
STAT 512 SPRING 2021 EXAM 2

GROUND RULES:

• This exam contains 5 questions. Each question is worth 20 points. This exam is
worth 100 points.

• This is an open-book and open-notes exam. This means you can use anything
on our course web site in addition to the textbook. You can also use anything
on my course web site for STAT 511. Do not use anything else. This means no
communication with other individuals (except me) and do not use other books/web
sites.

• Each question contains subparts. On each part, there is opportunity for partial
credit, so show all of your work and explain all of your reasoning. Translation:
No work/no explanation means no credit.

• If you use R to answer any part or to check your work, please include all code and
output as attachments. Do not just write out the code you used.

• My preference: (1) Print out exam if you are attending the class online. (2) Print
your name legibly at the top of this page. (3) Write your solution to each problem
on its own page. You can use the back of the page if needed; you can append extra
pages if needed. (4) Collect your pages when done and staple in upper left corner.
Keep all pages/solutions in order.

• I prefer you write out your solutions “by hand.” In the past, I have noticed students
who type their solutions (in LATEX or Word) often do not provide enough detail
and/or do not explain their reasoning very well.

• Your solutions should be turned in to me no later than Friday, March 12 at
3:00pm. I would prefer your solutions be delivered to me in person. If this is not
possible, let me know via email.

HONOR PLEDGE FOR THIS EXAM:

After you have finished the exam, please read the following statement and sign your name
below it.

I promise that I did not discuss any aspect of this exam with anyone other than
the instructor, that I neither gave nor received any unauthorized assistance
on this exam, and that the work presented herein is entirely my own.
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1. Suppose Y1, Y2 is an independent and identically distributed (iid) sample of size n = 2
from a U(0, 1) population distribution; i.e., the population probability density function
(pdf) is

fY (y) =

{
1, 0 < y < 1

0, otherwise.

(a) Use the cumulative distribution function (cdf) technique from Chapter 6 to show the
pdf of the sample sum T = Y1 + Y2 is given by

fT (t) =


t, 0 < t ≤ 1

2− t, 1 < t < 2

0, otherwise.

Why do you think fT (t) is called a “triangular density?”

Hint : Because Y1 and Y2 are independent, the joint pdf of Y1 and Y2 is the product of
the marginal pdfs and is nonzero over the unit square in R2. Now, derive the cdf

FT (t) = P (T ≤ t) = P (Y1 + Y2 ≤ t)

and then take derivatives. From a well-constructed picture of the bivariate support, you
will see that calculating the double integral P (Y1 +Y2 ≤ t) involves two cases−one when
0 < t ≤ 1 and one when 1 < t < 2. This is why the pdf above assumes different values
over these two regions.

(b) The (sampling) distribution you derived in part (a) is an “exact” result. That is,
fT (t) above describes the true sampling distribution of T . Complete the following:

1. What is the approximate sampling distribution of T conferred by the Central Limit
Theorem (CLT)? Note that n = 2. How well do you think the CLT “works” in this
case?

2. Calculate P (|T −1| > 0.5) exactly using fT (t). Then approximate P (|T −1| > 0.5)
by using the CLT. Comment on the differences in these answers.
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2. There are approximately 540 coronavirus testing locations in South Carolina. At the
beginning of the day, suppose officials at each testing location record

Y = number of specimens tested to find the first positive case,

and assume Y follows a geometric distribution with probability of success p. Do a quick
review of the geometric distribution from STAT 511 if you have forgotten it.

(a) For purposes of data analysis, suppose we assume Y1, Y2, ..., Y540 are independent
and identically distribution (iid) and arise from a geometric(p) population-level model.
Provide 2-3 practical reasons why these assumptions might be incorrect (think about
what you know about coronavirus).

(b) Suppose Y1, Y2, ..., Y540 are iid from a geometric(p) population distribution. Derive
the moment generating function (mgf) of

T =
540∑
i=1

Yi.

What is the exact sampling distribution of T? By “exact,” I mean do not appeal to the
Central Limit Theorem (CLT).

(c) Suppose Y1, Y2, ..., Y540 are iid from a geometric(p) population distribution. If p = 0.20,
use the CLT to approximate the probability the sample sum T will be larger than 3000.
Hint: Before you get started, determine what E(Y ) = µ and V (Y ) = σ2 are when
p = 0.20.
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3. Fun with the t distribution. Suppose the random variable Y follows a t distribution
with ν > 0 degrees of freedom.

(a) State the definition of a t(ν) random variable in terms of a standard normal random
variable and a χ2 random variable. Be precise.

(b) Recall the skewness of a random variable Y is given by

ξ =
E[(Y − µ)3]

σ3
,

where µ = E(Y ) and σ2 = V (Y ). Derive ξ above when Y ∼ t(ν). What conditions are
needed on ν for ξ to exist? Prove any claims you make. Note: Don’t just state answers
in this part. I want to see all of the calculations (recall we did derive µ and σ2 in class
so you can use those).

(c) When Y1, Y2, ..., Yn form an iid sample from a N (µ, σ2) population distribution, we
showed in class that

T =
Y − µ
S/
√
n
∼ t(n− 1),

where Y and S are the sample mean and sample standard deviation, respectively. Using
this as a starting point, write out what T 2 is and then show T 2 can be written as the
ratio of two independent χ2 random variables, each divided by their respective degrees
of freedom.
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4. Actuaries have determined the insurance claim amount Y for a group of policy holders
has probability density function (pdf)

fY (y) =


24y(10 + 2y − 0.3y2)

10000
, 0 < y < 10

0, otherwise.

An auditor selects a random sample (iid sample) of n = 40 claims and records Y for each
one, producing Y1, Y2, ..., Y40.

(a) Approximate the probability the sample sum T =
∑40

i=1 Yi is between 200 and 250.

(b) Approximate the probability the sample mean Y is less than 5.5.

(c) Why can’t we compute the probabilities in parts (a) and (b) exactly?
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5. Revisiting the CLT proof. Suppose Y1, Y2, ..., Yn is an iid sample from a population
distribution with mean E(Yi) = µ and variance V (Yi) = σ2 <∞, and define

Zn =
Y − µ
σ/
√
n
.

At the top of page 70 in the notes, we argued mZn(t) = [mU(t/
√
n)]

n
, where mU(·) is the

moment generating function (mgf) of

Ui =
Yi − µ
σ

,

for i = 1, 2, ..., n. To finish the proof of the CLT, we wrote mU(t/
√
n) in its McLaurin

series expansion and showed mZn(t)→ et
2/2, as n→∞.

An alternative proof of the CLT establishes mZn(t) = [mU(t/
√
n)]

n
as we did in the notes

but then takes a different approach going forward. This different approach is outlined
below in three parts.

(a) Using the properties of logarithms and L’Hôpital’s Rule, show

lim
n→∞

ln
([
mU(t/

√
n)
]n)

=
t

2

[
lim
n→∞

m′
U(t/
√
n)/mU(t/

√
n)

1/
√
n

]
.

(b) Argue m′
U(0) = 0 and thus L’Hôpital’s Rule can be applied again. Doing so, show

the expression in part (a) on the right-hand side is equal to

t2

2

{
lim
n→∞

m′′
U(t/
√
n)mU(t/

√
n)− [m′

U(t/
√
n)]2

[mU(t/
√
n)]2

}
.

(c) Show m′′
U(t/
√
n)→ 1 as n→∞ and hence argue the limit directly above is equal to

1. This allows you to conclude

lim
n→∞

ln
([
mU(t/

√
n)
]n)

=
t2

2

after two applications of L’Hôpital’s Rule. Finally, argue

lim
n→∞

mZn(t) = exp
{

lim
n→∞

ln
([
mU(t/

√
n)
]n)}

and you are done.
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