
 

INDEPENDENCE OF RANDOM VARIABLES

Recall Two events A and B are independent if PLANB P A PCB

Det Kt X Y be a pair of random variables where X has
support X and Y has support Y Then X and
Y are called independeut variables it for any setsA cGg and BEEYin

Specialcollectionsofsets ofinterestinKandy

PIXEA Ye B P cA PLY cB
Basically we consider all possible events concerning X and all possible events
concerning Y If every pair of X and Y events is independent
we call the r.v.sk and 4 independent r.us

Theoreme It Y is a pair of discrete raus with joint put p
and marginal pints px and py then X and Y are
independent if

play 1 KH for all DER
If Y is a pair of continuous r.us with joint pdffand marginal parts and then X andY are
independent ist

f a 44 for all EHE

It is equivalent to say that Xand Y are independent ist

fkkt fxlxfordlxc.IR all yay S o IIII
plxktpxhdtordlxc.IR yay p o III

that is if the conditional pdtslpmfsareegu.nl to the marginal

pdtslpmfs.IEThere are 6 chairs in a circle numbered 2 6
6
0 het X be the roll of a die and sit in chair X

so 02
Roll dieagain and more thatmany chairs clockwise40 0 2
het Y be the number of the chair in which you now sit

Are X and 4 independent



Tabulate the joint distribution of Y

To begin in chair 2 and
I 2 3 4 s 6 end in chair 2 um must

roll LI 6 which we do
2 with probability 436

Y 4 Mustroll C s which
S we dowith probability
6

We find that P 4 y for all y c 63 1 63

Get marginals Px X x for x cSI 63

Py Y y 46 for yell i 63

Check P y 7 4 3 4 4 for all y

So yes X und Y are independent meaning that the chair
you end on is not affected by the chair you started on

E.gg Suppose X and Y are independent r.us with marginal
pints

x p rpf ILxc lo.it

4 f zYII zj YIlyc lo.l.us

Then the joint punt of X and Y is the product
of the marginals

play giltpf zYLI zjYILxc.toB yElo l z 3
TtCxEEoB 1 yESoi2,33

E.gr hetlX Y be a continuous pair of r.us with joint pdf given by

X y if OEXEI and OEYEIflay
o otherwise



Are X and 4 independent

Find marginal pdfs

G 1 x Ilosebotys dy
heehee Il f

f 2 3 3
2 Ilona

We get the same for Y

4 Es 21 3 3,2 Klo cYE

Now y 213 3 2 2 3 342 1 04 41 OEYE

This is net egal to 4 4 1 x y Kloten one
for example for D Ksk

It may be a hassle to compute the marginals fx.fyorfy.by
There is an easier way to check independence

Theorie het XY be a pair of either discrete or continuous

r.us with joint punt t or joint pdf f Then
X and Y are independent ist there exists functions

J and hs.ch that

play glahly for all C cIRE

or

f xy glakey for all x y EIN

So instead of finding the marginal pints or pdfs we must
only find the functions g and h in order to
establish independence of X and Y



E.gg het 4 have the joint pdf

f 4y 48 y xy 0 41 OEYE

We can write f 4 y 48 1 12162 y Ilocys

es putting gk 48 115164 4 and hey y Kloseys

i
f x y gldhly Thesedonot

havetobepdfs
ietheyneednotTherefore X and Y are independent integrate 2

E.gg het Kit have the joint pdf

JG expf 44
Then f IXy gtx hey for

2 2 1
gla expf hey expf

so X and Y are independent

E.gg het Xii have the joint pdf

f a Gfl X y Iloexel OEYE

We cannot find go and hey such that Kay gunhey so
X and Y are not independent

The next theorem says that it two r.us are independent then
the expected value of their product is equal tothe product
of their expected values This comes from the fact that
their joint potpmt when they are independent is egal to the
product of their marginal pdfspmts



theory het X and Y be independent random variables Then

F XY EX EY

Moreover for any functions g IR IR and h B IR

Eg h Eg Eth

Proof ht j.IR IR and h IR Then it X and Y are continuous

with joint pdf 4,4

Eg hH piglxgl.DK kiDdxdy

It X and 4 are discrete

III IK 4 Katia da

glxsfyhddx.fm ylyIdy

EglxEIhlY

E.gg het X and Y be independent random variables with
marginal pdfs

2
Ilo

Thx D
time4 e Il ya

Then F XY EX EY where EX since XvExponential

go
and 241

EY je dy

c
fire jun

Iii
Ey y w 2 e dy a ey y zu
dystidw

würd
du

Y o



Ms 14

So EXY EXEY L
The following result helps us find the distribution of sums of
independent random variables It says that the mgt of
the sun of two independent r.us is egal to the product of thetwo mgfs

Theorien ht X and Y be independent random variables with
myts Mx andMy respectively Then the mgtof the random variable V XTY is given by

Mult Mylthylt
Proof Mylt Eetv E etc Elebtet Ee Eet MdbMylt

by independence
of X and

E.ge Let X and Y be independent r.us such that X Binomial n f
and Yu Binomial m p and let U XTY
Then U successes in htm Bernoulli trials with success

probability p so UN Binomial htm f

Indeed the mgt of U is given by

Mult Mit Mylt petto petto
htm

pettltp
which is the mgt of the Binomial htm f distribution

E.geSumot independentNormal r.us Let X and Y be independent
r.us such that

Xv Normal µ and Y Normal µ 4
marginal stribution marogin

distribution

Then U XTY has the Normal try Ito distribution since



Mult MyltMylt efxttdt eA.tt oft

ehem t t Lotto t

which is the mgt of the Normal try Extra distribution

E Sum of independent Poisson Let X and X be independent r.us
such that

X Poisson XD and Xiu Poisson 2

Then Y X Xz Poisson 21 72 Since

Myltt Mxftdx.lt jde eklet elatzflet

which is the mgt of the Poisson at distribution


