STAT 512 HW3 SOLUTIONS

6.66. We start with Y7 and Y5 which have the joint pdf fy; v,(y1,y2). Define
Ui = h(Y1,Y2)=Y1+Y,
Uy = ho(Y1,Y2) =Y.
(a) Note that
ur = hi(y,y2) =y + 42
up = ha(y1,y2) = v2

is a linear transformation; i.e.,

where

. 1 1 o Y1
A—<01> and y—(yQ).
The transformation is 1:1 because A~! exists. Because the transformation is 1:1, the inverse

transformation exists and is given by

vi = hi'(yi,y2) = ur — ug
h

Yo = hy'(ur,uz) = us.
The Jacobian is

8h;1(U1,U2) 8h;1(U1,U2)

— duy duy _ 1 =17 _ (- _
J = det Ohs (uy,us) Ok (s, ua) det 0 1 1(1) = (-1)(0) =1
8’&1 OUQ
Therefore, the joint pdf of U = (Uj, Us), where nonzero, is
for o (ui,ug) = fyyys (hy ' (ur, u2), byt (un, us)) ||

= friyva(ur —uz,ug)|1
- le,YQ(ul - 'LLQ,UQ).

(b) The marginal pdf of U; is obtained by taking the joint pdf fi, v, (u1,u2) and integrating
over uo. Therefore,

fu(w) = /RfU1,U2<U17U2)dU2 = /RthYQ(ul — ug, uz)dug
as claimed.
(c) If we additionally assume Y; Il Y5, then we know
Tya e (U1 — ug, uz) = fy; (w1 — u2) fy, (u2);
i.e., the joint pdf factors into the product of the marginal pdfs. Therefore, part (b) becomes
fo(u1) = /Rfyl (u1 — u2) fy, (u2)dus

as claimed.
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Y2
uz

Y1 Uy

Remark: The formula

fo,(w1) = /Rle (u1 — ug2) fy, (uz)dug

is called the convolution formula to derive the pdf of U; = Y7 + Y5. This formula, in theory,
can always be used to derive the pdf of the sum of independent continuous random variables
(there is a discrete version as well that convolves pmfs). Of course, if the goal is to derive the
distribution of the sum Yj + Y5, then the mgf method is so much easier. However, the mgf
method does not always work; e.g., mgfs may not exist, the mgf of the sum may not be one
that we recognize, etc. The cdf method is always available too to derive the cdf of Uy = Y1 + Y5
and then take derivatives to get the pdf. I think of using the convolution formula as a “last
resort,” but it does work. I have also seen Exam P problems that ask students to apply the
convolution method.

6.71. We start with independent random variables Y] ~ exponential(3) and Y3 ~ exponential(/3).
For y1 > 0 and y2 > 0, the joint pdf of Y7 and Y5 is

1 1 _ 1 _
iyva (W1, y2) = i (1) fra (Y2) = 5° /b x 5° wlf = e~ Witn)/f

Summarizing,

1
_26_(y1+y2)/5, 1 > 07?/2 >0

viyva(y1,92) =
0, otherwise.

Note the support of (Y7,Y3) is

Ry, y, = {(y1,92) : 31 > 0,2 > 0};
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i.e., the entire first quadrant. The graph of Ry, y, is shown at the top of the last page (left).
The joint pdf fy, v, (y1,y2) is a three-dimensional function which takes the value %e_(yﬁy?)/ B
over this region and is otherwise equal to zero. Our goal is to find the joint pdf of

Uir=mh1,Y2) = V1 +Ys
Us = ha(Y1,Ys) = 2
We use a bivariate transformation. We first find the support of (U1, Usz). Note that
y1>0,y2>0 = wr=y1+y2>0
and uz = y1/y2 > 0 as well. Therefore, the support of (U, Us) is
Ry, v, = {(u1,u2) 1 ur > 0,up > 0};

i.e., also the entire first quadrant; see the top of the last page (right). That is, the support of
(Y1,Y3) and the support of (U, Us) is the same set.

To verify the transformation above is one-to-one, we show h(y1,y2) = h(y},y5) = v1 = yj

and y2 = y5, where
(V) Z hi(yi,y2) \ m;;yz
O\ he(y,y2) ) — '
Y2 ) s

Suppose h(y1,y2) = h(y},y3). The first equation implies y1 +y2 = yi +y5 <= y1 = yi +y5 —v2.
Plugging this into the second equation implies

y* + y* — Y2 y* * ok * % * *

A2 oo % = Y1Y2 T Y2Y2 — Y2Yas = Y12
Y2 Yo

= Y1y T Y5y = Yiy2 + Y2us

= i +y3) =W ;) = =1y

The first equation then implies y; = y]. Therefore, the transformation is 1:1.

The inverse transformation is found by solving

U = Y1+
Al

Uy = —.
Y2

for y; = hl_l(ul, ug) and yy = h;l(ul, ugz). The second equation implies usys = y1, so the first
equation becomes

U1
up = ugy2 +y2 = u1 = ya(1 + uz) = 2=7 :
+ u2
Therefore,
Y1 Y ULU2
T ! N=17 U2
14 ug
Summarizing, we have
_ U1U2
—p! =
y1 = hy (u1,uz) T
yp=hyl(uun) = .
14 uo
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The Jacobian is

1

ahl_l(ul, UQ) 8h1_1(U17U2) U2 U
14w 1+ ug)?
J = det ah;%, ) ahgla(Zi,@) = det| 7" _( " 2)
oy Ous 1+ us (1+ u2)2
L w uy u
B 1+U2[_(1+Uﬁ2]_(1+ﬂmy <1+U2>
__ uruy uy
0 (4w)? (IT+up)
- up(1 4+ ug) B Uq
o 0+w)? (4w

Therefore, the joint pdf of U = (Uy, Us), where nonzero, is

fone(ur,u2) = fyy vy (hy H(ug, ug), by (ur, u2))|J)|

f ULU2 U1 B uy
Y1,Y2 1+u2’1+u2 (1+u2)2 .
Note that
iy (2w ) L -(ikgeng)e _ L -(in)e _ Lo (58
1,12 1+u271+UQ /62 IBQ 52
Therefore, for u; > 0 and us > 0,
1 —u U1 1 B 1
U7u = —e 1/5 1 = e u1/57'
oo ) = e =] = e
Summarizing,
1 —u1/B 1
B2 71 L \2) O, 0
fUl,U2(u1>U2) = ﬁzule (1+ ug)? up > 0,ug >
0, otherwise.

(b) Note that we can write

1 1
— —u1/pB .
fU1,U2(u17u2) B2U1e (1+U2)27
g1(u1) g2(u2)

ie*ul/ﬁ.

/82

that is, we can factor the joint pdf fi, v, (u1,u2) into the product of two nonnegative functions
g1(u1) and ga(ugz). By Theorem 5.5 (WMS, pp 250), U; and Us are independent. You should be
able to see that U; ~ gamma(2, 3). I think U, has a Pareto-type distribution with a horizontal

shift.

6.74. We are given Y1, Ys, ..., Y, are mutually independent and identically distributed (i.e., iid)

U(0,0) random variables, where 6 > 0. Recall the U(0, ) pdf is given by

1

-, O<y<@
fr(y)=< 0

0, otherwise
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and the U(0,0) cdf is

y<0

Fy(y) = , O0<y<b
y=>0.

a) They are asking for the cdf of Y{,,), the maximum order statistic. We derived this in the
(n)
notes; in general,

= PW <y)P(Y2<y) - P(Y, <y)
= [P <y)"
= [Fy()]"
Therefore,
0, y<0
_ y\"
L, y=>¢.

n): Y
(b) They are asking for the pdf of ¥{,,). For 0 <y < 6, we have

_ n—1 __ - Z —
N @) =nfy @)[Fy (y)]" =n (9) <9> 0"
Summarizing,
n—1
ny
, O<y<¥
0, otherwise.

(c) The mean of Y, is

E(Y,) = awo= [y
(Yiny)) = Ryfy(n)(y)y = ) v

The second moment of Y, is

2 2 ¢ oyt
E(Y(n) = / v [y, Wy = / Y gy
R 0

- n/eynﬂdy _ (v
9” 0 0" n—|—2

Therefore, the variance of Y{,, is

i< = (c)o-(() )
ni2 - (nj—1>2
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6.75. Let Y1,Y5, Y3, Yy, Y5 denote your waiting times for the bus (in minutes). Individual
waiting times are distributed as U(0,15). Assume Y7, Y2, Y3, Yy, Vs are mutually independent.
From Exercise 6.74, the pdf of Y(5), the longest waiting time (i.e., the maximum of the 5 times)
is

5y4
—, O<y<1b

fY(5) (Z/) = 155
0, otherwise.

This pdf is shown above. The probability your longest wait time Y5 is less than 10 minutes is

10

10 4 5
P(Y, 10) = dy = ——dy = — = — ~0.132.
( (5) < ) 0 fY(s)(y) Yy /0 155 Yy 155 (y ‘0) 155

The probability P(Y{5) < 10) is shaded above.

6.84. Suppose Y7,Ys, ..., Y, are mutually independent random variables, all with the same
Weibull(m, ) distribution; i.e., Y7, Y, ..., Y, are iid Weibull(m, «). Note: The phrase “random
sample” means “iid.” The Weibull(m, ) pdf is

m m—1 —y™/a
—y e , y>0
fry) =4 «
0, otherwise.
The Weibull(m, «v) cdf is
Fr(y) 0, y<0
YW= 1—e ¥/ y>o.

To see where the cdf comes from, let’s derive it. Clearly, Fy (y) = 0, when y < 0. For y > 0,
we have

)
Fy(y) = P(Y <y) = /0 gt oy,
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In the last integral, let
uw=t" = du=mt™ 'dt.

The limits change under this transformation; as t : 0 — y, we have u : 0 — y™. Therefore, the
last integral becomes

Ym m v m du vl
7tm—1e—t /ocdt _ / 7tm—1e—u/a _ / 7e—u/adu
/0 a e mtm—1 0« ’

which is the exponential(«) cdf evaluated at u = y™. Therefore, the result.

We find to find the pdf of Y{;), the minimum order statistic. Recall in general,

Fra, W) =nfy ()L = Fy )"

Therefore, for y > 0, we have

o) = n(Zyree) -]

«
m m n—1 m n m
= (Bt (i) 2 e () T e
« « «
Summarizing,

@ymflefnym/a’ y >0

fY(1)(y) = @ )
0, otherwise.

Note: We can write the nonzero part of fy,,,(y) as

mn m—1_-ny™/a _ ™ m-1_—y™/(a/n)
o’ (afm)”

which we recognize as a Weibull pdf with parameters m and a/n. Therefore,

Y1, Ya, ..., Yy ~iid Weibull(m, a) = Y{3) ~ Weibull(m, a/n).

6.87. We are given Y] and Y5 (two stock opening prices), which have the common pdf

1
2o (y—4)/2 >
fy(y) = 2°  ¥=2¢

0, otherwise.

Note that this is an exponential(1/2) pdf with a horizontal shift of 4 units to the right; see the
figure at the top of the next page (left).

(a) The common cdf is

0, y<4
BW=11_cwvr 5y

To see where the cdf comes from, let’s derive it. Clearly, Fy (y) = 0, when y < 4. For y > 4,
we have

Y1 _—a))2
R
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In the last integral, let

u=t—4 — du=dt.
The limits change under this transformation; as ¢t : 4 — y, we have u : 0 — y — 4. Therefore,
the last integral becomes

4 _
/ Ty / L g, L (_2e—u/2\y 4) _ (e—u/z\o ) 2
4 2 0 2 2 0 y—4

The investor is going to buy the stock that is less expensive at the opening; therefore, s/he
is going pay Y{(;) = min{Y7,Y2}. Therefore, we want to find the pdf of the minimum order
statistic Y{;), where Y1, Y3 are iid from fy (y). For y > 4, we have

fY(l)(y) _ nfy(y)[l - Fy(y)]n_l — 9 |:;€_(y_4)/2:| {1 _ (1 _ e—(y—4)/2) 2—1

W22 _ ()

Summarizing,
e y>4

fy(l) ) = { 0, otherwise.

Note that this is an exponential(1) pdf with a horizontal shift of 4 units to the right; see the
figure at the top of this page (right).

(b) We want to find the expected cost per share s/he will pay; i.e., we want to find E(Y(y)).
The mean of Y(y) is

E(Y(l))_/Ryf)/(l>(y)dy—/4 ye~ = qy.
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PDF

In the last integral, let

The limits change under this transformation; as y : 4 — oo, we have u : 0 — oo. Therefore, the
last integral becomes

/ ye~ Wy = / (u+4)e “du = E(U + 4),
4 0

where U ~ exponential(1). Therefore, E(Y(})) = E(U +4) = E(U) +4=1+4=5.

6.88. We are given Y7, Y3, ..., Y, are iid from a shifted exponential distribution; i.e., the common
pdf is
—(y—-9)
e , y>0
Y pu—
fr@) { 0, otherwise.

Note that this is the exponential(1) pdf shifted # units to the right. In this example, § > 0
denotes the minimum time the worker needs to complete a task. More generally, 6 is called the
location or shift parameter. The pdf of Y is shown above.

(a) They are asking for the cdf of Y(;), the minimum order statistic. Therefore, we need to first
derive the cdf of Y. Clearly Fy(y) = 0 when y < 6. For y > 6, we have

)
Frn) =P <9) = " ar

In the last integral, let
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The limits change under this transformation; as t : 6 — y, we have u : 0 — y — 6. Therefore,
the last integral becomes

y y—0
~(t-0) g4 _/ cugy — (—emult ) | _ o0
/9 e ) e u ( e }0 ) e

Summarizing,
0, y<0

Frly) = { 1—e 0 y>9.
For y > 0, the pdf of Y(y) is

Py ) = nfy @~ Fe@)]"™ = ne 0 {11 e 00}

— ne w9 [e—(y—e)}”*l
= n[e,(y,e)]n — ne =0

Summarizing,

fy(l) (y) =

ne =0, y>0
0, otherwise.

Note that this is an exponential(1/n) pdf with a horizontal shift of # units to the right.

(b) The mean of Y(y) is

E(Yq)) = /R Y fyi, (W) dy = /9 y ne "0 dy.

In the last integral, let

The limits change under this transformation; as y : § — oo, we have u : 0 — oco. Therefore, the
last integral becomes

/ y ne "0 gy = / (u+ @)ne ™du = E(U +0),
0 0

where U ~ exponential(1/n); note that ne™™" is the exponential(1/n) pdf and we are integrat-

ing over (0,00). Therefore, E(Y(y)) = E(U +0) = E(U) + 0 = 1o

6.103. Suppose Y7 ~ N(0,1), Yo ~ N(0,1), and Y7 1L Y5. The joint pdf of Y7 and Y5 is

1 2 1 2 1 2 2

_ — —yi/2 —¥2/2 — o= (yi+y3)/2

fyive (Y1, 92) = fvi (Y1) fra (y2) o X ot € ;
for all (y1,72) € R?. Summarizing,
1

76—(3/%-*-1/%)/27 —00 < Y1 <00, —00< 1Yy <00
le,YQ (y17y2) = 2m
0, otherwise.
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To find the distribution of Y;/Ys, we will perform a bivariate transformation with

Y1
Ui = h(h,Ys)=—
1 1( 1 2) }/2
U = ha(Y1,Y2) =Y,
to get fu, v, (u1,us2), the joint pdf of U; and Us. We will then integrate fi, v, (u1,u2) over ug
to get the (marginal) pdf of U; = Y1/Y5.
We first find the support of (U;, Uz). Note that

—0o <Yy <00, —00< Y <00 — ulzﬂe(—oo,oo)

Y2
and ug = yg € (—00,00) as well. Therefore, the support of (Uy,Us) is

Ry, v, = {(u1,u2) : —00 < ug < 00, —o00 < uy < oo} =R

To verify the transformation above is one-to-one, we show h(y1,y2) = h(yf,v5) = y1 = ¥;

and y2 = y5, where
n
v\ _ ( hmlyye) \ _ [ -
h = ha ) )= Y2 |-
Y2 2(Y1,Y2 Yo
Suppose h(y1,y2) = h(y7, y3). The second equation immediately implies y2 = y5. Plugging this
into the first equation implies y; = yj. Therefore, the transformation is 1:1.

The inverse transformation is found by solving

n
u, = —
Y2
uz2 = Y2.

for y; = hl_l(ul, uz) and Y = h;l(ul, uz2). The second equation implies y2 = ug, so the first
equation becomes

Y1
Uy = — == Y1 = uius.
u2
Summarizing, we have
-1
y1 = hy (u1,u2) = wyug
y2 = hy (ui,u2) = wua.

The Jacobian is

Bhfl(ul,m) 8hf1(u17u2)

Cget|  om D | Zder| "2 U] Z (1) - s (0) =
7 ¢ 8h51(ul, UQ) thl(ul, UQ) det 0 1 uZ(l) b (O) 2
6u1 8’&2
Therefore, the joint pdf of U = (Uy, Us), where nonzero, is
foova(ur,u2) = fyyva (B (un,u2), hyt (un, ug))]J|
= frive (wrug, ug) ug|
S (| SRR VRN (| v G ueryy
27 2
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Summarizing,

[u2] gz 2
)

Jonvs (w1, u2) = 27 ! ’ 2

0, otherwise.

We are done performing the bivariate transformation. Now, to find the marginal pdf of U; =
Y1/Ys, we integrate fy, v, (u1,uz) over ug. To do this, first we write

[zl —wgratyre _ 102l gz,

Jonus (U, ug) = o 5

where
2
1+ u%

8=

For —oo < uy < oo, the marginal pdf of U; is

o) e’ u _u
fUl(“l)—/ fU1,U2(u1au2)dU2—/ ’2721|€ 3/5du2,
o oo
= g(u2)

where the function g(ug) = %e*“%/ﬁ. Note that g(—u2) = g(uz) for all —oco < ug < o005 i.e., g
is a nonnegative even function and therefore g(us) is symmetric about 0. Therefore,

* Ju2l g T gy = L[ w8
—e "2/ Pduy = 2 —e "2/ Pdyy = — use” 2/ Pdug.
) 2 0 2 m™Jo

In the last integral, let

v = u% —  dv = 2uodus.

The limits do not change under this transformation; as us : 0 — oo, we have v : 0 — oo.
Therefore,

fui(u1) = / U2€_u§/6du2 = / uze_”/ﬁ—v
T Jo ™ Jo 2u9o

L [Ty, = BT L sy,

2 Jq 27 Jo )

because %e‘”/ B is the exponential(f) pdf and we are integrating over (0, 00). Finally, we have

B _i 2 B 1
Jon(w) = 2t 27 <1+u%> (1 +u?)’

Summarizing,
1
— s, —00 < uj <09,
fon(ur) = (1 +u)
0, otherwise.

We recognize this as the standard Cauchy pdf. Therefore, we have shown

Y;
Vi ~N(0,1), Yo~ N(0,1), V1 1LY, — 71 ~ (standard) Cauchy.
2
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6.105. The pdf of Y is

yafl
friy) =4 Blap)d+yets 7 -
0, otherwise,
where recall ['(a)T(B)
(6%
Bleh) =Tt

is the beta function. To find the pdf of U = h(Y) = 1/(1 +Y), we will use the transformation
method. Note that

1
>0 = 1+y>1 = u=-——¢€(0,1).
y y Ty (0,1)

Therefore, the support of U is Ry = {u : 0 < u < 1}. Note u = h(y) = 1/(1+y) is a monotone
decreasing function over (0, 00) because

d d 1 _
@h(y) =y (1+y> =(-1)(1+y)? <0

for all y > 0. Therefore, h(y) = 1/(1 + y) is one-to-one and we can use the transformation
method. The inverse transformation is found as follows:

1 1
— l+y=- — y=htu)=--1.

u:h(y):1+y U U

The derivative of the inverse transformation is

d d (1 |
£ -2 (1) ==,
duh () du (u > u?

Therefore, for 0 < u < 1, the pdf of U is

folu) = Jo(h™ () | h )
G-n"" 1

= Ty ()
I'(a)'(B U U

_ L(a+p) _ ) yetBatl=2 Muﬁ—l — )t
T Y far” W

Summarizing, the pdf of U = h(Y) =1/(1+7Y) is

I'(a+B) W51

—u a—1
fo(u) =4 T(a)l(B) (1-w)*" 0<y<1

0, otherwise.

We recognize this as our usual beta distribution with parameters 8 and «.
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6.107. We derived a general expression for the pdf of U = Y2 in the notes; see pp 6-7. The
pdf of U, where nonzero, is

folu) = 5o [ (Vi) + (V).
If Y ~U(—1,3), then the pdf of YV is
1
fyly) = 7 —-1<y<3
0, otherwise.

Note that
-1<y<3 = 0<u<i.

Therefore, the support of U is Ry = {u : 0 < u < 9}. To find the pdf of U, we have to consider
the following two cases:

Case 1: —1<y<1 <= 0<u<1 We have

A = 5
fva) = g
Therefore, . .
fu(u) = 2 [fy WVu) + fy(—Vu)] = W
Case 2: 1 <y<3 <= 1<u<9. We have
K =
fy(=vu) = 0.
Therefore, , !
fo(u) = m [fy(\/a) + fy(—\/a)} = %
Combining both cases, the pdf of U = Y? is
L 0 <1
M7 <u <
fuwy=¢ _1_
v Nk l<u<?9
0, otherwise.
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