STAT 512 su 2021 Lec 04 slides

Pivot quantities and sampling from the Normal
distribution

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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Pivot quantity

A pivot quantity is a function of sample statistics and population parameters
which has a known distribution.

We will motivate pivot quantities by their use in constructing confidence intervals.

Confidence interval

A (1 — @)100% confidence interval for a parameter 6 is an interval (L, U), where
L and U are random variables such that P(L < 6 < U) =1 — .

Exercise: If Xy,..., X, ™ Normal(y, o2), then

\/E()_(n - M)

g

~ Normal(0, 1).
Use this result to construct a (1 — «)100% confidence interval for p.
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Standard Normal distribution:
@ The pdf of the Normal(0, 1) distribution is given by

1 2
o(z) = Eefz /2 forzeR.

e Denote by ® the cdf: ®(z) = [©_ \/%e*tz/zdt for z € R.
o mgf: Mz(t) = et/2
o Let z satisfy P(Z > z¢) = &, where Z ~ Normal(0, 1).
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Chi-squared distributions:

@ The pdf of the x2 distribution is given by

1

X
fX(X; V) = WX”/2_1 exp |:—5j| 5 for x > 0.

o v is called the degrees of freedom
o mgf: Mx(t) = (1 —2t)""/2 for t < 1/2.
o Let x7 . satisfy P(W > x2 ) = &, where W ~ x2.

Let Zi, ..., Z, " Normal(0,1), then

W=2Z24+ - +22~ 2

Exercise: Prove the above.
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t distributions:

@ The pdf of the t, distribution is given by

|—( ) 1 t2 7(1/4’1)/2
1+ — f R.
r(;>m(+u> orte

N
ol
E

fT(t; I/) =

o v is called the degrees of freedom
o mgf: does not exist!
o Let t, ¢ satisfy P(T > t,¢) =&, where T ~ t,.

Let Z and W be independent rvs such that Z ~ Normal(0,1) and W ~ x2, then

Exercise: Prove above via finding the joint density of (T, U), where U = W.
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F distributions:

@ The pdf of the F,, ,, distribution is given by

r v1+va v1/2 —(va+v2)/2
fr(riv,12) = 75 u)) <V1> ram2)/2 (1 + 1/1’)

2

for r > 0.
@ v and 1, are called the numerator and denominator degrees of freedom.
o mgf: does not exist!
o Let F, ., ¢ satisfy P(R> Fy, ,e) =& where R~ Fy, , ¢.

Let Wy and W5 be independent rvs such that Wy ~ x2 and W, ~ X2, then

o W1/1/1

R = ~F,
1,02
W2/1/2

Exercise: Prove above via finding the joint density of (R, U), where U = W.
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Theorem (Pivot quantity results with sample from Normal)

Let Xy, ..., X, % Normal(y, 02) and X, = IS X, 82 =250 (X — Xa)2

n—1
Then
Xo — o (n—1)S2 5 Xo — pu
~ N | 1 At ~ t,_
U/\/ﬁ orma (O, )7 0_2 Xn—1> 5,-,/\/5 1

Exercise: Derive the above results and apply to confidence intervals.

Karl B. Gregory (U. of South Carolina)

7 /10




Theorem (Pivot quantity results with two Normal samples)

For two independent random samples

X, ooy Xoy % Normal(ug,03), X =257 X, S7= 13300 (X — X)?

ny—1

mlt Y S= YR (Yi-Y)

Yi, ..., Yoo % Normal(pp, 03), ¥

we have
K= — -
(k1 — pi2) ~ Normal(0, 1)
o2 o3
e
)_< J— ? — — rox .
(i = p2) amprox y (s Jater)
& | &
e T n2
St/ot

522/0_5 ~ Fn1—1,n2—1

Exercise: Derive the above results and apply to confidence intervals.
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Exercises:
Q Let Xi,..., X6 iy Normal(s,5), u unkn, Xis = 2.3. Give 95% ClI for .

Q Let Xi,..., X6 nd Normal(u, a2), i, 0% unkn, S = 4.5. Give 95% Cl for .

Q Let X1,..., X6 ind Normal(u, 02), p, o unkn, X16 = 2.3, 5126 =45.
Give 95% Cl for p.

Q Let

Xi,..., X7 ind Normal(p1, O‘%)
Yla cee Y26 i'rlgj Normal(:u’27 05)7

g1, po, 02, 03 unkn, S2 = 3.7 and S? = 4.9. Give 95% Cl for 03 /0%
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One-sided confidence intervals
A (1 — @)100% upper confidence limit for a parameter 6 is a rv U such that

PO<U)=1-a.
A (1 — «@)100% lower confidence limit for a parameter 6 is a rv L such that

P(L<6)=1-a.

Example: Show construction of one-sided Cl for i in Normal, o-known case.
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