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1. In January 2010, the United States Supreme Court considered Berghuis v. Smith,
the case of Diapolis Smith, a black man convicted in 1993 of second-degree murder by
an all-white jury in Kent County, Michigan. Smith requested a new trial, arguing that
blacks residents were under-represented in the jury pool. Census data confirmed black
residents made up 7.28% of Kent County’s age-eligible population at the time of the trial.
By “age-eligible,” one means those individuals who met the age requirements to sit in
the jury pool. The jury pool consisted of 929 individuals, of whom 54 were black. Is this
statistical evidence of under-representation of blacks in the jury pool? What assumptions
are you making here?

2. Suppose Y1, Y2, ..., Yn is an iid sample from a Poisson distribution with mean θ > 0,
where θ is unknown. We would like to test

H0 : θ = θ0
versus

Ha : θ > θ0.

In Example 8.3 (notes), we developed an “exact” hypothesis testing procedure using the
sufficient statistic T =

∑n
i=1 Yi and its (discrete) sampling distribution. In this problem,

we will develop a “large-sample” procedure and derive a sample size formula. This
formula is applicable for the Poisson distribution only. We will use the test statistic

Z∗ =
Y − θ0√

θ0
n

.

(a) When H0 is true, show that Z∗ d−→ N (0, 1), as n→∞. Conclude that

RR = {z∗ > zα}

is an approximate level α rejection region. Note that zα is the upper α quantile of the
N (0, 1) distribution. Hint: Showing the convergence result is a straightforward CLT
argument, but explain all the details.
(b) Suppose we use the rejection region above to perform an approximate level α test
of H0 versus Ha. Derive a formula for the sample size n needed to maintain a Type II
Error probability equal to β when θ = θa > θ0. Hint: The sample size n will satisfy

β ≈ Pθa(Z∗ < zα).

First, convince yourself this is true by drawing a good picture. Then show

Pθa(Z∗ < zα) = Pθa

Z <
zα

√
θ0
n

+ θ0 − θa√
θa
n

 ,

where Z ∼ N (0, 1). You should now be able to set up an equation which can be solved
for n. The solution will depend on α, β, θ0, and θa.
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3. Matched pairs t test. In Section 10.4.3 (notes), we developed a hypothesis testing
procedure which assumed two independent samples of individuals. What if the samples
are dependent? Instead of two independent samples, suppose instead we have one random
sample of n individuals. However, on each individual, we observe two measurements:

Y1 ∼ N (µ1, σ
2) and Y2 ∼ N (µ2, σ

2).

If the pair Y1 and Y2 is observed on the same individual, then Y1 and Y2 may not be
independent random variables.

As a frame of reference, consider a recent study published in a leading journal in envi-
ronmental science. The study reported the levels of tetrachlorodibenzodioxin (TCDD)
in a sample of n = 20 Massachusetts Vietnam veterans who may have been exposed to
Agent Orange during the war. In this study, the two measurements on each veteran were
(1) the TCDD level in plasma and (2) the TCDD level in fat tissue. The goal was to
learn how the two population means µ1 and µ2 compared.

In general, “matched pairs” analyses are used when pairs of measurements are obtained
on each individual in a random sample. Here is a common statistical model for a study
of this type:

• Y11, Y12, ..., Y1n is an iid sample from a N (µ1, σ
2) distribution

• Y21, Y22, ..., Y2n is an iid sample from a N (µ2, σ
2) distribution,

where all population parameters are unknown. That is, Y11 and Y21 is the “pair” of
measurements on the first individual, Y12 and Y22 is the pair of measurements on the
second individual, and so on. Assume

Cov(Y1j, Y2j) = ρσ2

for each j = 1, 2, ..., n (i.e., for each pair), but all other pairs of random variables (e.g.,
Y11 and Y12, Y11 and Y22, etc.) are independent. These other pairs are independent
because they are measurements on different individuals. The correlation parameter ρ is
also unknown. Define

Dj = Y1j − Y2j,
for each j = 1, 2, ..., n; i.e., Dj is the difference in the two measurements on the jth
individual.
(a) Let D denote the sample mean of D1, D2, ..., Dn. Show that

D ∼ N
(
µ1 − µ2,

2σ2(1− ρ)

n

)
.

(b) Let S2
D denote the sample variance of D1, D2, ..., Dn. Argue that

(n− 1)S2
D

2σ2(1− ρ)
∼ χ2(n− 1).
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(c) Suppose we want to construct a level α test for

H0 : µ1 − µ2 = d0
versus

Ha : µ1 − µ2 6= d0,

where d0 is a pre-specified difference of the population means. Combine the results in
parts (a) and (b) to conclude

T =
D − d0
SD/
√
n

H0∼ t(n− 1)

and provide a level α rejection region.
(d) Here are the data from the Vietnam veteran study:

Veteran Plasma Fat Tissue Veteran Plasma Fat Tissue

1 2.5 4.9 11 6.9 7.0
2 3.1 5.9 12 3.9 2.9
3 2.1 4.4 13 4.2 4.6
4 3.5 6.9 14 1.6 1.4
5 3.1 9.0 15 7.2 7.7
6 1.8 4.2 16 1.8 1.1
7 6.0 10.0 17 20.0 11.0
8 3.0 5.5 18 2.0 2.5
9 36.0 41.0 19 2.5 2.3
10 4.7 4.4 20 4.1 1.5

Do these data suggest there is a difference in the population mean TCDD levels in plasma
and fat tissue? Use α = 0.05 with your testing procedure in part (c).

4. Suppose Y1, Y2, ..., Yn is an iid sample from a Pareto-type distribution with population
level pdf

fY (y|θ) =


θ

yθ+1
, y > 1

0, otherwise.

The population parameter θ satisfies θ > 0 and is unknown.
(a) Construct a large-sample level α test for

H0 : θ = 5
versus

Ha : θ > 5.

Hint: Apply the CLT to the sample mean Y . State your (large-sample) test statistic and
your rejection region.
(b) Does your large-sample procedure in part (a) involve a sufficient statistic in this
problem? What might this suggest?
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5. Airplanes approaching the runway for landing are required to stay within a “localizer
region” (a certain distance left and right of the runway). When an airplane deviates
from the localizer region, the FAA calls this an “exceedence.” At the Schiphol airport in
Amsterdam, two airlines (SAS and Lufthanza) were under investigation. In a one-week
period, SAS had 8 out of 86 observed flights classified as exceedences. Lufthanza had 10
out of 142 observed flights classified as exceedences.
(a) Let p1 and p2 denote the population proportions of exceedances for the two airlines
SAS and Lufthanza, respectively. Using the information above, perform a large-sample
level α = 0.10 test for

H0 : p1 − p2 = 0
versus

Ha : p1 − p2 6= 0.

(b) FAA officials want to plan a larger study that assumes a level α ≈ 0.05 analysis
and equal numbers of airplanes sampled for both airlines (so that n1 = n2 = n). If the
population proportions p1 and p2 differ by at least 0.05, officials would like to maintain
a Type II Error probability of β = 0.10. Find the smallest sample size n (per airline) to
accomplish these goals.
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