STAT 512 hw 2

1. Let Uy and U be independent Uniform(0, 1) random variables and let Y = U Us.

(a)

(d)

Write down the joint pdf of U; and Us.

fUl,U2<U1,u2) =1 1(0 <ur < 1,0 < Ug < 1)

Find the cdf of Y by obtaining an expression for Fy(y) = P(Y <y) = P(U,U; < y) for all y.

We have
Fy(y) = Fy(y) = P(Y <y) = P(U1Us < y) = P(Us < y/Uh).

For y € (0,1), this probability is given by

y 1 1 y/u1 1
/ / 1 - dusduy +/ / 1-dusduy =y +/ y/uyduy
0 0 Y 0 Y

1
=y + [ylogu]

Yy
=y+ [ylogl —ylogy]
=y —ylogy.

Draw a picture to understand where these integrals come from! So we have

0, y<0
Fy(y)=< y—ylogy, 0<y<1
L, y=> 1L

Find the pdf of Y by taking the derivative of Fy (y) with respect to y.

For y € (0,1) we have

d

@Fy(y) =1—-(y/y+1-logy) = —logy.

so the pdf of Y is given by

fr(y) = (=logy)1(0 <y < 1).

Let X = U, and find the joint pdf of the rv pair (X,Y) using the bivariate transformation
method. Be careful when defining the joint support of (X,Y).



We have )
Y = UglUy =: 91(U17u2) Uy = y/x =10 (x,y)
T = uy =: goluy, uy) uy =z =: g3 (x,y)

with Jacobian

sylr Lyla
d

d
da:x dyx

J(x,y) = =—1/x.

_ ‘ ~(y/2?) 1/a
1 0

Note that the support of (X,Y") is the set of values {z,y : 0 < y < x < 1}. So the joint
pdf of X and Y is given by

1
fX,y(:L',y):l-\—1/:1:]1(0<y<x<1):El(O<y<$<1).

(e) Integrate the joint pdf of (X,Y") over X in order to get the pdf of Y.

For y € (0,1) we have

11 1
fY(y)Z/ —dz =logz| =logl—logy = —logy,
X
Yy

Y

fr(y) = (=logy)1(0 <y < 1).

2. Let X; and X5 be independent Exponential(1) rvs.
(a) Find the joint density of U; = X; and Us = log(X; + X3) — log(X7).

The joint density of X; and X5 is given by
fX17X2(:U1ax2) - e—(x1+x2)1($1 > 0,1’2 > O)a
and we have

uy = x1 =: ¢1(x1, T2) z1 = u =: gy " (uy,us)
us = log(xy + xo) — log(z1) =: ga(x1, x2) Ty = ure"? — uy =: g;l(ul,uQ)

with Jacobian

d d
£y ——U 1 0
) =| 4 ™ - = we
_d_ u2 __ _d_ uy uy uz 1 :
Tu; W€ Uy goure Uy e 1 we

Note that the support of (U, Us) is (0, 00) x (0, 00). The joint pdf of U; and Us is given by

fo,.0,(ur, uz) = e~ (mtuet2—u) lure™?| - 1(ug > 0,ug > 0)

= ule“2e_“16u21(u1 > 0,up > 0).
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(b) Show that Us ~ Exponential(1).

For uy € (0, 00), the marginal pdf of Us is given by

(o]
0

since the integral is equivalent to the expected value of an Exponential(e™"2?) random vari-
able. So we have

fU2 (Ug) = 6_“21(u2 > O),
which is the pdf of the Exponential(1) distribution.

(c) Tell whether U; and U, are independent.

They are not independent because the joint density cannot be factored into the product of
a function of u; and a function of wu,.

3. Let G; ~ Gamma(aq, ) and Gy ~ Gamma(ay, ) and let G; and G2 be independent. Define
Bl = Gl/(Gl + GQ) and Bg = G1 + GQ.

(a) Find the joint pdf of (B, Bs).

The joint pdf of (G, G2) is given by

1 ar—1 _as—1_— —
far,a:(91:92) = P(al)]_“(aQ)/Boq/Banll 1922 temi/Pe gz/gl(gl > 0,92 > 0),

and we have
by = g1/(91 + g2) — 9= b1by

by = g1 + 92 G2 = ba(1 — by)
with Jacobian
d d
—=b1by —=D1by by by
J(b1,by) = dby dbs = = by(1 — by) — b1bs = bs.
(b1, b2) T-ba(1—by)  gEba(1—by) ' ’ ~by 1—1b 2(1=b1) =biby = b2

Note that the support of (By, By) is (0, 1), (0, 00), over which the joint pdf of By and By is

given by
_ 1 oi-1 a1 biby + ba(1 — by)
fB1,8, (b1, b2) = T(a1)T () B 3o (b1b5" ") [ba(1 — b2)]** ™ exp [— 5 - |2
1 1
_ baﬁ—ag—le—bz/ﬁ boq—l 1-b 042—1‘
fortos ™ () (an) (1=b)
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(b) Check whether B; and B, are independent.

The rvs B; and B, are independent since their joint pdf can be factored into the product
of a function of by, and a function of by, as seen above.

(c) Give the marginal pdf of By and identify its distribution.

Multiplying and dividing the expression for the joint pdf of By and By by I'(ay + a3), we
see that it becomes the product of two pdfs:

1 1 _ F(Oél + 042) _ —
by bo) = baq—l—ag 1_—ba/p bal 1 1— b, ) 1 ]
fBl,B2( ) 2) F(al —|—Oéz)5a1+a2 2 € }“(al)F(ag) 1 ( 1) )
pdf of Gamn:;(al + a2, B) pdf of B;tra(oal, a2)

Were we to integrate with respect to b from 0 to 1, we would obtain the Beta(ay, as) pdf;
that is
F(O[l + O./Q)

— 2y (1= b)) by <1).
F(O{l)F(O{Q) 1 ( 1) (0 < 1 < )

fB,(b1) =

(d) Give the marginal pdf of B, and identify its distribution.

Were we to integrate the joint pdf with respect to by from 0 to oo, we would obtain the
Gamma(a; + a9, ) pdf; that is

1 ai+az—1 —
[B,(b2) = (o + ) ot b tee e /01 (by > 0).
4. Let Xy,..., Xy beindependent rvs and nq, ..., ny be positive integers such that X; ~ Binomial(n;, p)

fori=1,...,N. Give the pmf of Y = X| +--- 4+ Xy.

The mgf of Y is given by

My (t) = [ [Ipe" + (1 = p)]" = [pe’ + (1 = p)] 7,

i=1

so Y has the Binomial(n; + - - - + ny, p) distribution.

5. Let Xi,..., Xy beindependent rvs and Ay, ..., A\, be positive real numbers such that X; ~ Poisson(\;)
fort=1,...,n. Give the pmfof Y = X; +--- 4+ X,,.
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The mgf of Y is given by

N
My(t) = He)\i(et_l) _ €(>\1+...+)\n)(et_1)7

=1

so Y has the Poisson(A; + - - - + \,,) distribution.

6. Let Xi,..., Xy be independent Normal(y = 1,02 = 5) rvs. Find the distributions of the following:
(a) Yos = X1 + -+ Xy

The mgf of Y is given by

My(t) _ [6t+5t2/2]25 _ 625t+1252t2/2,

so Y ~ Normal(p = 25, 0% = 125).

(b) X25 == %(X1 + -+ X25)

The mgf of X is given by
Mg, () = Mx, g xy/25 (1) = Mx, 4y, (£/25) = [e/25H0WBP /212 — ot 4 (1/5)t /2,

so X, ~ Normal(y = 1,02 = 1/5).

7. Let Y7 and Y; be independent rvs such that ¥; ~ Normal(py,0%) and Yy ~ Normal(jug, 03) and let
a1, as € R. Find the distribution of the random variable a;Y; 4+ asYs using mgfs.

We have

Ma1Y1+a2Y2 - Ma1Y1 (t)Ma2Y2 (t)
= MYl (a’lt)MYz (G’Qt)

— e,ul(a1)t+of(a1t)2/26p2(a2)t+ag(a2t)2/2
— e(al,ul+a2u2)t+(a%05+a§o§)t2/2
)

so that a,Y] + asYs ~ Normal(aipy + aspis, a20} + a203).

8. Suppose (7, Zs) are standard bivariate Normal rvs with correlation p, with joint pdf

1 1 122 — 2p2129 + 22

f(Z17Z2)(Zl7ZQ) - %1—_p2 exp _2 . p2




Choose a value of p between 0.5 and 0.9 and use R to generate 1,000 realizations of (77, Z,). Then
transform these into realizations of U; = Z; + Z, and Uy = Z; — Z,. Then make two scatter plots:
one of the Z; values against the Z; values and one of the U, values against the U; values. Turn in
your code and these two plots, and say whether you think U; and U, are independent.

The following code will generate the (7, Z5) realizations (you must define rho).

z1 <- rnorm(1000)
z2 <- rnorm(1000,rho*z1,1-rho~2)

The R code

rho <- .8
z1 <- rnorm(1000)
z2 <- rnorm(1000,rho*z1,1-rho~2)

ul <- z1 + z2
u2 <- z1 - z2

par (mfrow=c(1,2))
plot(z27z1)
plot(u2™ul)

produces the plots

0.0 05 1.0

z2
u2

-1.0

It appears that U; and U, are independent (they are indeed; see class notes for this example).

Optional (do not turn in) problems for additional study from Wackerly, Mendenhall, Scheaffer, 7th Ed.:

e 6.37, 6.42, 6.46, 6.57
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e (.68
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