
STAT 513 FALL 2021 MIDTERM

GROUND RULES:

• This exam contains 5 questions. Each question is worth 20 points. This exam is
worth 100 points.

• This is a open-book and open-notes exam. This means you can use anything on
our course web site in addition to the textbook. You can also use anything on
my course web sites for STAT 511-512. Do not use anything else. This means no
communication with other individuals (except me) and do not use other books/web
sites.

• Each question contains subparts. On each part, there is opportunity for partial
credit, so show all of your work and explain all of your reasoning. Translation:
No work/no explanation means no credit.

• If you use R to answer any part or to check your work, please include all code and
output as attachments. Do not just write out the code you used.

• I prefer you write out your solutions “by hand.” In the past, I have noticed students
who type their solutions (in LATEX or Word) often do not provide enough detail
and/or do not explain their reasoning very well.

• Your solutions should be turned in to me no later than Friday, October 22 at
5:00pm. Please deliver your solutions to me in person.

HONOR PLEDGE FOR THIS EXAM:

After you have finished the exam, please read the following statement and sign your name
below it.

I promise that I did not discuss any aspect of this exam with anyone other than
the instructor, that I neither gave nor received any unauthorized assistance
on this exam, and that the work presented herein is entirely my own.
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1. Suppose Y is a single observation from a beta(α, β) distribution with population-level
pdf

fY (y|α, β) =


Γ(α + β)

Γ(α)Γ(β)
yα−1(1− y)β−1, 0 < y < 1

0, otherwise.

The parameters α > 0 and β > 0 are fixed and unknown.

(a) Find the most powerful level 0.05 rejection region to test

H0 : α = β = 2
versus

Ha : α = β = 1.

Hint: What is the pdf of Y when H0 is true? when Ha is true? This is a simple-versus-
simple test, so use the Neyman-Pearson Lemma.

(b) Calculate the power of the test when Ha is true.
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2. Suppose Y1, Y2, ..., Yn are independent (not iid) random variables satisfying

Yi ∼ Poisson(θxi),

for i = 1, 2, ..., n. That is, Yi is distributed as Poisson with mean equal to θxi. The
population-level parameter θ > 0 is fixed (not random) and unknown. The xi’s are fixed
and observed.

(a) Why aren’t the Yi’s identically distributed?

(b) Show the likelihood function is given by

L(θ|y) = cθy+exp(−θx+),

where y+ =
∑n

i=1 yi, x+ =
∑n

i=1 xi, and c is a constant free of θ.

(c) Show the maximum likelihood estimator of θ is

θ̂ =
Y+
x+
.

(d) We would like to test H0 : θ = 1 versus Ha : θ 6= 1. Show the likelihood ratio test
statistic

λ =

(
x+
y+

)y+
exp(y+ − x+).

(e) For large n, what is the approximate distribution of −2 lnλ? Be specific.
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3. A high quality bullet proof glass will stop a bullet 90 percent of the time. A low
quality glass will stop a bullet only 75 percent of the time.

You have received a large shipment of bullet proof glass, but you do not know if the
shipment is high or low quality. To test which type you have, you decide to experiment
by shooting bullets at n sheets of glass selected at random from the shipment. Your
decision as to whether the glass is high or low quality will be based on the number (or
the proportion) of the n sheets that stop the bullet.

To make your decision, you will enforce the following requirements:

• if the glass is of high quality, the probability of incorrectly concluding it is low
quality is approximately 0.05.

• if the glass is of low quality, the probability of incorrectly concluding it is high
quality is approximately 0.20.

What is the smallest sample size n that meets these requirements? If you can not find a
numerical answer for n, you can outline an approach that would lead you to the correct
answer; e.g., from solving an equation (or equations).
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4. Suppose Y1, Y2, ..., Yn is an iid sample from a N (0, σ2) population, where σ2 > 0. Note
that the mean of the population is µ = 0. We want to do a Bayesian analysis for the
population variance σ2.

(a) The population pdf is

fY (y|σ2) =


1√

2πσ2
e−y

2/2σ2

, −∞ < y <∞

0, otherwise.

Show that using Jeffreys’ principle leads to the prior choice

g(σ2) ∝ 1

σ2
.

Is this a proper prior? Explain. Important: The population parameter here is σ2.
Remember this when you are taking derivatives; i.e., you are differentiating with respect
to σ2; not σ.

(b) Using the prior model in part (a), show the posterior g(σ2|y) is inverted gamma; see
HW5, Problem 3 for the IG pdf formula. Identify the values of α and β in this posterior
pdf.

PAGE 5



STAT 513 FALL 2021 MIDTERM

5. Consider the same statistical model as in Problem #2, that is, Y1, Y2, ..., Yn are inde-
pendent random variables satisfying

Yi ∼ Poisson(θxi).

We will continue to treat the xi’s as fixed constants. However, unlike Problem #2, we
now regard θ as random with an exponential prior pdf

g(θ) = b−1exp(−θ/b), θ > 0,

where b is known.

(a) Show the posterior distribution of θ is gamma with parameters α = y+ + 1 and
β = (x+ + b−1)−1.

(b) Find the Bayes estimator of θ under squared-error loss.

(c) Take b = 1 so that the prior mean is E(θ) = 1. The data below provide the number of
doctor’s office/hospital visits per household Y and the number of residents per household
x for a random sample of n = 10 health insurance policies:

y 7 2 5 2 4 7 4 9 3 12
x 4 1 3 1 5 3 4 6 1 5

With these data, calculate an equal-tail 95% credible interval for θ.
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