
STAT 512 SPRING 2021 EXAM 4

GROUND RULES:

• This exam contains 5 questions. Each question is worth 20 points. This exam is
worth 100 points.

• This is a open-book and open-notes exam. This means you can use anything on our
course web site in addition to the textbook. You can also use anything on my course
web site for STAT 511. Do not use anything else. This means no communication
with other individuals (except me) and do not use other books/web sites.

• Each question contains subparts. On each part, there is opportunity for partial
credit, so show all of your work and explain all of your reasoning. Translation:
No work/no explanation means no credit.

• If you use R to answer any part or to check your work, please include all code and
output as attachments. Do not just write out the code you used.

• My preference: (1) Print out exam if you are attending the class online. (2) Print
your name legibly at the top of this page. (3) Write your solution to each problem
on its own page. You can use the back of the page if needed; you can append extra
pages if needed. (4) Collect your pages when done and staple in upper left corner.
Keep all pages/solutions in order.

• I prefer you write out your solutions “by hand.” In the past, I have noticed students
who type their solutions (in LATEX or Word) often do not provide enough detail
and/or do not explain their reasoning very well.

• Your solutions should be turned in to me no later than Friday, April 23 at
3:00pm. I would prefer your solutions be delivered to me in person. If this is not
possible, let me know via email.

HONOR PLEDGE FOR THIS EXAM:

After you have finished the exam, please read the following statement and sign your name
below it.

I promise that I did not discuss any aspect of this exam with anyone other than
the instructor, that I neither gave nor received any unauthorized assistance
on this exam, and that the work presented herein is entirely my own.

PAGE 1



STAT 512 SPRING 2021 EXAM 4

1. Suppose Y1, Y2, ..., Yn is an iid sample from a gamma population distribution with
shape parameter α = 2 and scale parameter θ, where θ > 0 is unknown.

(a) Using the definition, show that

T =
n∑
i=1

Yi

is a sufficient statistic. By “using the definition,” I mean do not use the Factorization
Theorem.

(b) On Exam 3, I derived two unbiased point estimators of τ(θ) = θ2. These were

τ̂1 =
S2

2

τ̂2 =
1

2

(
n

2n+ 1

)
Y

2
.

The relative efficiency of τ̂1 to τ̂2 is

eff(τ̂1 to τ̂2) =
V (τ̂2)

V (τ̂1)
.

Is eff(τ̂1 to τ̂2) < 1, eff(τ̂1 to τ̂2) = 1, or eff(τ̂1 to τ̂2) > 1? Explain.
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2. Suppose Y1, Y2, ..., Yn is an iid sample from a N (0, σ2) population distribution. That
is, the population mean µ is known and is equal to 0. The population variance σ2 > 0 is
unknown.

(a) Show that Y is not a sufficient statistic. Hint: Show the conditional distribution of
the sample Y given Y is not free of σ2.

(b) Find a function of Y that is an unbiased estimator of σ2. Hint: Start by considering

Y
2
.

(c) Is your unbiased estimator in part (b) the MVUE for σ2? Explain.
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3. Drink spiking means to put alcohol or drugs into someone’s drink without their knowledge or
permission. Suppose we want to estimate p, the population proportion of University of South
Carolina undergraduates who have participated in this activity. We regard p as a population-
level parameter which is unknown (0 < p < 1).

One strategy to estimate p is to sample n undergraduates and ask each one the following
question directly: Have you ever drink-spiked someone? Let Y1, Y2, ..., Yn denote the “1/0”
(“yes/no”) responses and assume Y1, Y2, ..., Yn is an iid sample from a Bernoulli population
with mean p; i.e., the population probability mass function (pmf) is

pY (y) =

{
py(1− p)1−y, y = 0, 1

0, otherwise.

Note that under this model, pY (1) = p = P (“yes”) and pY (0) = 1− p = P (“no”).

(a) Show the log-likelihood function is

lnL(p|y) =
n∑
i=1

yi ln p+

(
n−

n∑
i=1

yi

)
ln(1− p).

Maximize lnL(p|y) to show the MLE of p is

Y =
1

n

n∑
i=1

Yi,

the proportion of “1’s” in the sample; i.e., the sample proportion.

An obvious problem with the strategy above is that students may not be truthful in their
responses; e.g., a student may respond “no” when, in fact, s/he is guilty of drink-spiking. As
an alternative strategy, suppose we ask students to first flip an unbiased coin (H/T) and have
them hide the result from us (i.e., do not reveal to us the outcome of the coin).

• Students who flip H will answer “yes/no” to “Have you ever drink-spiked someone?”

• Students who flip T will answer “yes/no” to “Is the last digit of your SSN a 0, 1, or 2?”

Let X1, X2, ..., Xn denote the “1/0” (“yes/no”) responses from this strategy and assume that
X1, X2, ..., Xn is an iid sample from a Bernoulli population with mean

θ = 0.5p+ 0.5(0.3) = 0.5p+ 0.15.

The novelty of this strategy is that a “yes” response from any student is not necessarily incrim-
inating. S/he could be answering “yes” to the second question!

(b) Explain where the expression for θ above comes from. Hint: Recall the Law of Total
Probability from Chapter 2 and assume all final SSN digits are equally likely. Describe how
you would estimate p using maximum likelihood under this second strategy.

(c) Let p̂1 denote the MLE of p from the first strategy. Let p̂2 denote the MLE of p from the

second strategy. If all students’ responses are truthful under both strategies (i.e., no one lies),

then which estimator is more efficient? Calculate the relative efficiency to determine this and

graph the relative efficiency as a function of p.
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4. Suppose Y1, Y2, ..., Yn is an iid sample from a population with probability density
function

fY (y|θ) =

 θ

(
1

y + 1

)θ+1

, y > 0

0, otherwise.

The population parameter θ > 0 is unknown.

(a) Use the Factorization Theorem to show

T =
n∏
i=1

(
1

Yi + 1

)
is a sufficient statistic.

(b) Use the transformation method (from Chapter 6) to show

U = h(Y ) = − ln

(
1

Y + 1

)
∼ exponential

(
1

θ

)
.

and therefore prove V = − lnT ∼ gamma(n, 1/θ).

(c) Find the MVUE of θ. Hint: Find a function of V that is an unbiased estimator of θ.
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5. Consider the population-level probability density function (pdf)

fY (y|θ) =


1

2
(1 + θy), −1 < y < 1

0, otherwise.

The population parameter θ describes the decay distribution of electrons from muon decay
when Y = cos(W ), and W is the angle measured in an experiment. The parameter θ,
which is related to polarization, is to be estimated using an iid sample Y1, Y2, ..., Yn from
fY (y|θ). The parameter θ satisfies −1 < θ < 1 and is unknown.

(a) Is there a scalar (i.e., one-dimensional) statistic T which is sufficient? If so, find it.
If not, show why not.

(b) Find the method of moments (MOM) estimator of θ. Is the MOM estimator unbiased?

(c) Write out the likelihood function L(θ|y) and also the score equation that would be
solved to find the maximum likelihood estimator (MLE). Recall the score equation is
simply

∂

∂θ
lnL(θ|y)

set
= 0.

The score equation can not be solved analytically in this example, so you can not find a
closed-form expression for the MLE.
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