
STAT 512 SPRING 2021 EXAM 3

GROUND RULES:

• This exam contains 5 questions. Each question is worth 20 points. This exam is
worth 100 points.

• This is an open-book and open-notes exam. This means you can use anything
on our course web site in addition to the textbook. You can also use anything
on my course web site for STAT 511. Do not use anything else. This means no
communication with other individuals (except me) and do not use other books/web
sites.

• Each question contains subparts. On each part, there is opportunity for partial
credit, so show all of your work and explain all of your reasoning. Translation:
No work/no explanation means no credit.

• If you use R to answer any part or to check your work, please include all code and
output as attachments. Do not just write out the code you used.

• My preference: (1) Print out exam if you are attending the class online. (2) Print
your name legibly at the top of this page. (3) Write your solution to each problem
on its own page. You can use the back of the page if needed; you can append extra
pages if needed. (4) Collect your pages when done and staple in upper left corner.
Keep all pages/solutions in order.

• I prefer you write out your solutions “by hand.” In the past, I have noticed students
who type their solutions (in LATEX or Word) often do not provide enough detail
and/or do not explain their reasoning very well.

• Your solutions should be turned in to me no later than Friday, April 2 at 3:00pm.
I would prefer your solutions be delivered to me in person. If this is not possible,
let me know via email.

HONOR PLEDGE FOR THIS EXAM:

After you have finished the exam, please read the following statement and sign your name
below it.

I promise that I did not discuss any aspect of this exam with anyone other than
the instructor, that I neither gave nor received any unauthorized assistance
on this exam, and that the work presented herein is entirely my own.
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1. Suppose Y1, Y2, ..., Yn is an iid sample from a gamma population distribution with
shape parameter α = 2 and scale parameter θ, where θ > 0 is unknown. That is, the
population probability density function (pdf) is

fY (y) =

{ y

θ2
e−y/θ, y > 0

0, otherwise.

(a) Find a function of the sample mean Y which is an unbiased estimator of θ. Also,
calculate the variance of your unbiased estimator.

(b) Find two unbiased estimators of τ(θ) = θ2.
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2. Suppose Y1, Y2, ..., Yn is an iid N (µ, σ2) sample, where both µ and σ2 are unknown.
Our goal is to estimate σ2 using estimators of the form

σ̂2
c = c

n∑
i=1

(Yi − Y )2,

where c > 0 is a constant (free of µ and σ2). Note that when c = 1/(n−1), the estimator
σ̂2
c is our usual sample variance S2 (which is unbiased for σ2).

(a) When viewed as a function of c, show MSE(σ̂2
c ) is minimized when

c =
1

n+ 1
.

That is, among all estimators of the form c
∑n

i=1(Yi − Y )2, using c = 1/(n+ 1) provides
the estimator with the smallest possible MSE.

(b) For this part only, suppose µ is known; e.g., µ = µ0, and suppose the goal is to write
a 1− α interval estimator for σ2. Show that

Q =
1

σ2

n∑
i=1

(Yi − µ0)
2

is a pivotal quantity and use it to derive the interval. Define all notation as needed (e.g.,
quantiles, etc.).
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3. Suppose Y1, Y2, ..., Yn is an iid sample from a population distribution with probability
density function (pdf)

fY (y) =


2y

θ
e−y

2/θ, y > 0

0, otherwise.

The population parameter θ > 0 is unknown.

(a) Show that

θ̂ =
1

n

n∑
i=1

Y 2
i

is an unbiased estimator of θ.

(b) Derive the standard error of θ̂.

(c) How would you estimate the standard error of θ̂ in part (b)? Is your estimated

standard error an unbiased estimator of the standard error of θ̂? Explain.
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4. SEIR models are used by epidemiologists to describe covid-19 disease severity in a
population. The model consists of four different categories:

S = susceptible category

E = exposed category

I = infected category

R = recovered category.

The four categories are mutually exclusive and exhaustive among living individuals
(SEIRD models do include a fifth category for those who have died from disease). A
random sample of n individuals is selected from a population (e.g., residents of Rich-
land County) and the category status of each individual is identified. This produces the
multinomial random vector

Y ∼ mult

(
n,p;

4∑
j=1

pj = 1

)
,

where

Y =


Y1
Y2
Y3
Y4

 and p =


p1
p2
p3
p4

 .

The random variables Y1, Y2, Y3, Y4 record the number of individuals identified in the
susceptible, exposed, infected, and recovered categories, respectively. The parameter
vector p is unknown. Review the multinomial distribution from Chapter 5 (STAT 511)
in case you have forgotten it.

(a) Define the sample proportion in the jth category to be

p̂j =
Yj
n
,

for j = 1, 2, 3, 4. Show that p̂1 + p̂2 is an unbiased estimator of p1 + p2. Note that p1 + p2
is the (population) proportion of individuals who have not yet contacted covid-19.

(b) The Central Limit Theorem can be used to show the estimator p̂1+p̂2 is approximately
normal with mean p1 + p2.

1. Derive the variance of p̂1 + p̂2.

2. Suggest a large-sample pivot and then use it to derive the form of a 1− α interval
estimator for p1 + p2.

(c) Devise a strategy to select the sample size n so that your confidence interval estimator
in part (b) has the following characteristics:

1. the confidence level is 99%.

2. the length of the interval is 0.05.
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5. When I wrote this question initially, the NCAA Men’s Basketball Tournament had
not yet started. However, before each game, gambling experts publish their “lines” or
“spreads;” these describe which team is favored and by how much. Even though I don’t
really understand how lines/spreads are created, I can define a random variable whose
value is observed for each game. For Team A favored against Team B, define

D = game outcome for Team A minus the point spread for Team A.

For example,

• suppose Team A is favored by 6 points (point spread), but Team A wins by 2 points
(game outcome). The difference is D = 2− 6 = −4. If you had bet on Team A to
“cover the spread,” then you lost the bet.

• suppose Team A is favored by 6 points, but Team A wins by 10 points. The
difference is D = 10−6 = 4. If you had bet on Team A to “cover the spread,” then
you won the bet.

• suppose Team A is favored by 6 points, but Team A loses by 2 points. The difference
is D = (−2)− 6 = −8. If you had bet on Team A to “cover the spread,” then you
most certainly lost the bet.

We get to observe a sample of differences, say, D1, D2, ..., Dn for n games played. In this
problem, we will assume D1, D2, ..., Dn is an iid sample from a N (µD, σ

2
D) population

distribution, where both µD and σ2
D are unknown. In Table 1 (next page), you will see

the spreads and outcomes for the first round of this year’s tournament. Note that there
are usually 32 games in the first round; however, the 23rd game (Oregon versus VCU)
was canceled due to covid-19. Therefore, there are n = 31 observations. Point spreads
were provided in advance by William Hill Sportsbook.

(a) Under our model assumptions, report unbiased point estimates for µD and σD based
on the 31 games played. Note I am asking for an unbiased point estimate of the population
standard deviation; not the population variance.

(b) Under our model assumptions, calculate 95% confidence intervals for µD and σD
based on the 31 games played. How does William Hill Sportsbook do “on average” in
terms of formulating its point spreads?

(c) The 23rd game was not played, so the random variable D23 was never observed. Let
D and SD denote the sample mean and sample standard deviation of the 31 games that
were played. Give a rigorous explanation why

T =
D23 −D

SD
√

1 + 1/31
∼ t(30).

Use this result to show

P
(
D − t30,α/2SD

√
1 + 1/31 < D23 < D + t30,α/2SD

√
1 + 1/31

)
= 1− α.

We call D± t30,α/2SD
√

1 + 1/31 a 1−α interval predictor of D23. Calculate this interval
with the data in Table 1 using α = 0.05.
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Region Game Teams Spread (Line) Outcome di

SOUTH

1 (1) Bay vs (16) Hart Bay by 25.5 Bay by 24 d1 = −1.5
2 (8) UNC vs (9) Wisc UNC by 1.5 Wisc by 23 d2 = −24.5
3 (5) Vill vs (12) Winthrop Vill by 6.5 Vill by 10 d3 = 3.5
4 (4) Pur vs (13) No Tex Purdue by 7.5 No. Tex by 9 d4 = −16.5
5 (6) TTU vs (11) Utah St TTU by 4 TTU by 12 d5 = 8
6 (3) Ark vs (14) Colgate Ark by 8.5 Ark by 17 d6 = 8.5
7 (7) VT vs (10) UF VT by 0.5 UF by 5 d7 = −5.5
8 (2) OSU vs (15) ORU OSU by 16 ORU by 3 d8 = −19

EAST

9 (1) Mich vs (16) Tex So Mich by 25 Mich by 16 d9 = −9
10 (8) LSU vs (9) SBU LSU by 1.5 LSU by 15 d10 = 13.5
11 (5) Colo vs (12) G’town Colo by 6.5 Colo by 23 d11 = 16.5
12 (4) FSU vs (13) UNCG FSU by 10.5 FSU by 10 d12 = −0.5
13 (6) BYU vs (11) UCLA BYU by 3.5 UCLA by 11 d13 = −14.5
14 (3) Texas vs (14) ACU Texas by 9 ACU by 1 d14 = −10
15 (7) Conn vs (10) Mary Conn by 3 Mary by 9 d15 = −12
16 (2) Ala vs (15) Iona Ala by 17 Ala by 13 d26 = −4

WEST

17 (1) Gonz vs (16) App St Gonz by 33 Gonz by 43 d17 = 10
18 (8) OU vs (9) Miss OU by 1 OU by 4 d18 = 3
19 (5) Cre vs (12) UCSB Cre by 7 Cre by 1 d19 = −6
20 (4) UVA vs (13) Ohio UVA by 7.5 Ohio by 4 d20 = −11.5
21 (6) USC vs (11) Drake USC by 7 USC by 16 d21 = 9
22 (3) Kansas vs (14) EWU Kansas by 10.5 Kansas by 9 d22 = −1.5
23 (7) Oregon vs (10) VCU Oregon by 5 CANCELED d23 = x.x
24 (2) Iowa vs (15) GCU Iowa by 14.5 Iowa by 12 d24 = −2.5

MIDWEST

25 (1) Ill vs (16) Drex Ill by 22.5 Ill by 29 d25 = 6.5
26 (8) Loyola vs (9) GT Loyola by 5.5 Loyola by 11 d26 = 5.5
27 (5) Tenn vs (12) Ore St Tenn by 9 Ore St by 14 d27 = −23
28 (4) Okla St vs (13) Lib Okla St by 7.5 Okla St by 9 d28 = 1.5
29 (6) SDSU vs (11) Syr SDSU by 3 Syr by 16 d29 = −19
30 (3) WVU vs (14) More St WVU by 13 WVU by 17 d30 = 4
31 (7) Clem vs (10) Rutg Rutg by 1 Rutg by 4 d31 = 3
32 (2) Hous vs (15) CSU Hous by 20 Hous by 31 d32 = 11

Table 1: 2021 NCAA Tournament data. Match-ups, point spreads, and outcomes for
first round games.
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