
STAT 512 SPRING 2021 FINAL EXAM

GROUND RULES:

• Print your name at the top of this page.

• This is a open-book and open-notes exam. This means you can use anything on our
course web site in addition to the textbook. You can also use anything on my course
web site for STAT 511. Do not use anything else. This means no communication
with other individuals (except me) and do not use other books/web sites.

• You may use a calculator. Translation: Show all of your work; use a calculator
only to do final calculations and/or to check your work.

• This exam contains 10 questions. Each question is worth 10 points. This exam is
worth 100 points.

• On each question, there is opportunity for partial credit, so show all of your work
and explain all of your reasoning. Translation: No work/no explanation means
no credit.

• You have 3 hours to complete this exam.

HONOR PLEDGE FOR THIS EXAM:

After you have finished the exam, please read the following statement and sign your name
below it.

I promise that I did not discuss any aspect of this exam with anyone other than
the instructor, that I neither gave nor received any unauthorized assistance
on this exam, and that the work presented herein is entirely my own.
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1. Suppose Y1, Y2, ..., Y5 is an iid sample of size n = 5 from a N (−1, 4) population
distribution; i.e., a normal distribution with mean µ = −1 and variance σ2 = 4.

In the parts below, you do not have to provide rigorous proofs. Instead, you can appeal
to results you already know.

(a) What is the sampling distribution of Y ?

(b) What is the sampling distribution of S2?

(c) Find a statistic (i.e., a function of Y1, Y2, ..., Y5) that has a t(4) sampling distribution.

(d) Find a statistic (i.e., a function of Y1, Y2, ..., Y5) that has an F (2, 3) sampling distri-
bution.
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2. Suppose Y1, Y2, ..., Yn is an iid sample from a population with probability mass function
(pmf)

pY (y) =


1

ln(1
p
)

(1− p)y

y
, y = 1, 2, 3...,

0, otherwise.

The population parameter p satisfies 0 < p < 1 and is unknown.

Write out the likelihood function L(p|y) and also the score equation that would be solved
to find the maximum likelihood estimator (MLE). Recall the score equation is

∂

∂p
lnL(p|y)

set
= 0.

The score equation can not be solved analytically in this example, so you can not find a
closed-form expression for the MLE.
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3. Suppose Y1 and Y2 are random variables with joint pdf

fY1,Y2(y1, y2) =

{
6(1− y2), 0 < y1 < y2 < 1

0, otherwise.

Show that

U =
Y1
Y2
∼ U(0, 1).

That is, U follows a uniform distribution from 0 to 1. Hint: Use the cdf technique or a
bivariate transformation. I have done it both ways. I think the cdf technique is slightly
easier.
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4. The hospitalization period (in days) for patients following treatment for a kidney
disorder is a random variable Y with probability density function (pdf)

fY (y) =


24

y4
, y > 2

0, otherwise.

Suppose Y1, Y2, ..., Y20 is an iid sample from fY (y), corresponding to n = 20 patients with
this kidney disorder. Use the Central Limit Theorem (CLT) to approximate

P

(
20∑
i=1

Yi > 100

)
.

You do not have to provide a numerical answer as this would require you to integrate a
normal density; instead, just list as many details as possible.
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5. Suppose Y1, Y2, ..., Yn is an iid sample from a beta(α, β) population distribution, where
α = β = θ, and θ > 0 is unknown. That is, the population probability density function
(pdf) is

fY (y) =


Γ(2θ)

[Γ(θ)]2
yθ−1(1− y)θ−1, 0 < y < 1

0, otherwise.

(a) Use the Factorization Theorem to show

T =
n∏
i=1

Yi(1− Yi)

is a sufficient statistic.

(b) The sample variance S2 is an unbiased estimator of the population variance

σ2 =
1

4(2θ + 1)
.

Is S2 the MVUE of σ2? Explain.
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6. Suppose Y1, Y2, ..., Yn is an iid sample from a U(0, 2θ) population distribution; i.e., the
population probability density function (pdf) is

fY (y) =


1

2θ
, 0 < y < 2θ

0, otherwise.

The population parameter θ > 0 is unknown.

(a) Let Y(n) denote the maximum order statistic. Show that

E(Y(n)) =

(
2n

n+ 1

)
θ.

Hint: Derive the pdf of Y(n) first.

(b) Find a function of Y(n) that is an unbiased estimator of θ.
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7. Suppose Y1, Y2, ..., Yn is an iid sample from an exponential(β) population, and our goal
is to derive a 1− α interval estimator for β. In Chapter 8, we derived one such interval
estimator (

2T

χ2
2n,α/2

,
2T

χ2
2n,1−α/2

)
,

where T =
∑n

i=1 Yi is the sample sum. This interval was derived based on the pivotal
quantity

Q =
2T

β
∼ χ2(2n).

The interval above is an “exact” interval estimator because Q ∼ χ2(2n) is an exact
distributional result.

We can derive another interval estimator for β by making use of the Central Limit
Theorem (CLT).

(a) Use the CLT to argue

Q∗ =
Y − β√

β2

n

∼ AN (0, 1),

for large n.

(b) Use Q∗ to derive an approximate 1− α interval estimator for β. Define all notation
as needed (e.g., quantiles, etc.).
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8. Suppose Y1, Y2, ..., Yn is an iid sample from a Poisson(λ) distribution, where λ > 0 is
unknown.

(a) Is Y a consistent estimator of λ? Explain.

(b) Show the standard error of Y is

σY =

√
λ

n
.

(c) A point estimator of σY is

σ̂Y =

√
S2

n
,

where S2 is the sample variance. Argue that

σY
σ̂Y

p−→ 1,

as n→∞.
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9. In a study involving n = 187 patients with venous ulcers (also known as leg ulcers),
a short-stretch bandage was applied to each patient’s infected leg area. The random
variable

Y = time (in days) until the leg ulcer was completely healed

was measured on each patient. Suppose Y1, Y2, ..., Y187 is an iid sample from a population
with probability density function (pdf)

fY (y) =


1

β
e−(y−θ)/β, y > θ

0, otherwise.

Note that fY (y) is an exponential(β) pdf with a horizontal shift θ. The two population
parameters β > 0 and θ > 0 are unknown.

(a) Use a transformation argument to show

U = Y − θ ∼ exponential(β).

(b) Using the iid sample of patient times Y1, Y2, ..., Y187, determine the method of moments
(MOM) estimators of β and θ. Hint: The result in part (a) should help you calculate
E(Y ) and E(Y 2) quickly. You already know E(U) = β and V (U) = β2.
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10. Let Y1 and Y2 be independent normal random variables, each with mean 0 and
variance 1.

(a) What is the distribution of U1 = Y1 + Y2? What is the distribution of U2 = Y1 − Y2?
You can just state the answers; no rigorous proofs needed.

(b) The joint moment generating function (mgf) of U1 and U2 is

mU1,U2(t1, t2) = E(et1U1+t2U2) = exp

[
t1µ1 + t2µ2 +

1

2

(
t21σ

2
1 + t22σ

2
2 + 2ρσ1σ2t1t2

)]
,

where µ1 = E(U1), µ2 = E(U2), σ
2
1 = V (U1), σ

2
2 = V (U2), and ρ is the correlation of U1

and U2.

Show that ρ = 0 and hence show the joint mgf mU1,U2(t1, t2) above satisfies

mU1,U2(t1, t2) = mU1(t1)mU2(t2).

What do you think this implies about U1 and U2?
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