Multi-factor Factorial Experiments

e In the one-way ANOVA, we had a single factor
having several different levels.

e Many experiments have multiple factors that may
affect the response.

Example: Studying weight gain in puppies

Response (Y') = weight gain in pounds

Factors: TYF?, 010 Dief (A) B} C)
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e Here, 3 factors, each with several levels.
e Levels could be guantitative or qualitative.

e A factorial experiment measures a response for each
combination of levels of several factors.

¢ Example above is a: 3 X 3 X L} FQC—T?)F ,‘@_,
&ﬂ‘vefimm:}' (E&\S&i on H of levels for eack %cﬁ"")

o We will study the effect on the response of the factors,
taken individually and taken together.



Two Types of Effects

¢ The main effects of a factor measure the change in
mean response across the levels of that factor (taken
individually).

e Interaction effects measure how the effect of one
factor varies for different levels of another factor.

Example: We may study the main effects of food
amount on weight gain.

¢ But perhaps the effect of food amount is different for
each type of diet: Interaction between amount and diet!
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Two-Factor Factorial Experiments

e Model is more complicated than one-way ANOVA
model.

e Assume we have two factors, A and C, with ¢ and ¢
levels, respectively: ( o x -pakc'l?) - fq,l Q—XFU 1 e @L)

e Assume we have n observations at each combination
of factor levels.

® Total of OCN observations.
Model: \/;d'k = M+ X+ XJ t ("‘X)LJ’ + Eijk
QL:l)"')‘;k J:\)")C k:l)")"\

® Yiix = k-th observed response at level i of factor A and
level j of factor C.

e 1 = an overall mean response

¢ o;’s (main effects of factor A) = difference between
mean response for i-th level of A and the overall mean
response

e v;’s (main effects of factor C) = difference between
mean response for j-th level of C and the overall mean
response

® (ay)’s (interaction effects between factors A and C)
® g;; = random error component — accounts for the
variation among responses at the same combination of
factor levels



® Again, we assume the random error is approximately
normal, with mean 0 and variance o’

e We also restrict 2,a =) 7, =D .(an, =) (@), =0.
i ) i J

Example: (Meaning of main effects)

e Suppose o; = 3.5 and o, =2. What does this mean?

Case I: (No interaction between A and C)
— (a'Y)ij = { for all l,j

e Mean response at level 1 of factor A is:

E(ng)'—"— = XJ
= M+3.5 +7;

e Mean response at level 2 of factor A is:
E(‘fak) = M+ X, KJ

e For any fixed level of C, mean response at level 1 of A
o |.5 more Huan wmean response at level 2.

O_‘C Pr) Since E(YUk)——E(\/ij): [.5
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Case I1: (Interaction between A and C)

e Mean response at level 1 of factor A is:

E[\fijkw:/*"’ X, + \KJ + (O(X>ij
= M +3.5 « KJ —\-(o( Zf)jj

® Mean response at level 2 of factor A is:

E(\fz,_\k\: /~L 4+ o, T Xj —\—(MX)ZJ
- ot 2+ );ﬁ(dx)?_j

e Here, the difference in mean responses for levels 1
and 2 of factor A is:

E—(\/i_jk)-— E(\/ij) = 3,5-7 +(D<X)lj '(‘7‘ X)z_‘

e This difference depends on the level of C!
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e We see that the main effects are not directly
interpretable in the presence of interaction.




e In a two-factor study, first we will test for interaction:

Ho" (b( Y)LJ =0 for 0&.” ‘:J\J‘
H..: (o(“ij + 0 {for some L,J

o If there is no significant interaction, we will test for
main effects of each factor:

HO:‘XL‘:O for all HO.‘X\":O -F;ar K!lJ
HA" X ?l; O .Fpr SOMe-i. Hq‘_ BJ#O ‘QBY’ gomé.Jl

Notation for Sample Means:

Y, = sample mean of observations for level i of A and

level j of C [This is the (i, j) cell sample mean]

17, = sample mean of observations for level i of A

!

j« =sample mean of observations for level j of C

Y,.. = sample mean of all observations in the study

[This is the overall sample mean]



ANOVA Table for Two-Factor Experiment

e Partitioning the Variation in Y:

TSS= 0 )~ ’2:_(‘1;5\(-‘7.@.)2. df = acn—|
N m&smraj Jptad Jartochion 1w Yovalues

SS(Cells)= N 2 Z (VLJ, *—\7..,.)1 df = ae —|
—> measures Va_r‘l‘r:\:ﬁJDVk alrpss cell means

SSW = ?{Z%ZZE(YJ_&\ ~F5.)" df=ac(n-1)

> meagures vcu“‘acch‘om w}”er C&”S-
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o If MS(Cells) > MSW, the mean response is different
across the cells — the ANOVA model is not useless.

Overall F-test: If F* = MS(Cells) / MSW is greater than
Folac — 1, ac(n — 1)], then we conclude there is a
difference among the population cell means.

Example (Table 9.5 data):
7= Gas mileage (in mp3) Y —cylinder
qu-ors : Enj(ne_ T7[>e (A) < é__ofl;,,\g{e,r
|  tandard
Motor 0il (C) ~—<S:\t|+‘,

Gasmiser

7 x> —Fa.c,'l_Der\) cx:Z)c:g) Nn= 5

e Software will calculate:

TSS= 92.547 MS(C&“S> _ éé;ZS — 12.30
5S(Calls)=66.523 = i
4GSV = 24,024 MSW = o= 1.084
13.30
Fr= —=ooq = 12,27 (P-value near 0)

Using a = 0.05: [;:05_ (5_} ZLI) —7.62 (T‘,LL/e A-?.A)

Conclusion: 12.27 > Z.éz.) - mﬂ«ed Ho
ou\A Q@AC\MAQ He ro\;wc,[a:r“iovx ce,H meon §  are QEJ‘__
e,‘(dl/L’k\ ( ANDUA wwAe,) 15 noT uSeJé SS)



o If we reject Hy: “all cell means are equal” with the
overall F-test, then we test for (1) interaction and
possibly (2) main effects.

e Further Partitioning of SS(Cells):

sa =12 Fu =LY df.=a-1
— megsures varicton due o «Q:\cj‘@r‘

SSC = ‘”"Z(Y e =YY’ df=c-1
— Meas we,s variation due +o fector C
SSAC = SS(Cells) — SSA — SSC df.=(@-1)(c-1)
— Weasures \/o(,rn‘cchon alue. ‘o in'l'QJYLC._HOm o#
A cu\oL C .
Mean Squares: -
MSA = SSh MSC = gé_C__ MSAC = -SSA
o —| c—\ (a—l)ﬁc— l>
ANOVA table
Source d.f. SS MS F*

Sohuen Cells  ac— | SS(Cell) MoCells) M (cell)/MSW
A a1 SSA MSA  MSA/MSW
C c-1  SScC } M MSc/MSW

AxC.  (a-D)(e1) SSACL MSAC  MSAC/MSW

Within Cells (Evcor) ac(a-1) SS\J MSW
Total acn - | TSS




e We will usually calculate the ANOVA table quantities
using software.

Useful F-tests in Two-Factor ANOVA

Testing for Significant Interaction: We reject
Hy: (oy); =0 for all 4, j

F-‘:E'_ MSAC S F [(q l)(c—\\ ac (V\ |)1

MSw

Example: SSAC = 20.328, MSAC:zo;l‘z = 10,164

— 0064 _
l’ — W _ ?'37 a_VLA F.ss‘(2 Z"f) — B-L}O

9.37 > 3. %O So we rﬁjecjf He ond  conclude
‘H,\QJ“P_ _\_S__ :jm‘ﬁ?ca,»\_% W\"’Q’ ac:ﬁow Ing‘v.Je_QJ« Q,}’Lj“‘\ﬂ
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Note: If (and only if) the interaction is NOT significant,
we test for significant main effects of factor A and of
factor C:

e For factor A: We reject Hy: o; =0 for all i
if:
F MSA
=7 s 7 PIESURE: (n-1)

e For factor C: We reject Hy: y; = 0 for all j
if:

pro HEC s Rt el )|



