STAT 512 HW9 SOLUTIONS

9.56. In this problem, Y7,Y5,...,Y, are iid N(,uo, %), where p = pg is known and o2 > 0
is unknown. We want find the MVUE for o2. We start by finding a sufficient statistic. The
likelihood function is

L(o®ly) = fr(lo?) x fy(y2lo?) x - x fY(yn!UQ)
_ 1 o2z W1—mo)® o 1 o~ W2—n0)® oy 1 o~ 357 (Un—p0)?
V2ro? V2ro? V2ro?
= < 1 )ne—ﬁzyl(yi—uo)Q.
V2ro?
Note we can write
1 " _1_\n ) 2
2 —_ T 552 1‘:1(91_11‘0)
L(o®ly) (W> 1

h(y17y2v"'7y’ﬂ)

g(t,0?)

where t = ", (y; — p10)?. By the Factorization Theorem, it follows that

n

T=> (Yi— p)

=1

is a sufficient statistic for o2 (when p = pg is known). From the Rao-Blackwell Theorem, we
know the MVUE of 02 must be a function of 7. Therefore, let’s calculate the expectation of
T. We have

E(T)=FE

iY ﬂo] ZE’Y o) :i02:n02.
i=1 i=1

Recall 02 = V(Y) = E[(Y — j10)?]; i.e., this is the definition of the variance of a random variable
Y. Therefore,

T
E(T)=no*> — E <> = o2
n
Therefore,
T 1
— ==Y (Yi— o)
noon

is the MVUE of 02. It is a function of a sufficient statistic T = Y1, (Yi— uo)? and it is unbiased.

9.59. In this problem, Y7, Ys, ..., Y, is an iid sample from a Poisson(\) population distribution
where A > 0 is unknown. We want to find the MVUE of

E(C) = B(3Y2) = 3B(Y) = 3{V(Y) + [E()[2} = 30\ + A2).
We start by finding a sufficient statistic. The likelihood function is given by

L(Aly) = py(uilA) x py(y2|A) x -+ X py (yn|N)
MWiemh  \wzemA NYne=A ALiziViemnA \Ximi YA

yi! yo! ol el T v

PAGE 1



STAT 512 HW9 SOLUTIONS

Note that we can write the likelihood function as

S Yi ,—nA "
L) = 2 E T AT o
g(t7>‘) N——
h(ylvy27-"7yn)

where t = " , y;. By the Factorization Theorem, it follows that 7' = Y7 | V; is a sufficient
statistic for A. From the Rao-Blackwell Theorem, we know the MVUE of E(C) = 3(\ + \?)

must be a function of T. We know

E(T)=FE (iy> = iE(Yi) = iA = nA.
=1 =1 =1

BE(Y)=E (f;) Y

We also need to estimate A2 unbiasedly. Let’s try Y. Note that

EY)=V{)+[EXY)? = % + A2,

Therefore,

2 . . .
Therefore, Y~ is a biased estimator of A\2. However, note that

n n n

E@ﬂﬁzi+ﬁ = E(Y?—Y>:A+¢Q—A:A?
n

Therefore, v’ _ % is an unbiased estimator of A\?. Therefore,
— 2 Y — 2 Y
E [3 <Y+Y2 - n)} =3 [E(Y) +E <Y2 - n)] =3(A + A%).
3(Y+Y2—Y)
n

is the MVUE of E(C) = 3(A + A?). It is a function of a sufficient statistic 7 =Y, Y; and it
is unbiased.

This shows

9.63. In this problem, Y7, Y5, ..., Y, is an iid sample from a population with pdf

3y2

fry) =4 6
0, otherwise,

0<y<?

where the population parameter # > 0 is unknown. We want to find the MVUE of . We start
by finding a sufficient statistic. The likelihood function is

L@ly) = fyr(yl0) x fy(y210) x - x fy(yal6)

3yt 33 3yn
= Q—;I(Ogylgt%><9—32[(0§y2§9)x~--x9—3](0§yn§9)

PAGE 2
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Note we can write

3\" -

Loly) = <93> 0<ym<0) x [[v .
=1

g(t,0) h(y1,y2,--yn)

where ¢ = y,,). By the Factorization Theorem, it follows that 7" = Y{;, is a sufficient statistic
for . From the Rao-Blackwell Theorem, we know the MVUE of 8 must be a function of T'.
Therefore, let’s calculate the expectation of T'.

In part (a), the authors ask you to derive the pdf of T' = Y{;,); you need to know this so that
you can calculate E(T') = E(Y(,)). Recall that in general,

Fyon W) = nfy () [Fy ()",

where Fy (y) is the population cdf. We calculate

0, y <0
3
Fy(y) = (%) , 0<y<9
1, y>0.

Therefore, for 0 <y < 6, the pdf of the maximum order statistic Y, is

3 2 g1n—1 3 3n—1
= () [

Summarizing,
3ny3n—1
Y 0<y<#
P =4 /
0, otherwise.

(b) To find the MVUE, let’s first find E(Y(,)). We have

0

0 3n
3ny 3n 1 341
Fw) /Ryfyw)(y) Y /0 gan 63" (3”+1> / 0

B 3n  @3ntl B 3n p
 3n+4+1 6 \3n+1) 7

Therefore, Y, is a biased estimator of ¢; however, note that

3n In+1
E(Y(")):<3n+1>9 - E[( 3n >Y(”)]:9'

(3n+ 1) Yo
3n

is the MVUE of . It is a function of a sufficient statistic 7" = Y/,,) and it is unbiased.

Therefore,
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9.64. In this problem, Y3,Y5,....Y,, is an iid sample from a N(u,1) population distribution
where —oo < p < oo is unknown and the population variance is 1. In part (a), we want to find
the MVUE for ;2. We start by finding a sufficient statistic. The likelihood function is

Liply) = fr(ylp) x fy(yelu) x - x fy(yalw)

_ 1 e 3—n)? o 1 e 3W2—m)? o 1 o3 Wn—p)?

V2T V2T
>n o3 2im1(Wi—m)?

™

N

I
RS
N

Now, write

3

n

n n
i) =D 6 -2yt i) =y 20 i+ il
=1 =1

i=1 =1

Therefore,

V2r

LA™ 15w o sn 0 mi?
— 72 e 2 1:1y1 elj‘ i=1Yi e 2
V &Tr

S o _nu? 1 " _1 S y?
= eMH2u=1Y%pe" "2 X - e 2 2wi=1Y% ,
V2

h(y1,92;--3Yn)

n
( ! ) o5 (i1 v 20 X0 yitnp?)

=

=

=
!

g(t.p)

where t = Y | y;. By the Factorization Theorem, it follows that 7" =}, Y; is a sufficient
statistic for y. From the Rao-Blackwell Theorem, we know the MVUE of ;? must be a function

of T. We know T
EY)=E <> =pu,
n

so (to estimate u?) let’s try working with Y. Note that

Therefore, Y is a biased estimator of 12, However, note that
_ 1 — 1
EY )=+ = E(Y2—> =
n

Therefore,
—2 1
-

3

is the MVUE of p2. It is a function of a sufficient statistic 7 = Y7 ; ¥; and it is unbiased.

(b) In this part, we want to calculate
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The only way I know how to find V(72) is to write (via the variance computing formula)

Now, E(?4) is the fourth moment of
— 1
Y ~ N (u, > )
n

1\ 42 2
2n

Therefore, we can get E(74) by calculating

The mgf of Y is

my(t) = exp

-4, d
E = — t .
) = Zamrlt)]
Here are the derivatives of my-(t):
@ty = (u? L
at’"Y Y A ™
P o) = L A L
a2 B R ™ Rn) P\ T g,

1 £\? #2
—+ |\ p+ = exp | ut + —
n n 2n
@ (t) o+ l) 2 t+t2 TN [ P : 4! t+t2
— M5 = — ] —ex — — — — Jex —
a3 Y H n)n PAH 2n n H n H n PAH 2n
£\3 #2 £\ 1 #2
= (p+—) explput+—|+3|\pu+—)—exp|put+ —
n 2n n)n 2n
£\? £\ 1 2
p+— +3|\put+—)—|exp|put+ —
n n)n 2n

and
d4 t\%1 #2
%my(t): 3 M+ﬁ + — | exp ,ut—i-%
£\? 1 t 2
+llput+—) +3(p+—)—||pt—)exp|put+-—|.
n n n 2
Therefore,
—4 d4 3/1/2 3 3 12 4 6M2 3
EY )= — t === 4+ = - oF 2
7) = Zamy(0)] (o 2y (02 = w2
Also,
—2 d? 1
EY") = —my(t)] =—+p>
a2V, n
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Therefore, the variance of the MVUE of 2 is

v<y2—1) —V(TY = BYY - (BT

n
6u2 3 1 2
. u4+“+2(+u2>
n n n
6u® 3 1 2u?
— ,LL4+’)/:LL+2—<,”2+ a +M4>
6u2 3 1 2u2 42 2
_ M4+L+72_72_L_ 4 _ A =
n n n n n n

9.72. In this problem, Y7, Y3, ..., Y}, are iid from a N'(u, 02) population distribution, where both
parameters are unknown; i.e., there are d = 2 parameters to estimate. Therefore, to find the
MOM estimators of u and o2, we need two equations. The first two population moments are

EY) = n
EY?)=VY)+[EY))? = o*+ 2

The first two sample moments are
1« -
v ¥
i
1o
—> VP = mh
i=1

Therefore, the MOM estimators of p and 2 are found by solving

The solution to the first equation is obvious; i.e.,

n=Y.
Substituting 7 = Y into the second equation, we get
n n 2
~2 !/ 2 1 2 2 1 2 nY

n

_ % (zn:yf nY2> _ %Z(Yi V)2
=1

=1

Therefore, the MOM estimator of 8 = (i, 0?) is

i=1

Note that the MOM estimator of @ and the MLE of 8 are the same under N (u, 02) assumption;
see Example 9.20 (notes).
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9.74. In this problem, Y7, Y5, ..., Y}, is an iid sample from a population with pdf

2
Sy lo) = fy(y) = pll—y), 0=sy<?d

0, otherwise,

where 6 > 0 is unknown. In part (a), we want to find the MOM estimator of #. There is only
1 parameter in this population pdf, so to find the MOM estimator we only need one equation.
The first population moment is

)= [unwa= [ Bo-pa = [ (%2 )ay

y? 28 0 _ 9 20 0
o 36%2)|, 33
The first sample moment is
1 o -
Loy
n-
=1
Therefore, the MOM estimator of # is found by solving
0 set 1~ N e
3 - Y = 6=3Y.
(b) Note that the support of Y depends on 6; i.e., 0 < y < 6, so the sufficient statistic will be
an order statistic or a function of the order statistics Y(y), Y(2), ..., Y(). The MOM estimator

3Y is not sufficient because it is not a 1:1 function of the order statistics; i.e., if you know
Y1), Y2); s Y(n), you can calculate 3Y’, but not the other way—if you know 3Y’, you can not
determine the order statistics.

Interesting: In this population-level model, the order statistics Y(y), ¥(3), ..., ¥(,,) are sufficient
and you cannot reduce any further. If you do, then you will start to lose information about 6.

9.75. In this problem, Y7, Y5, ..., Y, is an iid sample from a beta population distribution where
a =6 and B = 0; i.e., the population parameters « and 8 are both equal. In other words, the
population distribution is Y ~ beta(6, ). We want to find the MOM estimator of §. There is
only 1 unknown parameter in this model, so we only need 1 equation.

However, we quickly encounter a problem. Recall that the first population moment is

a 0 0 1

E(Y):a+6:9+0:@:2'

Therefore, if we were to set the first population moment equal to the first sample moment Y,

we would get
1 set

=2y
9 )

which is not helpful (because this equation does not involve #).

Q: What do we do in this situation?
A: Move to second moments.
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The second moment of Y is

: 2 0(0) 1’
B =v)+EMF = (9+e+1)(9+0)2+<2>
B 6> 1
- (2<9+1)492+1
o 1
- 4(29+1)+1‘

The second sample moment is
n
1
2 /
— E Y " =ms.
n-
=1

Therefore, to find the MOM estimator of 6, we set

4(291+1)+i = mb,
and solve for 8. We have
T TG A=
== 20+1=4m,21_1
— gty - G - A g

The MOM estimator of 8 is

277,
1—7§ \
n
=1

4 & '
~) Y-
=1

1—2mhy
dmlh—1

0=

9.77. In this problem, Y7,Y5,...,Y,, is an iid sample from a U(0, 36) population distribution,
where 6 > 0 is unknown. We want to find the MOM estimator of §. There is only 1 parameter
in this population pdf, so to find the MOM estimator we only need one equation. The first
population moment is

30
EY) = ?;

i.e., the midpoint of 0 and 36. The first sample moment is

Therefore, the MOM estimator of 8 is found by solving

30 set == -~ 2Y
— =Y = 0=—.
2 3
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9.88. In this problem, Y7, Y5, ....,Y,, is an iid sample from a population with pdf

) 0
fﬂM@z{( +1)y%, 0<y<1

0, otherwise,

where § > —1 is unknown. Note that this is of pdf of ¥ ~ beta(f + 1,1). The likelihood
function is given by

LOly) = fr(ml0) x fy(y210) x - x fy(ynl6)

0
= O+ x O+ Dyl X x O+ 1)y = (0+1)" <Hy> ,

The log-likelihood function is given by

0
InLAly) = In|(0+1)" (H%)
" 0
= In[(@+1)"]+1n <Hyz>

= nln(&—f—l)—f—@ln(Hyi) = nln(&—i—l)—i—HZlnyi.

i=1 i=1

The derivative of the log-likelihood function is given by

0 set
%lnL(ﬂy) = 9+1 —|—ZlnyZ =

n ~ n
— Iny; = 7:>9+1——n7:>9:—n7—1,
Z nYi 0+1 Zi:l Iny; Ei:l In y;

We now show this first-order critical point 6 maximizes In L(f]y). The second derivative of the
log-likelihood function is given by

0? n
—mInLfly)=—
gz L) = =
Note that o2
n
— InL(¢ = ——== 0.
262 " 0ly) 0=0 (6 +1)2 <
Therefore, § maximizes In L(0ly). The MLE of 0 is
~ n
0= ——=——=—1.
e nYi

What is the MOM estimator of § in this example? The first population moment is

0+1  0+1
@+1)+1 6+2

E(Y) =
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recall the mean for a beta random variable. If you did not recognize Y ~ beta(f + 1, 1), then
just calculate E(Y) directly by using the pdf; i.e.,

1
B(Y) = /R yfv()dy = / yx (0+1)y°dy
1
::!/(9+1w“1@/: w+ﬂ)<0i2y%2>

0

A

0o 0+2

The first sample moment is
1« -
- E Yz -V
n -
=1

Therefore, the MOM estimator of 4 is found by solving

9+1 5et*
Y — 604+1=Y(0+2
h+2 t1=YE+2
— 0+1=0Y +2Y
. _ _ ~ 2Y —1
= -0y =2Y-1 = 0(1-Y)=2Y -1 = 0= v

How do these estimators compare? One observation is that the MLE depends on the sufficient
statistic, and the MOM does not (a common occurrence). Note that we can write the likelihood
function

L(Oly) = (0+1)" <II%> = (O+1)" (II%) x 1
h

(Y1,¥25--,Yn)

g(t,0)

where ¢ = [[!; yi. By the Factorization Theorem, it follows that 7' = []"_, Y; is a sufficient
statistic for §. Note that the MLE

~ n n n
l=-——-1=——1=——-1
dimInY; InJ[",Y; InT ’

which is a function of T. The MOM estimator is not a function of T'; it is a function of the
sample mean Y (which is not sufficient).

9.104. In this problem, Y7, Ys, ..., Y, is an iid sample from

—(y=0) 6
ﬁﬁﬂ:{e Y2

0, otherwise,

where the population parameter # > 0 is unknown. Note that this is a shifted exponential
distribution; specifically, an exponential(1) pdf shifted to the right by 6 units (since 6 > 0).
This pdf is shown at the top of the next page.

(a) We want to find the MOM estimator. The first population moment is

ﬂYﬁjéuH@My=Lwyf@”My
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PDF

In this integral, let
u=y—0 = du=dy.

The limits change with this transformation; note that y : 8 — co = u : 0 — co. Therefore,
o0 o0
B(Y) = / ye U0 dy = / (u+0)e"du = E(U +90),
0 0

where U ~ exponential(1). Note that e~ " is the exponential(1) pdf and we are integrating over
(0,00). Therefore, E(Y) = E(U+60) = E(U) 4+ 60 = 1+ 6. The first sample moment is

1 — —
n;mzy.

Therefore, the MOM estimator of 8 is found by solving

set

140 2Y = =Y -1

(b) The likelihood function is given by

L(ly) = [ fv(wilo) Jy (110) % fy (y2/0) x - < fy (ynl0)
=1

= e Wy > 0) x e @I (yy > 0) x - x eI (y, > 0)
= XN 1(y; > ).
=1

Note that

n

HI(yizé))zl = Iy =0)=1
=1
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Likelihood function

S}
=

Therefore, we can write the likelihood function as
L(bly) = e 2= (y ) > ).

The likelihood function L(f|y) is shown at the top of this page. Note that L(f|y) is not
differentiable for all #; therefore, we cannot use a calculus argument. However, note that

e For § < y(y), L(Oly) = e~ 2im1Wi=0) — nf=21i1¥ which is an increasing function of 6
(see above).

e For 0 >y, L(f]y) = 0.
Clearly, the MLE of 6 is = Y.

(c) In this part, we want to compare

= Y—1 (MOM)

0 = Y (MLE).

The MOM estimator is unbiased so no “adjustment” is necessary. Note that
E@)=EY -1)=EY)-1=(1+6)—1=0.

The MLE is biased. Let’s find the pdf of 52 = Y(y) so we can calculate its expectation. Recall
that in general,

oy W) = nfy ()L = Fr(y)]"

Fy(y) = { " v

The population cdf is

1—e W0 y>0.
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Therefore, for y > 0, the pdf of Y{y) is

n—1 n—1 n
Fry W) = ne— (=9 {1 —[1- e—(y—9)]} — ne—w=9) [e—(y—G)} —n {6—(11—9)} — ne—™My=0)
Summarizing,
—n(y—0) >0
] me , y >
fy(l)(y) B { 0, otherwise.

The mean of Y(y) is

E(Yq)) :Ayfnl>(y)dy=/9 y x ne”"v" Ny,

In the last integral, let
u=y—0 = du=dy

so that N
E(Yqy)) = / (u+0) ne”™du= E(U +0),
0

n

where U ~ exponential(1/n); note that ne™"™" is the exponential(1/n) pdf and the last integral

is over (0, 00). Therefore,

n

1 1
E(0:) = EY) =B(U+0) =EU)+0=—+60 — E <Y(1) - ) _
Therefore, the “adjusted” version of the MLE; i.e.,

Yoy = o

is an unbiased estimator of . We now want to calculate the efficiency of

Y -1 (MOM) to Yy 1 adjusted MLE).
® =5

That is, we want to calculate

_ 1 V(Y —2)

This calculation makes sense because both the MOM and the adjusted MLE are unbiased.

First, we have

VI -1)=V(E) ="
where 02 = V(Y), the population variance. The population variance of Y is 1. Note that fy (y)
is the exponential(1) pdf shifted to the right by # units. The right shift will not affect the

variance, so V(Y') is the same as it would be if Y were exponential(1). Therefore,

— 1
VY —-1)= .
Now, for the numerator. We have
1 1 2
v (0~ 1) = V) = BO%) - [B0)E = E0%) - (5 +0) -

PAGE 13



STAT 512 HW9 SOLUTIONS

Let’s get the second moment of Y(;). We have

E(Yd)) =Ay2fn1>(y)dyzé y? xne "W 0dy.

In the last integral, let
so that -
BOR) = [+ 0 ne~du = B +0)7

where U ~ exponential(1/n); note that ne™"

is over (0, 00). Therefore,

“ is the exponential(1/n) pdf and the last integral

E(YZ)) = E[(U +6)?] = E(U? + 20U + 6%) = E(U?) + 20 (;) e

The second moment of U ~ exponential(1/n) is

1 1 2
B(U?) = V(U) + [BO) = =+ — = .
Therefore,
1 2 20
2\ _ 2 9 )
Therefore,

2
2B (L) 2 2 (LB p) o L
n?2  n n?2  n n2

Finally,

= 1 V(Y — 1/n2 1

eff(Y—l to Y(l)—): M=) _Yn? 1,

n V(Y —1) 1/n n

This means the adjusted MLE Y{;) — % is only (1/n)th as variable the MOM estimator Y — 1;
i.e., the adjusted MLE is n times more efficient!
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