STAT 515 Lec 10 slides

Confidence intervals for the mean and proportion

Karl Gregory

University of South Carolina

These slides are an instructional aid; their sole purpose is to display, during the lecture,
definitions, plots, results, etc. which take too much time to write by hand on the blackboard.
They are not intended to explain or expound on any material.
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SC poll from Sep, 2020: From a sample of 824 SC voters, 47% of them said they
would vote for Trump, 43% for Biden, 1% for Jo Jorgensen, 1% for Howie
Hawkins, and 8% are not sure.

Margin of error reported as 3.4%, so if p is the proportion for Trump, poll says

p € (0.47 — 0.034,0.47 + 0.034) = (0.436, 0.504).

@ This type of interval is called a confidence interval (Cl).
@ We like to calibrate Cls so they capture their target with probability 1 — «.

@ The value o € (0,1) is called the confidence level.
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https://filesforprogress.org/memos/2020-senate-project/week-2/dfp_psp_SC_Senate_week2.pdf

The idea of Cls is to find lower and upper bounds L and U such that
pe(L,U) or pe(LU) or o?c(LU),

for example, with probability 1 — «.

Typical choice of a is « = 0.05. Corresponds to 95% Cls.
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Exercise: Let Xj,

X, =~ Normal(y, 0?) and use the fact that
P < 1.96 < X~

< 1. 96) =0.95
o/v/n
to find a 95% confidence interval for

o = = E A
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What about a general (1 — «) x 100% Cl for any « € (0,1)?

f2) = fme™

Area = /2 Area = /2

—Za /2 0 Zo /2
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Confidence interval for the mean of a Normal population with o known

Let Xy, ..., X, = Normal(u, 02). Then a (1 — a) x 100% Cl for u is

c g
X,, + Za/zﬁ.

Example: These are the commute times (sec) to class of a sample of students.

1832 1440 1620 1362 577 934 928 998 1062 900
1380 913 654 878 172 773 1171 1574 900 900

The sample has X, = 1048.4. Assume the population is Normal with & = 400.

@ Construct a 95% confidence interval for the mean commute time of all students.
© Construct a 99% confidence interval for the mean commute time of all students.
© Give an interpretation of the two confidence intervals.

@ Which confidence interval is wider? Does it make sense why??
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NN
X <- ¢(1832,1440,1620,1362,577,934,928,998,1062,900,
Xbar <- mean(X)

1380,913,654,878,172,773,1171,1574,900,900)

o = = E A
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Confidence interval for mean of a non-Normal pop. with o known

Let Xi,...,X, be a rs from a non-Normal dist. with mean p and var. 62 < co.
Then

o g
X,, + Za/zﬁ.

contains p with probability closer and closer to 1 — « for larger and larger n.

This is a Central Limit Theorem result.
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We often construct 90%, 95%, and 99% confidence intervals:

area = 0.99
area = 0.95
area = 0.90

2.576 0 2576 x
o -1.645 1.645 :

—1.96 1.96
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Exercise: Treating the women's 2009 Boston Marathon finishing times, which
have mean 1 = 4.02 and standard deviation ¢ = 0.555,

© Draw 100 samples of size n = 30 and each time build a 90% CI for the mean.
@ Check for what proportion of samples the Cl captured the true mean p.

link to women’s data.
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https://people.stat.sc.edu/gregorkb/data/bos09whrs.Rdata

[ T T 1 [ T IZ T T 1
3.8 4.0 4.2 4.4 3.6 3.8 4.0 4.2 4.4 4.6

X, (X, —1.645 [/, X, +1.645 [G/+n)
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Confidence interval (Wald-type) for a proportion
If np, > 15 and n(1 — p,) > 15, then

ﬁn(l - ﬁn)

p\niza/Z
n

is an approximate (1 — ) x 100% Cl for p.

Explain how we arrive at this confidence interval.

Exercise: From a sample of 1,000 voters, 478 say they will vote for candidate A.
Let p be the true proportion of voters who will vote for candidate A.

© Build a 95% ClI for p.

@ Build a 99% ClI for p.
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Confidence interval (Agresti-Coull) for a proportion
If np, > 5 and n(1 — p,) > 5, then

#{successes} + 2
n+4

5n(1_ﬁn)
n+4 ’

Pn £ Zo 2 where  p, =

)

is an approximate (1 — ) x 100% Cl for p.

Exercise: From a sample of 50 students, 5 say they hang-dry their laundry. Let p
be the true proportion of students who hang-dry their laundry.

© Build a 95% Wald-type Cl for p.
@ Build a 95% Agresti-Coull Cl for p.
© Do the same if 50 out of 500 students say they hang-dry their laundry.

Return to 2020 poll on first slide and check what « is. . .
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