
 

ICOVARIANCEANDCORRELATION

KT X Y be a pair of r.us discrete or continuous
with means and variances

EX VarX

EY p Vary Ey

The following two quantities describe the strength of linear
relationship between X and Y

Dehn The covariance between X and Y is

Cork E 4 4

We sometimes use oxy
to denote Carl

Dehn The correlation between X and Y is

Corkyarrkie
ß II R

we sometimes use µto denote corrlx.ci

Remark The correlation µ is a unitless measure of the
strength of linear relationship between X and Y
the division of Cork Y by 5 4 results in
a quantity bounded between 2 and 2 That
is we always have

24 My E 2

A proof of this will be given in the addendum to these notes

Useful expression Cor Y TEXT EXEY

Ref For a b c DER wen kam

CarlaXtb c4 xd ab Gu X 4

wrrlaxtb.ci td wirr X Y



Ej het Kit kam joint pdf given by

f x y j Kt I o 2 y

Find Lou X 4

We have

F XY xy

xtydxdy.glj o x4txyDdxdy

E du

yt dy

2

II
I 4 t I
G 6

3

To find Elk and FLY we need the marginal pdfs and

For XE 0,2 we have

jlxtydy jfxytzDI jkxtzf.ly xt



b

EX x Glatt dx E 4 E

Wer also gut FEY 76

So

Gu 4 48 3
b Find arr X Y

We km Vor X EX X with

EE tl ndx f EtI I f fftE
so that

Var X 7 WII

We also get Vor Y

h

Isle
un X 4 22

36 36



EI Roll two dice and let X be the maximum and Y
be the minimum of the rolls

C Find Cork

The joint punt p of X and Y takes the values

X max

2 3 y s b Pylity

2 436 46 436 436 136

2 436 6 6 436

3 436 436 436 436 1 6
Y min

4 436 436 536

5 436 436 436

6 436 436

EX 2LDTZCDI 3gqtYG ts.la t6Ci 16136

Y zlidtz.la tslg7g t4ls tsls t6

F XY letztes Its 6

2 21 31 41516 t 213141516 t 3 41 51 6

4 5 6 t 516

91 t zo t 36 t 45 t 44 t 30

441
36



so corks It C Y
1225 2.9451296

Find corr x Y

ELDtzlstsjfesltiatslaltcic n.FI
s var x It GJ i
EY Ela Ela teilt t Ils t Is t 6

30136 36

es Var Y II G 2
1296

Then corn x y II 3 479

EIFERE
THE It X and Y are independent then Cor X 4 D

Proof Cor X 4 EXY EXEY EX Y EX EY D

EXEY because XundY are independent

the If Cor y o X and Y are not necessarily independent

E.gg het XvUniform I and let 4 5 X andY are not independent

Cork4 EXY EXEY

Elf EX EX Y
1

0 l o 2 X

since Ex tz dx f o and EX x da o

So Cork4 o but X and Y are not independent



Ey het Xl kam joint pdf

YAN

f x y L e 1L XE C I Dito 0 y
2 I I

k Cheek whether X and Y am independent

We cannot find a factorization of b y auch tht

f x y glxlh.ly
so X and Y are not independent

b Compote Lou X Y

I

E XY x yt dyck
II

I

e ey dx

Expected value of Exponential Ix

f EIN dx

Echt Ed
2

EI EI
j E



0

To find TEX we need the marginal pdf of X

G e dyalxc H.ms

tz ICxekt D So

b

EX tz 21 44
DIY

da

Single pointmakes no
contribution to the integral

tz DX go we can just integrate
I from J to 2

2

I

0

Therefore Gu XY EXY EX EY 0

so so Y
doesn'tmatter



The covariance comes into play when we wish to compute
the Variance of a sum of iv S

Thing For any a b ER

Var AX tb Y a VarX t b Var Y t Zab Cor X Y

Proof 2

Varlaxt b EfaktbY Elaxtb
al Ex BLY EY

a X Ex t b 4 EY zab X Ex Y EY

a X Ex t b 4 Ey 1 Zab X E Y EY

Vary Vary

covlx.DEbupposeVarX 2 Vor 4 3 and Cor X 4

Find Var Ix Y
a b 1

Vor 3 4 3 vwxtl DV.ru t2LDL DGvLX y
9 2 t I 3 t 2 3 C 1 C

30

We can extend the previous theorem to a sum of anynumber n of v s

Thug het X Xu be raus and let a an EIR Then

Warf aix Zaivarki tzfg.aiajlovlxi.li
c tanzt c c c c tc.cnP

Var aix E a X El a X mateit tue

2
a c tankt ten

I a Xi EX
ein c c

F Äaiki EX t 2 aiajki EX.DK EX



2
ai EI Xi Ex 12 aia Eli E X EX

i j

KaiVar Xi t zGaia Lor Xiin

Corollary het X X be independent r.us with common variance oh
and let 5 4 Xi Then

52Varlet
n

Prüf Var Varlt Xi

EHIVerki tz E Cork
o since Xi Xj independent

f T for all i j

oh

We now introduce the bivariate Normal distribution in which
the correlation between the variables appears as a parameter

IBIVARIATENORMALDISTRIBUTION1

The random variable pair Y has the bivariate Normal distribution
it the joint pdf of 4,4 is

Hainan erfüllt.AE EEHED
where

MEIR and IE 0 8 are the marginal mean and variance of X

MEIR and ofElo D are the marginal mean and variance of Y

PEG is the correlation between X and Y



We write 4,4 bivNorm.tl xjy rI ry p

The marginal distributions of X and Y are

X Normal r and 4 NormalGuy r

Note that it p O the joint pdf of Y may be written as
the product of the marginal pots of X and Y

tlx.yjyr.ai.ru p D k.Iexpf E I expf

Thus it y are bivariate Normal with correlation egal to 0
then X and Y are independent

This is a special case in which wrrCX.ee o implies independence of
X and 4 Keep in mind that this does not hold in general

The bivariate Normal distribution with µ 1 0 and 52 4 1 is called
the standardbi tstributien

It has the Standard bivariate Normal distribution then the
joint pdf of 7,22 is given by

Zip
1 eepfi LZFzpzizztziy.TT24 p

It 4 bivNormalfrxuuy.ri.in p then
Standard bivariate Normal distribution

y h 1 binNormal o.o i hpX Y

and likewise it Z binNormal o o I hp then

2 Zz H tat µ taz N bierNormal µ 493



ADDENDUMe.TO show that µ c EI We will make use of the following

Thug Cauchy Schwarz inequality For any r.us X and Y

IEXYIEEIXYIEFHEI.prof We first show that IEXYIE EIXYI
Since Ixyl Exy Elxy for any xYER we have it X and Y
are continuous with joint pdf y

It XY discrete
replace f with

ftp.txyltlmdxdya fzxyfkNdxdya4Ixyltcx.Ddxdy

so that EIXYI EIXY E EIXYI giving XY E EIXYI

for any x.aeR a o a Exea 1 1 Ea

Now we show the second inequality EIXYIE ÄXTE
We will use the fact that abstüttb for all a BER
which we can get from

O a b Etb Zab 7 ab a a tbh
a squaredquantity
is alwaysnonnegative ab E ta Lzb

Now setting a Il and b
Ex Ey

we get

forany aBER z

für tilt
Taking expectations of both sides we get

EK a 2
TEXTEN

since E Iff III and Efff III L
This gives Ethyl E FEIFEI



CorotThe correlation µ between any two r.us X and Y is in
the interval 1 D

Proof het U X EX and V Y EY Then

µ Gut EC EDLY EYI z.EE
KEY FÄDELE EHER

So

1Pa IIIIftp.vz.EEIEufEvzE2

since by Cauchy Schwarz IEUVIEEIIUVIEFF.irFEV


