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Comparing two Normal populations

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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Comparing two Normal populations

o Consider two random samples of sizes n; and no:

ind 2

)(117 . ,)(1,,1 ~ Normal(pl, 0’1)
ind 2

Xo1, ...y Xon, ~ Normal(uz,03),

where y1, p12, 02, and o3 are unknown.
o Let

» X; and S? denote the mean and variance of the first sample

» X> and S? denote the mean and variance of the second sample
@ Wish to compare

» u1 and po by testing hypotheses about the difference p1 — p2
» o2 and o3 by testing hypotheses about the ratio 0% /02
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Tests about i1 — pp when 0% = o3:

© Right-tailed test: Test Hy: p11 — o < dg versus Hy: g — pp > g with the test

Xy — Xo — 0o
5pooled\/ ,Tll + ,le

© Left-tailed test: Test Hy: p11 — po > dg versus Hy: g — po < 0o with the test

Reject Hy iff > (.

X1 — Xo — 6
Reject Hy iff ! 20

/1 1
5pooled rn + s

© Two-sided test: Test Hy: 11 — pio = g versus Hy: i1 — o # 0o with the test

< -G.

X1 —Xo — o

Reject Hy iff

> G.
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Exercise: For any a € (0,1):
© Find C; and G; such that the tests on the previous slide have size a.
@ Find the power functions, in terms of § = 1 — 2, of the size-« tests.

Distribution of equal-variances two-sample t-statistic

Let ind 2
X11, 600 ,)(1”1 ~ Normal(,ul, 0’1)
ind
Xot1, .oy Xony A Normal( o, cr%),

with 02 = 03 = 0. Suppose p1 — p2 = &. Then for any &y we have

)?1—)?2—50 where¢: 0 — dg

~ tp,ni+n—2, .
/1 1 1 1
Spooled N = 2 g T T 2

Show above. . .
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Xkn, nd Normal(pk, 02), k =1,2.

Tests about p1 — pa: Let Xga, - . -,

For some null value §g, define the test statistic
X1 — X — &g

T = .
Spooled V 1/”1 + 1/”2

Then we have the following:

Hy Reject Hp at « iff | Power function ()

w1 —p2 >0 | T > ty,o 1- Ft¢>,u(tV,Oé)

pr—p2<d | T < —tua Ft¢yl,(_tu,a)

— U2 7é 60 |T| > tV,Oz/2 1-— [Ft¢ ,,( Va/2) Ft¢ y(_tl/,a/2)]

= (0 —00)/(o\/1/m +1/n2).
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Exercise: Let X1, ..., Xun, nd Normal(ux, 02), k = 1,2, with 02 = 03 = 0. Suppose:
@ Simone to test Ho: p1 — p2 < 0 vs Hi: pin — p2 > 0 with
X1 — Xo

——————F————— > th;+n—2,0.10
S 141
pooled n1 n2

@ Helmut to test Ho: pt1 — p2 > 0 vs Hi: 1 — p2 < 0 with

Reject Hy iff

X1 — X2
———F———— < — 1l +n—2,0.10
S 141
pooled n1 na

@ Mechthild to test Ho: p11 — pi2 = 0 vs Hi: i1 — p2 # 0 with

Reject Hyp iff

X1 — Xz

1 1
Spooledﬂ N1 + >

Reject Hyp iff ‘ > thy4+n2—2,0.05

© What is the size of each test?

@ Plot the three power curves v(§) under n; = 10, n, = 15, and ¢° = 4.
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power

delta

DA
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For the unequal variances 02 # o3 case, see Lecture 4 notes.

o & - = DA
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Tests about 02 /03:

Q Right-tailed test: Test Ho: 02 /02 < g versus Hy: 02 /03 > g with the test

2
Reject Hyp iff %/190 > Cq,.
2

© Left-tailed test: Test Hy: 03 /035 > g versus Hy: 0% /a3 < o with the test

2
Reject Hy iff %/190 < Gy.
2

© Two-sided test: Test Hy: 02 /03 = g versus Hy: 02 /a3 # g with the test

e 52
ReJect Hy iff 72/190 < G or 7/’[90 > Gy,
52 52
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Exercise: For any « € (0, 1):
Q@ Find Gy, Gy, and Gy and G, such that these tests have size .
© Find the power functions, in terms of ¥ = 02 /02, of the size-a tests.

Distribution of variance-ratio F-statistic

Let X1, .. ank nd Normal(yix, 02), k = 1,2 with 02 /03 = . Then

St /ot
$3/o5

= 51 /'19 Fnlfl na—1-

Fri—1,n,—1 denotes F-dist. with numerator df n; — 1 and denominator df ny, — 1.
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Tests about 02/02: Let Xy1, ..., Xin, = Normal(pux, 02), k = 1,2.

For some null value 9q, define the test statistic

R =(51/52)/%0.

Then we have the following:

Hy Reject Hy at « iff Power function (%)

O—%/J% > o R > F"1—17n2—1704 1- FFn1—1,n2—1(Fn1—1,"2—1,0t(190/19))
07/05 <o | R<Foy 1110 FFry 1y 1 (Fri—1,n-1,1-a(U0/7))

01/05 # V0 | R< Fptm-11-a/2 | FRy_1ma(Fri—1.na—11-a/2(00/7))
or R > Fn1—1,n2—1,oz/2 +1-— FFn171,n271(Fn1—17nz—1704/2(190/19))
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Exercise: Let Xi1, ..., Xun, e Normal(uk, 02), k = 1,2. Suppose:

@ Kwame to test Ho: 02 /03 < 1vs Hy: 02/03 > 1 with
Rej. Ho iff 512/5'43 > Fry—1,n,-1,0.10
@ Ama to test Ho: 03/03 > 1 vs Hi: 03 /03 < 1 with

Rej. Ho iff S7/53 < Foy —1.n-1.0.00

@ Kobe to test Ho: 03 /03 = 1 vs Hi: 03/05 # 1 with

Rej. Ho iff 512/53 < Fpy—1,n,—-1,0.95 or 5:%/522 > Fny—1,n,-1,0.05

@ Suppose 62 =1 and 03 = 2. Who may commit a Type | error?
@ Suppose 02 =2 and 03 = 1. Who may commit a Type | error?
© Suppose 07 =1 and 03 = 2. Who may commit a Type Il error?

@ Suppose 02 =2 and 03 = 1. Who may commit a Type Il error?
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. ind
Exercise: Let Xi1, ..., Xkn, ~ Normal(ux,o3), k = 1,2. Suppose:

@ Kwame to test Ho: 03 /03 < 1vs Hy: 03/03 > 1 with

Rej. Ho iff S7/S3 > Foy—1.m—1,0.10
@ Ama to test Ho: 03/03 > 1 vs Hi: 02/03 < 1 with

Rej. Ho iff S7/53 < Foy—1.ns-1.0.00
@ Kobe to test Ho: 03/03 =1 vs Hi: 03 /03 # 1 with

Rej. Ho iff S7/S3 < Fuy—1.m-1,0.95 O S/53 > Fay—1.n2-1,0.0

@ What is the size of each test?
@ Under n; =18 and n> = 17, plot the three power curves (1) together.

@ Suppose that with samples of sizes n; = 18 and n, = 17, 2 = 1.15 and 52 = 1.87
is observed. Compute the p-value of each researcher’s test.
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Comparing variances

density of F dist
with dfl =17, df2 = 16

p-value = 0.8352

0.61

r
= & = DA
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Comparing variances

density of F dist
with dfl =17, df2 = 16

p-value = 0.1648

0.61

r
o & - = DA
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Comparing variances

density of F dist
with dfl =17, df2 = 16

p-value = 0.3296

0.61

1.64
r
o & - = DA
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