STAT 512 su 2021 Lec 10 slides

First principles of estimation: sufficiency and
Rao-Blackwell theorem

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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We want to estimate 6 based on (X1,...,X,) ~ fx,.. x,(x1,...,%n; 0).
How do we build an estimator of 67

A good estimator will use all the information about # contained in Xi,..., X,.

A sufficient statistic T(Xy, ..., X,) carries all the info. about 6 from Xi,..., X,,.
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Sufficient statistic

A statistic T(Xu,...,X,) is sufficient for 6 if the joint pdf/pmf of Xi,..., X,
conditional on the value of T(Xi,...,Xp,), is free of 6.

Affect of 6 on the distribution of Xi,..., X, is expressed fully in T(Xi,...,X,).

Easier to remember: “ T (X, ..., X;,) contains all info about 6".
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Example: Let X1, X, X3 % Poisson(\), estimator for A wanted.

We find that the sample outcomes
(X1, X2,X3) = (1,3,5) and (X1, X2, X3) = (L1,1,7)

have the same thing to say about A. Why??
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Theorem (Checking for sufficiency in the discrete case)
For discrete
(Xla ce )Xn) ~ PX1,...,X,,(X1, <oy Xny 0)7
T(X1,...,Xy) is a sufficient statistic for 0 if
pX1,~-,X,.(X17 -5 Xng 6)

pr(T (X1, .-, Xn); 0)

is free of 0 for all (x1,...,xy) in the support of (X1,...,X,), where

T(Xl, coo ,Xn) ~ PT(’; 9)

Note that for a random sample Xi,..., X, e px(-; 0), the joint pmf is

Pxy,... X (X155 X1 0) = H px(xi; 0)
i—1
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Exercise: Let X,..., X, & Poisson(A).

@ Interpret.

© Check whether T(X1,...,X,) = >_1_, X; is a sufficient statistic for \...

o = = E A
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. . ind .
Instructor: Prove previous theorem. lllustrate with Xi, X2, X3 '~ Bernoulli(p).

o = = E A
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Exercise: Let Xi,..., X, . Bernoulli(p).

Check whether T(Xi,...,X,) = >_"_, X; is a sufficient statistic for p.

o = = E A
Karl B. Gregory (U. of South Carolina)



Theorem (Checking for sufficiency in the continuous case)

For continuous
(le oo 7Xn) ~ fXI,A..,X,,(le <oy Xny 0)7

T(Xi,...,Xy,) is a sufficient statistic for 0 if

e, X, (X15 oo s X3 0)
fr(T(x1,...,xn);0)

is free of 0 for all (x1,...,xy) in the support of (X1, ...,X,), where

T(X1,..., Xn) ~ fr (- 0).

Note that for a random sample Xi,..., X, e fx(+; 0), the joint pdf is

e, (X1, X 0) = H x(xi; 0)
=1
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Exercise: Let Xi,..., X, nd Uniform(0, 9).

Check whether T(Xi, ..., X,) = X(n) is a sufficient statistic for 6.

o = = E A
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Exercise: Let Xi,..., X, . Exponential()).

Check whether T(Xi,...,X,) = >_"_; X is a sufficient statistic for \.
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Theorem (Easier check for sufficiency by factorization)
For

(Xl, aoo 7)(,,) ~ le,...,X,,(Xh oo o0 Xn; 0),
T(Xi,...,Xy,) is a sufficient statistic for 0 if

B X (X1 ooy X 0) = g(T (X1, ..y Xn); 0) - h(xq, .
for all § € © and all (x1,...,x,) in the support of (X1, .

g(t; 0) and  h(xy,...,x,)
~—— —_—

function of t and 0 does not involve 0

ey Xn)

.., Xp) for some functions

Also works for the discrete case.

Can be used to find a sufficient statistic.
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Exercise: Let X1, ..., X, ~ Beta(1,0).

Check whether T(X,...,X,) = [[_;(1 — X;) is a sufficient statistic for 6.

o = = E A
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Exercise: Let Xi,..., X, ind fx(x;p)=m"

L+ (=)
Check whether T(Xi,...,X,) = >_"_, X; is a sufficient statistic for p.

o = = E A
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A statistic may consist of multiple functions of the data:
T(Xt,. s Xn) = (Ta( X1, -, Xn)y oo, T(X1, .-, X0)), K >1.
A parameter 6 may consist of several values:

0=(61,...,04), d>1.

We can still establish sufficiency using the factorization theorem.

Exercise: Let Xi,..., X, nd Normal(u, 0?).

Check whether T(Xy,...,X,) = (X,, S?) is a sufficient statistic for (j, o2).
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Exercise: Let Xy,..., X, i~ Gamma(a, ).

Find a sufficient statistic for («, 3) by factorization.

o = = E A
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Exercise: Let X3,..., X, g fx(x; 6). Show that
T(X,.
is sufficient for 6.

.. ,Xn) — (X(]_), .

..,X(,,))
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Karl B. Gregory (U. of South Carolina)



We can use sufficient statistics to find “good” estimators.

Specifically, we can find the unbiased estimator with the smallest possible variance.

.

Minimum variance unbiased estimator (MVUE)

Let § be an unbiased estimator of € © C R. If
Vard < Var 6

for every unbiased estimator 0 of 0, then 0 is a minimum-variance unbiased
estimator (MVUE) for 6.
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Theorem (Rao-Blackwell)

Let @ be an unbiased estimator of § € © C R and T be a sufficient statistic for 0.
Moreover define

6 = E[4|T).

Then 0 is an estimator of O such that

Ed =6 and Vard < Vard.

Says in a complicated way that MVUEs are always functions of sufficient statistics.
Are you trying to find an MVUE? Use a sufficient statistic!

Instructor: Show proof of the Rao-Blackwell Theorem.
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Theorem (Uniqueness of the MVUE)

If§ is a MVUE for 0, it is unique, i.e. there is no other unbiased estimator with
variance as small.

Now a recipe for the MVUE:
@ Find a sufficient statistic T(Xy,...,X,) for 6. &
@ Find a function of T(Xi,...,X,) which is unbiased for 6.
This is the MVUE.

Works also for finding the MVUE of a function 7 = 7(0) of the parameter:
Just find a function of T(Xi,..., X,) which is unbiased for 7.
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Exercise: Let Xy,..., X, nd Exponential()).
© Find the MVUE for \.

@ Find the MVUE for v = A2,

o = = E A
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Exercise: Let Xi,..., X, ind Bernoulli(p). Find the MVUE for p.

o = = E A
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Exercise: Let Xi,..., X, be a rs from a distribution with cdf given by
) 1—e D/ x>0
FX(X'n)_{ 0 x < 0.

© Show that Y7, €% is a sufficient statistic for 7).
© Argue that H=n"1Y"" (€% — 1) is the MVUE for 1.
Hint: Let Yi=¢e% —1,i=1,...,n.
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Exercise: Let Xi,..., X, ~ Normal(u, o)

Argue whether X, and S? the MVUEs for 1 and o2, respectively.
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