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Two-sample testing

Karl B. Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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Think about comparing two populations:

o Compare 11 with pp by comparing X, and Xs.
o Compare p; with py by comparing p; and ps.
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© Inference about p; — 2

@ Sampling distribution of difference in sample means

© Inference about p; — p»

o = = E A
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Consider two random samples:

Xi1, ..., X1, a rs from a pop. with mean p1 and variance o2

Xo1y ..., Xon, a rs from a pop. with mean po and variance Ug

Goals:
© Build confidence intervals for pu; — 2
© Test null and alternate hypotheses of the form

Ho: pn —p2 > 60 or  Ho:pn —p2 =260 or  Ho:pg —p2 < do
Hy: g — p2 < do Hy:pin — pio # do Hy: pig — p2 > do.

In most situations we have dg = 0.
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Exercise: Write down the null and alternate hypotheses for the following:

@ Do honors grads earn more in first post-grad year than non-honors grads?
© Do PhD holders earn at least twice as much as Bachelor’s degree holders?

© Does a fertilizer increase crop yields?
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Sampling distribution of difference in sample means
@ If both populations are Normal

2 2
X1 — X5 ~ Normal <,u1 — U2, U— aF Z2>
2

@ Otherwise, as long as 02 < oo and 03 < oo,

Xi = Xo — (11 — )
0.2 2
L o5
n ny

behaves more and more like Z ~ Normal(0, 1)

for larger and larger n; and no.
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© Inference about p; — 2

@ Inference about i — i when o2 = o3

© Inference about p; — p2

o = = E A
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2 _ 2

2 _
If 01 = 02 = Ocommon:

S2

Sampling distribution of difference in sample means (0%

pooled —

then we can estimate 02, o0 With

(n —1)S2 4 (np — 1)S2
ni+n,—2 '

=}

@ If both populations are Normally distributed, then

)_<1 —)_<2 - (Ml —Mz)

\/ oot (£ +2)

~ tpytn,—2-

@ Otherwise
X =X = (i — p2) behaves more and more like Z ~ Normal(0, 1)
\/Spooled < + "_12)

for larger and larger n; and no.
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2

Formulas for (1 — a)100% confidence intervals for y; — po when 02 = o3.

)_<1 _ )?2 == tn1+nz—2,a/2\/s§ooled (% + %) (exact)

)_<1 - )_<2 + zzx/2\/5§ooled (nll + ,%2) (approx)

[Ca.nnot make CI (so far).]
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Exercise: We wish to know whether drug tablets produced at two different sites
have the same average concentration of the drug. Download .Rdata file
(Ex 6.92 in [2]).

Assuming Normality and 0 = o3, build a 95% confidence interval for the
difference in means.
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http://people.stat.sc.edu/gregorkb/data/drugsite.Rdata

Let Xk1, ..., Xkn, nd Normal( ik, af), k=1,2.

2 2

Tests about p; — pp when o = 03

For some null value dg, define the test statistic

)?1—)_(2—(50

Ttest = ﬁ
Spooled\/ r + e

Then the following tests have P(Type | error) < .

Ho: p11 — p2 > do
Hi: py — p2 < do

Reject Hy if
7—test < _tn1+n2—2,a

p-val = P(T < Tiest)

Ho: p1 — pi2 = do
Hy:prg — po # do

Reject Hy if
|Ttest| > tn1+n272,a/2

p-val =2 P(T > | Test|)

Ho: p1a — p2 < do
Hy:prn — p2 > do

Reject Hy if
7—test > tn1+n2—2,a

p-val = P(T > Tiest)

For computing the p-values, let T ~ t,, +n,—2. Draw pictures.
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Exercise: We wish to know whether drug tablets produced at two different sites
have the same average concentration of the drug. Download .Rdata file
(Ex 6.92 in [2]).

© What are the null and alternate hypotheses?

@ Assuming Normality and 02 = 03, find the p-value.
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http://people.stat.sc.edu/gregorkb/data/drugsite.Rdata

a Inference about 11 — o

o Inference about p11 — po when o3 # o3

© Inference about p; — p2

o = = E A
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Sampling distribution of difference in sample means (03 # 03)

@ If both populations are Normally distributed, then

)_<1 - )_<2 - (,Ul - ,Uz) A
52 | 2 v

T

@ Otherwise
)_<1 - )?2 - (Ml — Mz)

EE
T on

for larger and larger n; and ny.

behaves more and more like Z ~ Normal(0, 1)

In the above

n1—1 I12—1

ni n

o (5+5) l<512/n1)2+ (522/@)2]1 PN
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2

Formulas for (1 — a)100% confidence intervals for i3 — po when o2 # o3.

- - 52 52
X1—=Xot bty a2 2+ 2 (approx)

2
n2

2] 2
i—i + i—z (approx) ’

[Cannot make CI (so far).]
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Let Xk1, ..., Xkn, nd Normal( ik, ai), k=1,2.

Tests about yy — p2 when 02 = o3

2

For some null value dg, define the test statistic

X1 — X2 — o

Ttest == T‘
A
Ny no

Then the following tests have P(Type | error) < a.

Ho: p11 — p2 > do
Hi: py — p2 < do

Reject Hy if
Ttest < _tu*,a

p-val = P(T < Tiest)

Ho: p11 — pio = do
Hy:pin — p2 # do

Reject Hy if
|Ttest| > tu*,a/2

p-val =2 P(T > | Tiest|)

Ho: p11 — po < do
Hy:pin — p2 > do

Reject Hp if
Ttest > tu*,a

p-val = P(T > Tiest)

For computing the p-values, let T ~ t,-. Draw pictures.
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Exercise: We wish to know whether drug tablets produced at two different sites
have the same average concentration of the drug. Download .Rdata file
(Ex 6.92 in [2]).

Assuming Normality and 02 # o3:
© Find the p-value for testing

Ho: p11 — po = 0 versus Hy: g — pp # 0.

@ Build a 95% confidence interval for the difference in means.
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http://people.stat.sc.edu/gregorkb/data/drugsite.Rdata

Save trouble by using the t.test () function in R. @

@ For 02 = 02, we can use
t.test(x1,x2,var.equal=TRUE,alternative="two.sided")

@ For 02 # 02, we can use

t.test(x1,x2,var.equal=FALSE,alternative="two.sided")

We can change the alternative argument to test other sets of hypotheses.
Run 7t.test to read the documentation.

Exercise: Replicate results for drug data using the t.test () function.
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’ X1 — Xo =ty 4ny—2,0/21/ SBotea % + iz) (exact)
2

2 =02
o1

_ E
X1 — Xo £ tyx o2 b (approx)
| %= St 2o/ (B + 2) oo |

2
2 =072

[Canno? make CI (so far)]
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Exercise: It is of interest to know whether drug tablets produced at two different
sites have the same average concentration of the drug. Download .Rdata file.

© What are the null and alternate hypotheses?
@ Assuming Normality and o2 = 3, find the p-value.

© Assuming Normality and o2 # 3, find the p-value.
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Inference about

© Inference about p; — p2
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Inference about

Exercise: Write down the null and alternate hypotheses for the following:

@ Do same number of honors and non-honors students pursue grad school?
© Does a vaccine reduce the probability of getting an infection?

© Do rural and urban voters differ in their preferences for a candidate?
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Inference about

Let Xi1, .- ., Xin, ' Bernoulli(pg), k = 1,2, and let p; = X1, po = Xo.

Sampling distribution of difference in sample proportions
We have

Propo— (= po) behaves more and more like Z ~ Normal(0, 1)

\/.51(1 — p1) n p2(1 — p2)

n n

for larger and larger n; and no.

Rule of thumb: Need min{n;p1, n1(1 — p1)} > 15 and min{nzpz, na(1 — p2)} > 15.
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Inference about

Confidence interval for difference in proportions
An approximate (1 — «)100% confidence interval for p; — ps is given by

5.(1— b 5.(1 — b
131—ﬁ2i2a/2\/p1( P1) +Pz( Pz)’
m np

provided min{nyp1, n1(1 — p1)} > 15 and min{nypo, na(1 — p2)} > 15.

Karl B. Gregory (U. of South Carolina) STAT 515 fa 2023 Lec 16 slides 24 / 28



Inference about

Exercise: It is reported that among the 319 adult first class passengers aboard the
Titanic, 197 survived, while among the 627 adult third class passengers, 151
survived. The data are taken from [1].

Build a 95% confidence interval for the difference in the "“true” proportions as a
way of assessing whether the probability of surviving was affected by class.

25 / 28
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Inference about

Tests about p; — p»
Define the test statistic

Ztest =

Then for nq, n, large, the following tests have (approx) P(Type | error) < «

Ho: pr —p2 >0
Hi:pr—p2 <0

Reject Hp if
Ztest < —Za

p-VaI = P(Z < Ztest)

pL— P2

. . 1 1
\/Po(l — Po) (— +—
ny ny

Ho: p1 — p2 =0
Hi:p1 —p2 #0
Reject Hy if

|Ztest| > Zo )2

p—Va| =2. P(Z > |Ztest|)

).

Ho: p1 —p2 <0
Hi:pr—p2>0

Reject Hy if
Ttest > Zy

p-VaI = P(Z > Ztest)

In the above pg =

nip1 + n2po

ny + no
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Inference about

Exercise: Suppose that in random samples of size 1000 of 15-17 yr-olds and
25-35 yr-olds, 6% and 3%, respectively, were found to have used JUUL in the last
month. You wish to know if the proportion is higher in the younger age group.
This exercise is based on some summary statistics given in [3].

@ Give the hypotheses of interest.
© What is our conclusion at the o = 0.01 significance level?
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Inference about

Robert J MacG Dawson.
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