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Setup of Linear Regression Model

» We now consider the regression model in which a response

variable Y is related to one or more explanatory or predictor
variables X1, Xo, ..., Xk_1.

» For a random sample of n individuals, our model is

ind
Y; = Bo+ B Xin+ B2 Xio+- - 4Bk 1 Xik_14€i, €~ N(0,02)
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Setup of Linear Regression Model

» This model can be written in matrix form as

Y =X8+¢€ e~ MVN(0,5°l,)

where
O P
Y=, X=| . ’:7 '
Yo 1 X o Xokor
E
€= , B= :
o 5k-—1
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Likelihood for Linear Regression Model

» Based on this normal model, the likelihood is:

L(B, 02X, y) = (2702) 3e 220~ XB) (y-XB)

» Note that the least squares estimates of 3 and o2 are:

(y — Xb)'(y — Xb)
n—k

b=(XX)"Xy, &%=
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Likelihood for Linear Regression Model

Then L(3,0%|X,y)
x o "exp{—zz(y'y — 28Xy + BX'X3)}
=g " exp{—ﬁ (y/y - 2ﬁIX/y + ,BIX/Xﬁ
= 2[(X'X) X y] X'y + 2[(X X)Xy X X[(X'X) X y] ) |
Since X'y = X'Xb,
=o " exp{—ﬁ (y,y —28'X'Xb+ 8'X'X3
— 2[(X'X)"1X'Xb] X 'Xb

~o /

+2[(X'X)~1X'Xb] X X[(x’X)*lx’xB]) }
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Likelihood for Linear Regression Model

B exp{—# (y’y —2b X'y + b X'Xb + 2b X' Xb
— b X'Xb — 2b X'Xb + 2b X'Xb — 28'X'Xb + ﬁ'X'Xﬂ)}

’

/ A

= o "exp{ — 3L [(y = XB) (y — Xb) + b X'Xb
—28'X'Xb + ﬁ’x’xm}

= o "exp{ 3 [5%(n — K) + (8 — BY X'X(8 - b)]}
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Noninformative Priors for 3 and o2

Consider the independent vague priors

Then the joint posterior for 3 and o2 is:

©(B,0°|X,y) o L(B, %X, y)p(B)p(c?)

—n—1

X o exp{—ﬁ[&z(n —k)+(B— B),Xlx(ﬁ - B)]}
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Noninformative Priors for 3 and o2

» Using the transformation s = 0—2 with Jacobian |J| = 573/2:

w(8,s1X,y) o (s72) 7" exp{ 3l (n — &)
+(8-b)X'X(8 - B)]} (%5—3/2>
x ()3 L oxp{~ 3sl%(n k) + (8- BYX'X(8 - B))
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Noninformative Priors for 3 and o2

» To get the marginal posterior for 3, integrate out s:

So 7(BIX,y)
= | @ ep(-416% - )+ (8- BYXX(8 - B)ls) ds
r()
o~k + (8- B X'X(3 - )
x [(n—K)+(B—B) 62X X(8— b)) 5

NI

» This is the kernel of a multivariate t-distribution with (n — k)
degrees of freedom and covariance matrix

(n— k)62(X'X)1
n—k—2
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Noninformative Priors for 3 and o2

» Now we integrate 3 out of the joint posterior to get the
marginal posterior for o?:

N 0o 1 A,y A
7T(O'2|X,y) o (O_)—n—le%bgﬁ(nk)/ efﬁ(ﬁfb) X X(B-b) d3

—00
1.
x (U)_"_lefﬁ‘#("fk)(27r02)k/2

52(n—k)
x (0_2)—%(n—k—1)—1e— 2

N[

which is clearly an IG(3(n — k — 1), $6%(n — k)) posterior
distribution.

» Example: Oxygen update data on course web page
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