (1 — a)100% CI about p.

Previous example: At a=0.10, would we reject Ho: p =73 and
conclude Ha: p#73? “p g

At a=0.10, would we reject Ho: p = 80 and conclude
Ha: p#80? M o

At a=0.05, would we reject Ho: p = 80 and conclude
Ha: p#80? [\) o

Paired Data

* When we have two paired samples (when each observation in
one sample can be naturally paired with an observation in the
other sample), we can typically use our one-sample methods to
conduct inference on the mean difference.

Example: 7 pairs of mice were injected with a cancer cell.
Mice within each pair came from the same “litter” and were
therefore similar biologically. For each pair, one mouse was
given an experimental drug and the other mouse was
untreated. After a specific time, the tumors were weighed.



Let Y1j= ‘i’uwwl’ w&!\’j Lj— DWC mouseJ recefufvtj Con o[

| \ ‘Ui, rectment
Let Yoj= Tutme" waaﬁl,d' Lo mouse | TeTeiviny

h

* Since these samples are paired, we take the differences
=7, 37 V. |

If the differences follow a normal distribution, then we have
the model: , ) : |
DJ:/'{D +£J ) )’\)')h
. 2
where &5 ~ N(O/O— ) and My = Mg— My

* To test whether the treatment results in a lower mean tumor
weight, we can test:

Hot Mp=0 ve. Ha' Mp >0

Example: Bor ‘des {oct  on +le mice J\ajﬁ/ “HLQ

?ka\u& s D.000§ (&Mﬂ t¥:5.3‘}>, At o= OuOS)
we  Coamn I ejec,‘l‘ H ‘qu co nc[uwb, He True mean

é\. chue/mce, 1S ?3 F@A’ ' ’f“Luu« ( '/'Le. ’h&d‘m&«i‘
Tfsol%uﬁ O éaﬂvmﬁ'@w}r WMT mescn humor wejlgi)

g Verrky: 4% > to?sé

- Feom R/ o 95/ T Lo ‘%Lg, Frue mean
i,‘ﬁ@yemw /*‘D 1S (0. 277 3/, O. '72§'> ‘ TL\e e i
“Fumor u)dj L+ ’{%r tAvC{TeaJLéo{} mi e s between 0.277
‘j\(\kms \/Uj Lew %VLJ ©.7%23 31'“&\/145 L“:ﬂ LL€I \-‘—]/@u& 4"‘/\.6_
meon  Fumor WQ,\SLJ_ v HM mce,



Two Independent Samples
» Assume we now have two independent (not paired!) samples
from two normal populations. Label them sample 1 and
sample 2.

\/LJ:/L’(L+£U L:\/Z J:‘)Z)LJV}(‘
q)\«e,re, ECJ'A/ N(O) CT?’>

Note: Both populations have the same variance, 62
Note: The two sample sizes (71 and n2) may be different.

Model:

(8

An estimator of the variance o? is the ?OO\QJ souwf(a var iance
2
Q > (Y\\sl)S\ -+ (V\Z"l>S;—
P n,+n, -2

* Our parameter of interest is the difference in the two
population means, [ — Ma.

A(1~-a)100% CI for pi — p2 is

<\1l \/L> a ’t("ﬂ(/l/ N, +n,~2) _V—‘fT N —"l_%

» Often we wish to test whether the two populations have the
same mean.
°)

*Wetest H,: M, =M, (e%u?valwly D Hot M — M=

against one of the following alternatives, using the test statistic:

‘t* B _—\7\"72,>




Ha: Rejection Rule: P-value |
2 dimes  arer outside

/—(lfﬁf’(z Re—j He o ’t*(>t|f“/1/ ny4n,2) t° in distn

: (n 4n,-2)
. . NV
/J(\ < }J{L Reﬂ ‘HO ”[’ t < 't(l—u}l«(-l-n,;?,) Ar‘@t:t‘\‘o (Q'@‘l‘ Z{J*
: " B enmay 4
R ‘, Ho {_(‘ '6_)‘ >’t n \2). _(\ .
N(>ML ej (’—0(/1’\"1'!’{2-2) Ar&o& '1‘0 r(jLQL o) _t

distm

Case of Unequal Variances " t(m A, =)

* What if it is not reasonable to assume the two populations
have the same variance? Suppose (Tl?" =+ G—;—

2
e Use Sl aLV\A SL'L +p QS‘HWd‘Q G__\l a_vw\ CT;‘_\
* The standard deviation part of the test statistic is now
VE -
[ n, n.,

* Our test statistic under Ho has an approximate t-distribution
with d.f. given by an approximation formula (Satterthwaite’s
formula or Welch’s formula).

Model: \{LJ = M + 85 L:})Z J:])"') "
gij ~ N (O) O’—Lz>

* We can formally test H,.c 12 =0 ;’ using an F-test, but in
practice graphical methods, e.g., box plots, are often employed.

* R and SAS perform the two-sample t-test, with options for
the equal-variance case and the unequal-variance case.



Ho"/’(\:}’(z— Vs, Hc\ /Aljltf"('z—

Example: Testing pollution levels: 10 pollution measurements
were taken upstream of a chemical plant, and 15
measurements were taken downstream. Do the mean pollution

levels differ (0= 0.05)? Assuming 0= 05, (based on (a@)\f(o"f‘
QVIOLZ/VLCZ)) Dur t* = 9464 and FfVathce_ = .000|
U(sfng XK= .05 we rej'&c’r Ho aud conclde He true
yneoin u¢5ﬁw _‘,Q[L,;Hom [eve | Olt(‘p‘pzl"s -prew_ e Frue

weoin  downgtresun FOULC"{W leve | |

Note: Recall our t-procedures require that the data come from
a normal population.

 Fortunately, the t-procedures are robust: They work
approximately correctly if the population distribution is
“close” to normal.

* Also, if our sample size is large, we can use the t procedures
even if our data are not normal (related to CLT).

o If the sample size is small, we should perform some check of
the normality assumption before using t-procedures.

Normal Q-Q plots

* To use the t-procedures (test and CI), the assumption that the

data come from a normal population must be reasonable.

* Could check with a l/\\‘sjrzjfs ram er smf ot or bhe xp [o+
o L best of these -

(Verify distribution is s\mm ua}a e

* More precise plot: Normal Q-Q plot.

* Plots quantiles of data against suitably chosen standard
normal percentiles.

* If Q-Q plot resembles a straight line, then the normal
assumption is reasonable.




* Possible violations:

@\'\Q/ L bt~ .
;X 25 faled

exeredv_i nov |

Skew o

H«e rabLJL Skew  Fo

e lef-

Nonparametric Tests

» If the data do not come from a normal population (and if the
sample size is not large), we cannot use the t-test.
* Must use nonparametric (“distribution-free”) methods.

Sign Test
* For the sign test, we assume the data come from a continuous
distribution.
Model:

yJ:/VLJrgJ ) J=ley
N = FonlaChbm med i oin au«aL '?'J ’FDHDW 0 Ceorhnuous
PWetest distn .
o M=o where Mo 18« SFQC(\'AE Mt
Test statistic is B¥ = pumber ol e,
jJ > /)/Lo

(/Por how VVL"U’L7 vﬂle(fS 1S 3\] — FOS(‘HUQ ? >
Under Ho, B* follows a , | . ’

Llnovvu«] (V]) O. 5)

* Reject Ho if B¥ is an “unusual” value relative to this

distribution.



* Alternative could be Ha ' /Vk < /V( )

or H& /Vk/ ~> /VLO
or HOL /VL :# /}(
Example: (Eye relief data)
Ho: =8 vs. He: M #£5  of x=.05.
F\’\om R «F_\/k( = 0. OL[I So rejec+ Ho C@V(C}“Je

'h’bté Wt@ol(ou/\ 'hme/”-,—b"’?@'lﬁ‘p (S net S VVH‘V\LCI‘{S_

Wilcoxon Rank Sum Test (also known as Mann-Whitney Test)
e This is a test comparing the medians of two independent

samples from continuous populations.
* We assume the two population distributions are identical

except for a possible shift (if ( + o1 L)

A

M, M,

Model:
\f‘J’ 7L +ét =1, ?’ :\'

Etl qui'eTQA&a(&uj_ ’PTQM COVChVL»LouLs Fof”hd—)o“ i '\‘\«
* We test H med iau Zer o
N =M,

H“ /Vk <7L HKZWL[>4/(2) ev H%f%l#%L

Method: Rank th bined le ¥
etho an € combinea sampie f‘én)"-) g’”') gzl) ) ganE

* The “rank sum statistic” W is the sum of the ranks of the
second-sample values in the combined sample.

&joums .



. If WlS very large, this is evidence that /VL < 7/(
by

* If W is very small, this is evidence that 7 > 7T
|

Example (Dental measurements):

_ ' boys=|
W=150.5  Pualue = 0,001 Arem R siliazn

RO?"VL‘:/}/LL vs. HGL: f)/(l 7”1/(7/ \ RL\jCQ+ HO) C_(DVLC,lb(Ae.
md?%w -ppr lagys I\S jr—&d&i’ ‘i’\,\kw Meg(t\“t‘/k 'Qaf‘ ﬂl‘V‘ZS.

» Wilcoxon rank-sum test can also test whether one population
is stochastically larger than another.

Wilcoxon Signed-Rank Test

* This assumes the data come from a continuous, symmetric

distribution.
* Again, we test H N = /V(o
* Test statistic uses 'R ("L“”) R (“LS) +L\e ron k S o

)

-6l ) e E

e The w for observatlon iis
(Cl\o N R
‘R.+_, g RL ) hC gl’ o 'S FoSl’h‘/e
L —
? O otherise

* The “signed rank statistic” is

ZR

o If W'is very large, this is evidence that ‘H/\e; e True imw(n‘cm

15 3\“@&@' Haan o

o If W' is very small, this is evidence that +Le_ +rue med ian

‘o less  than Mo .



* Both the sign test and the signed-rank test can be used with
paired data (e.g., we could test whether the median difference
is zero).

Example (Weather station data): Lot D= Lo eather — Fq S‘Iure_>

Testing Hot =0 vs. Haio, #£0.
F}/‘@Vl& R ?,—\)k\b(&- = ‘O‘ 3 = go JL—{" o= .05 Lt e
) . apn ’

Y‘eje_cjf Ho oond  conc ltw(ﬁ the medlian  difference

o we T =zero .

* The sign test and signed-rank test are more flexible than the

t-test (require less strict assumptions), but the t-test has more

power when the data truly have a normal distribution.



