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Tensile strength data from Kuehl (2000)

v =
Y ‘fﬁt v
Table 6.3 Tensile strength (psi) of asphaltic concrete specimens for two aggre-
gate types with each of four compaction methods T dor 6
__—
/ ( Compaction Method ;
5 — Kneading
CQU' Regular (Dow G}ngggv
68 126 93 56
3 128 101 59
65 133 98 37
az=t Silicious 71 107 63 70
66 110 60 41
66 116 59 44
Source: A. M. Al-Marshed (1981), Compaction effects on asphaltic coficrete durability. M.S. thesis,
Civil Engineering, University of Arizona. o 3

y <- c(68,63,65,71,66,66,126,128,133,107,110,116,
93,101,98,63,60,59,56,59,57,40,41,44)
agg <- as.factor(rep(c(rep("B",3),rep("S",3)),4))
comp <- as.factor(c(rep("st",6),rep("r",6),
rep("1",6) ,rep("v1l",6)))
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boxplot(y ~ comp:agg)
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A dotplot is better since there are only a small number of EUs per
treatment group.

stripchart(y ~ comp:agg, vertical = T, method = "jitter", xlab = "comp.agg")
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The two-way factorial experimental design

» Two factors of interest.

P Each factor comprehends a set of treatments, called its levels.
» EUs randomly assigned to treatments.
P Each treatment is a unique combinations of factor levels.
P If Factor A has a levels and Factor B has b levels.

P There are ab treatment groups.

We want to make inferences about:

1. The effects of each factor.
2. The interactions between the two factors.
3. Various differences in treatment group means.

Discuss: Give factors and their levels in the tensile strength experiment.
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Two-way treatment effects model

Suppose the responses arise as

fortr=1,...,a,5=1,...,b,and k=1, ... ,n ., where

P Y, is the response for EU k under level i of A and level j of B.
P /. represents a baseline or overall mean

P The 7, are the main effects for Factor A.

» The 7y, are the main effects for Factor B.

P The (77),, are the interaction effects between A and B.

» The ¢,

2
i1 are Normal(0, 0“) error terms.

Assume for now

1. a balanced design, i.e. n;; = n for all 7, j

2. with replication, i.e. n > 2.
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< 4 .
"Cell means model representation

Assume
Y = tij + €4k

fortr=1,...,a,5=1,...,b,and k=1,...,n.., where

ijr
P Y, is the response for EU k under level i of A and level j of B.

> f4;; is the response mean under level 7 of A and level j of B.
» The ¢, are Normal(0, 0®) error terms.

We have merely written p,; = o+ 7; +v; + (77);; for all 7, 5.
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Goals in two-way factorial experiments

In the two-way treatment effects model
Yigp =p+ 7+ +(T7)i + €k

d .
~ Normal(0, 0?), we wish to

ze the data.
—\ imate the parameters u, 7;, 7;, (T’}/)ij.
stimate the error term variance 0.
" Check whether the model assumptions are satisfied.
Qecompose the variation in the Y, . into its sources.
. Test whether there is any effect of the factors on the response.
7. Test for main effects and interaction effects.

8. Do multiple comparisons.
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Important quantities

_ 1 &
P Treatment group means: Y, = - ;ij fori=1,...,aq,
j=1,..,b. -

» Marginal means:

B 1 b n
YV, =—> > Y, i=1..a
na = =1
}_/v B 1 a n Y B b
3= b Lol ijks  J = Ly
Varionws .. _ 2 1 = \/ Q*ﬂ
P Treatment group staadardecomations: Sm =7 (Y;jk —Yq;j,)
k=1
» Overall mean Y i
=1 j= 1 k
Nab = ¥ ohsentr
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Tensile strength

Consider how to compute the quantities on the previous slide:

Table 6.3 Tensile strength (psi) of asphaltic concrete specimens for two aggre-
gate types with each of four compaction methods

Compaction Method
Aggregate Kneading
Type Static Regudax Low Very Low _
Basalt /58N = B 93 6 | .7 -
63 | Yu- | 128 101 -\l
65/ Ye,st,- | 133 98 57
Silicious P 107 63 0 N\
66 110 60 4 ¥ = Tg,8, .
66 116 59 44

Source: A. M. Al-Marshed (1981), Compaction €11

Civil Engineering, University of Arizona.

\Clson asphaltic concrete durability. M.S. thesis,

-Y. 2. = 7.:'-
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Estimating the mean and treatment effects parameters

e

We want estimators fi, Ty, .-, Ty V15 --- » Y Which satisfy

a

e

A+ 7 +3 + (m7),, =Y
v {pri:t7; *@ﬂc;’\* Cin ATt 7)11 11.
'.. - . | :
We S 00— :

‘) ~ ~ ~ -~ I
. f e ‘|'Vb‘|‘(7'7)1b—y1b. ab et
7.. :/’\‘4’%‘--} %‘.4 [’L{;)"J . : B 3'”")’"
f+T,+5+ (), =Y
| —

(0 7+ () N Yoo
Above has ab equations and@+®1nknowns! Can fix by setting

AN

71=0, 7 =0, and (T’y)lj = (T’y)il = 0 for all 7, 3.

Then (1 estimates the mean of the baseline group i =1, 7 = 1.
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Tensile strength

We have a = 2 and b = 4. So the complete system of equations is

it+%+% + @By, =V
i+t 48 = Vi
ﬁ+%+%+%@3 =Y
ﬁ"‘%‘F%‘F% =Yy

fi+ T % +/%1 =Yy
[+ To + Y + (TA’Y)QZ = Yo
pt+Ty+ 93+ (TA7)23 = Y3,
[t Ty + 7, + (TA’Y)M =Y,

17(6[: 74 %nv‘»s
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Tensile strength

After setting to zero every term with an index equal to 1, we have
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Tensile strength

After re-arranging to solve for the parameter estimates we obtain

=Y
Vo = _12. - Yn
V3 = _13. — Yn
Yo = _14. — Yu
Ty = _21 — Yn
(TA )22 = _22 - Yn - (}712. - Yn ) — (_21 - _11 )
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Tensile strength

Im_out <- 1Im(y ~ agg + comp + agg:comp)

1m_out
Call:
Im(formula = y ~ agg + comp + agg:comp) N
A % 3 ¢ (14)
Tse r L bvs 5,
aggs compr compst compvl  aggS:compr
-36.7 31.7 -32.0 -40.0 18.7
aggS:compst aggS:compvl
39.0 21.0

C’;,:‘)Sﬁ‘f (.’;\-6)5»19—

See how the parameter estimates build the treatment means:

aggregate(y ~ agg + comp, FUN = mean)

_ 40 20 27
i A @ = 99.%
J 4 + - .
agg comp y ? 9. - /,\ +
B 1 0,7

S 1 60.7
B r 129.0
S r 111.0
B st 65.3
S st 67.7
B vl 57.3

~NOoO O WN

4+ (46)
+ “U— AN S,vs

+
= 7?3 + 16 /70
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Estimating the error term variance

In the two-way factorial model the

P fitted values are the treatment group means, i.e. Y Yw

P residuals are the deviations from the group means

e —_—

Eiin =Y —Yip =Y, — Y,

19k ) ) ) 7.

An unbiased estimator of the error term variance o is given by

abz:z:n_1 b(n—1) Sa‘

) )
1=1 g= 1=1 j7=1 k=

b

3

€Jk

HL

This estimate pools the variances in all the treatment groups.
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Checking model assumptions

Validity of the methods in these slides depends on these assumptions:

1. The responses are normally distributed around the treatment means
(Check QQ plot of residuals).

2. The response has the same variance in all treatment groups (Check
residuals vs fitted values plot).

3. The response values are independent of each other (No way to
check; must trust experimental design).
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Tensile example (cont)

plot(1lm_out,which = 2)

Q-Q Residuals
o T 120
© 90
E 50
S T 00 °
- _.-O
o o
s ° 7 65000
S 500
o 0000
g T - o
o3 O
| | | | |
-2 -1 0) 1 2

Theoretical Quantiles
Im(y ~ agg + comp + agg:comp)
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plot (Im_out,which = 1,add.smooth = F)

Residuals vs Fitted
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Fitted values
Im(y ~ agg + comp + agg:.comp)
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Sums of squares in the two-way factorial experiment

SS Symbol Formula

Total SS 1o S Y (Y=Y )?
Treat- SS Lt Z?:l ijl n(Y;] — Y)Q
ments

Error SSError Z;lzl Zs':l ZZ:1<Y;']'/€ B 1_/759'-)2

> We have SSTOt — SSTrtS—é_ SSEI‘I‘OI"
» We again define R2 = —

SSTot |

» Can further decompose SSt,; into SS from main effects and

interactions.
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ANOVA table for overall F test

Source Df SS MS F value p value
?Treat— > ab—1 SS,+ MSr,,  Fio P(F > Fi.)
ments
Error ab(n —1)  SSgior MSgrror
Total abn — 1 SS Tt
MS
» The F statistic F, , = 1t tests

t
- MSError

Hy: All the p,; are the same.

Hy: The p,; are not all the same.

where p;; = p1+ 7; + 7, + (77);-
> RejeCt HO it Ftest > Fab—l,ab(n—l),a'
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Exercise: Make ANOVA table for the tensile strength data. Interpret!

a <- 2

b <-4

n <- 3

yhat <- predict(lm_out)

ehat <- y - yhat

SSE <- sum(ehat”2)

MSE <- SSE / (a*b*(n-1))

SSR <- sum((yhat - mean(y))~2)
MSR <- SSR / (a*b - 1)

SST <- sum((y - mean(y))~2)
Ftest <- MSR / MSE

pval <- 1 - pf(Ftest,a*b-1,a*xb*x(n-1))
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Source Df SS MS F value p value

Treatments 7 1912250 2731.79 287.5564 0.0000
Error 16 152.00 9.50
Total 23  19274.50
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Hypotheses of interest in the two-way factorial experiment

fgo = ot 6+ @e); + &

1. \H,: Factor A has no main effect. MSA
e ——————— F - T
CHO:\Tl:”':Ta' k A M Ereer
BH(): Factor B has no main effect. MS%
F = moe,
‘& - Msfrﬂ'

| Hot v ==

@HO: There is no interaction between Factor A and Factor B.
MSAT
- ——
(Hy: ()0 === D [ Fag™ s,

(Factor A effects are same at all levels of Factor B and vice versa.)
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Main effects and interactions

A main effect is an effect of a factor which does not depend on the level
of the other factor.

An interaction is any dependence on the effect of one factor on the level
of the other factor.
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Further decomposition of treatments sum of squares

- b
a {/ Y . - L Z Z V‘-.
> SSA - an-: (l/z _Y)2&AP Z:‘-‘ bn ;=i ks ik
g = anz ( — Y )2 «e—df: b-\

>SSAB_n2_1zJ 1. O{j @ = 55 (s“ss)

In the balanced design we have s df: (@-1) (k-1

SSr.|= S +SSp +SSap -
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Full sums of squares in two-way factorial experiment

SS Symbol Formula
a b n Y

Total SSTOt Zz 1 Z Zk 1( ijk _Y)2
A SS A bnz ( =Y )?
B SSg an ijl(Y —Y )?
AB SSap nEL X (Y~ (e 4V, - TP
Error SSError Zz 1 Z Zk 1( 17k Y )2

» We have SSq., =SS + SSg +SSAg + SSg,ror-
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Full ANOVA table for balanced two-way factorial design

) MSt
Tet P57 M Foei  MSe,.
Qum

Source SS MS F value

A 7 — 1 SSa MS,  Ey €MS, /MSg,,, )
B b - ]. SSB MSB FB — MSB V EI‘I‘OI‘
AB (CL — 1 b — 1) SSAB MSAB FAB — MSAB /MSEI'I‘OI‘
Error  ab(n—1) SStiror MSgon T
Total abn — 1 SOt

1. Reject Hj: no Factor A main effect if Fiy > F, 4 5

n—1),a-

2. Reject Hj: no Factor B main effect if Fp > Fy_ ;1 p—1).a-

3. Reject Hy: no A and B interaction it Fyp > F(,_1)p-1).ab(n—1),a-

-\

4 bt 4+ (a-0Cb-0) = ﬁ/—//-‘— K-1 + ab - K =)

- a\l)‘l




Tensile strength data (cont)

Obtain ANOVA table with anova() function on 1m() output.

anova(lm(y ~ agg + comp + agg:comp))

-~ 2 hz 3
Analysis of Variance Table = 4
122- ol
a-1=2-| 1321

Response: y

Zum Sq Mean Sq F value 182.5 a5
1734 <17341>3.6e 10 sk
, 5414 570.0 < 2 *ok ok
2f1.1

agg

comp 0 \ o

agg : comp 1145 382  40. ( e-07 *** ’4_ ?..,)ca* uc) we in
@m Residuals %

o 9.9

Signif. tkx%' 0.001 '#%' 0.01 'x' 0.05 '.' 0.1 ' ' 1

h-1 = 9-1
Important: anova() function only appropriate for a balanced design.

L @,0(\9,‘3 = (2-D(4-0=73
ab(n-)= 2-4-(3-9< 16



—

is significant. Now what?
\ I —

When you find a significant interaction:

1. Make interaction plots (next slides).
2. Be very cautious about interpreting main effects, even when these
are statistically significant.
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Tensile strength data (cont)

Use the interaction.plot () function to visualize an interaction:

interaction.plot(agg,comp,y)

-

({b‘r"o
o ... .. _
o | e comp
N - T e 5,(,0
~ | e
......... . e e e e e e r
o < L
> 2 — .:'55,9,, st
|.|6 S o - - I
c e — v
o _| -l
5 @ RO
E be,i*, __________________ ::_\_::.. ____
o ] S
©
be""/. -
g — Ys,m.’.
B S
%‘?'\A’ %\ /v

agg
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Interactions appear as crossing lines or differing slopes.

interaction.plot(comp, agg, y)

o
C\I_
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> o —

\l—1_

o
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o _|
v et =

comp
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Population marginal means and overall mean

T )C::L/‘} 85+ @) + ¢

Ji

Define the population marginal means and the overall mean as

b

>:117, _%ZMW v=1,...,a
7=1

>IEL]_§ZM’LJ’ 7=1, 7b
T

_ 1

>:u :%22/%,3

=1 j=
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Tensile strength

Aggregate J Kneading
Type
Basalt \ -
5. J'®
Silicious
57 - @
I 7 59 44 | -0
Source: A. M. Al-Marshe ’ ompactioW asphaltic corfcrete durability. MS. thesis,
Civil Engineering, University of JArizona. l 1\1
~N
= - - P
¥.st. e Y-j- . V.0e.

o

st f.r /‘-} /—".vn
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Estimates of cell and marginal means in the balanced case

The estimators of the cell and marginal means are given by

» 4. =Y., i=1,..,aj=1,.,b
> /:LZ =Y, ,i=1,...,a.
> =Y, j=1..0b

1

We estimate ﬁz with Y, and ﬁ.j with 1_/] only when n,;; = n Vij.
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Some Cl formulas (without familywise adjustment)

These Cl formulas are for the balanced design n,;, = n Vij.
Target (1 — «)100% confidence interval
}7 :lztab(n 1), oz/QO-\/g
5_/ . Y’ == tab(n—l) a/Q&\/g
Vi % tapin_1), 0/204/ o
Y :lztab(n 1), a/QU aln
}_/:L o Y;/ + tab(n—l),a/QU\/ %

_ — ~ 2
Yj =Yy £lapm-1),a/20 \ an

In the above 6 = /MSg,,.,-
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Comparing means at all factor level combinations

» Tukey's for comparing all pairs among pit=1,...;a, 7 =1,...,b:

jA:J‘ —}C,J, Ylj o Yz”j’. ilqab,ab(n—l),a\a-ﬁv (7’7]) 7& (i/,j/>.

» Dunnett’s for comparing all means p;; to a baseline i,

__Ponrl 5
- - Yvi'._Yab.:l:Faba,b n—1),« o I (Zh?) 7& (a7b)'
ol /\a\, J ,ab(n—1),

n
‘T,”a**"\(,
Use & = \/MSg,0r-

These may make more comparisons than are of interest...
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Tensile strength data (cont)

TukeyHSD (aov(1m(y ~ agg:comp)))

<P

Tukey multiple comparisons of means
95% family-wise confidence level

Fit: aov(formula

= lm(y ~ agg:comp))

L

.33

46 _0.979
0.713 0.084

ds =)
:st -10.
st -26.

67
33
00

.38
.05
.71

-14.954 0.000
-1.620 0.015
-17.287 0.000

$ agg:comp”

diff lwr upr p adj
S:1-B:1  -36.67 -45.38 -27.954 0.000
B:r-B:1 31.67 22.95 40.380 0.000
S:r-B:1 13.67 4.95 22.380 0.001
B:st-B:1 -32.00 -40.71 -23.287 0.000
S:st-B:1 -29.67 -38.38 -20.954 0.000
B:vl-B:1 -40.00 -48.71 -31.287 0.000
S:v1-B:1 -55.67 -64.38 -46.954 0.000
B:r-S:1 68.33 59.62 77.046 0.000
S:r-S:1 50.33 41.62 59.046 0.000 _
B: : 4.67 -4.05 13.380 0.596
S: : 7.00 -1.71 15.713 0.168Ck=
B: -3.33 -12.05 5.380 0.877
S:v1-S:1 -19.00 =27.71 -10.287 0.000
S:r-B:r -18.00 -26.71 =-9.287 0.000
B:st-B:r -63.67 -72.38 -54.954 0.000
S:st-B:r -61.33 -70.05 -52.620 0.000
B:vl-B:r -71.67 -80.38 -62.954 0.000
S:vl-B:r -87.33 -96.05 -78.620 0.000
B:st-S:r -45.67 -54.38 -36.954 0.000
S:st-S:r -43.33 -52.05 -34.620 0.000
B:vl-S:r -53.67 -62.38 -44.954 0.000
S:vl-S:r -69.33 -78.05 -60.620 0.000
S: g
B:
S:
B:
S:
S:

vl -15.

67

.38

-6.954 0.000

5% €

[" (3%, . O‘ﬂ:l
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Easiest way to do Dunnett's is to convert the design to a one-way:

agg_comp <- as.factor(paste(agg,comp,sep="_"))
levels(agg_comp)

[1] "B_l"

IIB rll IIB Stll llB Vlll IIS lll IIS rll IIS Stll IIS Vlll

library(DescTools)
DunnettTest(y ~ agg_comp, control = "B_st", conf.level = 0.95)

Dunnett's test for comparing several treatments with a control :

957 family-wise confidence level

$B_st

diff lwr.ci upr.ci pval
B_1-B_st 32.00 24.64 39.356 4.9e-11 *x*x
B_r-B_st 63.67 56.31 71.023 < 2e-16 ***
B vl-B st -8.00 -15.36 -0.644 0.0305 *
S_1-B_st -4.67 -12.02 2.690 0.3265 _
S T-B_st 45.67 38.31 53.023 < 2e-16 ***
S_st-B_st 2.33 -5.02 9.690 0.8881
S_vl-B_st -23.67 -31.02 -16.310 4.8e-08 *x**

Signif. codes: O '*xx'

0.001 'xx' 0.01 'x' 0.06 '." 0.1 ' " 1
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Comparing factor level means at fixed level of other factor

Fix Factor A at level = and compare means across factor B:

P Tukey's for comparing all pairs among fi;1, ..., fl;p:
> > .1 Ly
Yvij. o Yvij’. + qb,ab(n—l),a Uﬁ? 1< )<7 =< .
» Dunnett’s for comparing [ijy - s i p—1 to baseline pi;,:
_ _ /9 .
Yij. T b, idb,ab(n—l),a o 57 J = 177b—1
To do this at all levels 1 =1, ..., a, divide o by a (a la Bonferroni)!

Likewise if comparing means of factor B at fixed levels of factor A.
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Tensile strength data (cont)

For each aggregate type, compare all pairs of compaction method means.

Ensure that the familywise coverage probability is at least 0.95.

y1l1l. <- mean(y[agg == "B" & comp == "1"])
y12. <- mean(yl[agg == "B" & comp == "r"])
y13. <- mean(yl[agg == "B" & comp == "st"])
yl4. <- mean(y[agg == "B" & comp == "v1"])
y21. <- mean(yl[agg == "S" & comp == "1"])
y22. <- mean(yl[lagg == "S" & comp == "r"])
y23. <- mean(y[agg == "S" & comp == "st"])
y24. <- mean(yl[lagg == "S" & comp == "v1"])

alpha <- 0.05
me <- qtukey(l-alpha/a,b,a*b*(n-1)) * sqrt(MSE) / sqrt(n)
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ttab <- rbind(c(y11.
c(y1l.
c(yll.
c(y12.
c(yl2.
c(y13.
c(y21.
c(y21.
c(y21.
c(y22.
c(y22.
c(y23.

rownames (ttab) <- c

colnames(ttab) <- c

("B:1-r

- yl2.
- y13.
- yl4.
- y13.
- yl4.
- yl4.
- y22.
- y23.
- y24.
- y23.
- y24.
- y24.

me,
me,
me,
me,
me,
me,
me,
me,
me,
me,
me,
me,

yi1.
yi1.
yi1.
y12.
y12.
y13.
y21.
y21.
y21.
y22.
y22.
y23.

yl2.
y13.
yl4d.
y13.
yl4d.
yl4d.
y22.
y23.
y24.
y23.
y24.
y24.
","B:1-st","B:1-v1",

me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) )
"B:r-st","B:r-v1","B:st-v1l",

+ + + + + 4+ + + + + + +

"S:1-r","S:1-st","S:1-v1","S:r-st","S:r-v1","S:st-v1l")
upper")

("lower

n n
b
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Tukey/Bonferroni-adjusted confidence intervals comparing all pairs of
compaction methods for each aggregate type:

ttab

lower
B:1-r -39.7592
B:1-st 23.9074
B:1-v1 31.9074
B:r-st 55.5741
B:r-vl 63.5741
B:st-vl -0.0926
S:1-r -58.4259
S:1-st -15.0926
S:1-v1 10.9074
S:r-st 35.2408
S:r-vl 61.2408
S:st-vl 17.9074

upper

-23.
40.
48.
T1.
79.
16.

-42,

.09

.09

.43

.43

34.

27
51
77

57
09
09
76
76
09
24

09

43 /70



|[dentify which differences are not significant in the interaction plot:

interaction.plot(agg,comp,y)

mean of y

80 100 120

60

40

agg
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Tensile strength data (cont)

For only the basalt aggregate type, compare all compaction method
means to that of the static method.

Use dy 16.0.05 = 2-99 from the table on the next slide.

me <- 2.59 * sqrt(MSE) * sqrt(2/mn)

dtab <- rbind(c(y1l. - y13. - me, yl1. - y13. + me),
c(yl2. - y13. - me, y12. - y13. + me),
c(yl4. - y13. - me, y14. - y13. + me))

rownames (dtab) <- c("B:1-st","B:r-st","B:vl-st")

colnames(dtab) <- c("lower","upper")
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Table A.5 Critical Values for Dunnett's Two-Sided Test of Treatments versus Control.

Error df

O O oINS

10
10
11
11
12
12
13
13
14
14

15
15
16
16
17
17
18
18
19
19

20
20
25
25
30
30
40
40
60
60

e i (Racit Sl Bal'ek
This table produced from the SAS Systen

Figure 1: Table A.5 from Mohr, Wilson, and Freund (2021)

R

Two-sided a

0.05
0.01

0.05
0.01

0.05
0.01

0.05
0.01
0.05
0.01

0.05
0.01
0.05
0.01
0.05
0.01
0.05
0.01
0.05
0.01

0.05
0.01
0.05
0.01
0.05
0.01
0.05
0.01
0.05
0.01

0.05
0.01
0.05
0.01
0.05
0.01
0.05
0.01
0.05
0.01

2.57
4.03
245
371
2.:36
3.50
2181
3.36
2.26
3.25

2:25
3.17
2.20
3:11
2.18
3.05
2.16
3.01
2.14
2.98

2.13
2195
2.12
2.92
2.1
2.90
2:10
2.88
2.09
2.86

2.09
2.85
2.06
279
2.04
2.75
2.02
2.70
2.00
2.66

BT S

3.03
4.63
2.86
4.21
2.75
3.95
2.67
3.77
2.61
3.63

2:57
3.53
2.53
3.45
2.50
59
2.48
3.33
2.46
3.29

2.44
3.25
2.42
322
2.41
3.19
2.40
317
2.9
3.15

2.38
3.13
2.34
3.06
2.52
3.01
2.29
2:95
2.27
2.90

| ]
1 using funct

EEEN

T = Number of Groups Counting Both Treatments and Control

5 6 7 8
3.29 3.48 3.62 3%73 3.82
4.97 5.22 5.41 5.56 5.68
3:10 3.26 3.39 3.49 3.57
451 471 487 | 5.00 5.10
297 3.12 3.24 3133 3.41
4.21 4.39 4.53 4.64 4.74
2.88 3.02 Bul3 3322 329
4.00 4.17 4.29 4.40 4.48
2.81 2.95 3.05 3.14 3.20
3.85 4.01 4.12 4.22 4.30
2.76 2.89 2199 3.07 3.14
3.74 3.88 3199 4.08 4.16
2.72 2.84 2.94 3.02 3.08
365 | 379 | 389 | 3.98 4.05
2.68 2.81 2.90 2.98 3.04
3.58 3.71 3.81 3.89 3.96
2.65 2.78 2.87 2.94 3.00
3.52 3.65 3.74 3.82 3.89
2.63 2.75 2.84 291 2197
3.47 3.59 3.69 3.76 3.83
2.61 2.73 2.82 2.89 295
3.43 3.55 3.64 3371 3.78
2.59 271 2.80 2.87 292
3.39 3:51 3.60 3.67 3¥3
2:58 2.69 2.78 2.85 2.90
336 3.47 3.56 3.63 3.69
2.56 2.68 2.76 2.83 2.89
333 | 344 | 353 | 3.60 3.66
2.55 2.66 2.75 2.81 2.87
3.31 3.42 3.50 357 3.63
2.54 2.65 2.73 2.80 2.86
3.29 3.40 3.48 3i55 3.60
250 | 2.61 269 | 275 281
301 | 331 | 339 | 345 | 351
047 vl i 258 | “266 lmam2 | 2w
315 | 325 | 333 | 339 | 344
o4s | 254 | 262 | 268 | 273
3.09 3,19 3.26 3432 337
241 | 251 | 258 | 264 2.69
203 | 312 | 319 | 325 | 329
o PROBMC(DUNNETTZ' 1 - adik), where k=17~ 1.
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Dunnett’'s comparison of compaction method means to the static method
when the aggregate type is basalt:

dtab

B:1-st
B:r-st
B:vl-st

lower
25.5
57.1
-14.5

upper
38.52

70.18
-1.48
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Interaction not significant. Then what?

If the interaction is not significant:

1. We can interpret main effects.
2. We can make meaningful comparisons among marginal means.
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Comparing marginal means in the absence of interaction

For making comparisons among the marginal means of Factor A:

» Tukey's for comparing all pairs among jiq , ..., i

a.’

_ 1

Y. Y, +gq B c—., 1<i1<i <a.
i.. .. a,ab(n—1),« \/%7
» Dunnett's for comparing iy , ..., i, 1 to a control mean [, :

. [2
Y, =Y. d o\ —, t=1,...,a—1.
i.. a.. T a,ab(n—1),a0 9 b’ t g ooy @

Still use & = /MSg,0r-

Do likewise for making comparisons among p 4, ..., it of Factor B.
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Serum glucose example from Kuehl (2000)

Two methods for measuring serum glucose level at three glucose levels.

A Q<= 2
Method 1 Method 2
6'. Glucose Level / 2 3 / 2 3
42.5 1384 180.9 39.8° 1324 “176.8
b 2 43.3 “144.4° 1805 40.3 1324 173.6
- 429 »142:7 1383.0 41.2: 1303 1749

Source: Dr. J. Anderson, Beckman Instruments Inc.

y <- c(42.5,43.3,42.9,138.4,144.4,142.7,180.9,180.5,183.0,
39.8,40.3,41.2,132.4,132.4,130.3,176.8,173.6,174.9)

method <- as.factor(c(1,1,1,1,1,1,1,1,1,2,2,2,2,2,2,2,2,2))

glc <- as.factor(c(1,1,1,2,2,2,3,3,3,1,1,1,2,2,2,3,3,3))

P |s there an interaction between the method and the glucose level?
P If not, can we describe the main effect of the method?
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stripchart(y ~ method + glc, method = "jitter", vertical = T,
xlab = "method.glc")

_ g g
o
co p—
— H
o (H
N p—
> T
o _|
(00)
o _| Hm gl
N I I I I I I
1.1 '2_.1 1.2 2.2 1.3 2.§
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Im_glc <- 1lm(y ~ method + glc + method:glc)
plot(lm_glc,which = 1)

Residuals vs Fitted

(Y) p—
50
N p—
160 O
wn = | o
o @)
- O — g
3 08 O
— O O
N — O
(4]
o O o)
(QV
I
40
<f' _

I I I I I I I I
40 60 80 100 120 140 160 180

Fitted values
Im(y ~ method + glc + method:gic)

Variance appears smaller at lower glucose level. Try using log(Y; ;).
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1m2_glc <- 1m(log(y) ~ method + glc + method:glc)
plot(1m2_glc,which = 1)

Residuals vs Fitted

S
L g o ©O
gg O — o 444/—’*——--_____zj\
O o O 0O
$ 0O
o — O o ©
Ql O
o |
@)
I 40
[ | [
4.0 4.5 5.0

Fitted values
Im(log(y) ~ method + glc + method:glc)

This looks better.
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plot(lm2_glc,which = 2)

Q-Q Residuals
Nl —
1% 50 . 120
©
8 - -
O 0 0 O
(7))
e O"Q-'O
® © 0 ©
N o0
O o"O'
S - 2
S O
D~
o4
I I I I I
-2 —1 0 1 2

Theoretical Quantiles
Im(log(y) ~ method + glc + method:glc)

Normality check looks okay.
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anova(lm2_glc)

Analysis of Variance Table

Response: log(y)
Df Sum Sq Mean Sq F value Pr(>F)
method 1 0.01 0.01 78.11 1.3e-06 *xx*x*

glc 2 T7.19 3.60 19670.48 < 2e-16 *x*x

method:glc 2 0.00 0.00 3.06 0.085 .

Residuals 12 0.00 0.00

Signif. codes: O '**x' 0.001 'xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1

There is only weak evidence of interaction. Check interaction plot.
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interaction.plot (method,glc,log(y))

mean of log(y)

5.0

4.5

4.0

glc
— 3
---- 2

method

56 /70



interaction.plot(glc,method,log(y))

method

.- 1
— 2

mean of log(y)
4.5 5.0

4.0

glc

It appears safe to ignore the interaction and report on main effects.
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Call the method Factor A; build a Cl for 1y — 15 (just one comparison).

_ _ .1
Sincca=2,b=3,andn=3,useY; —Y5 +Gs933-1)0050

a <- 2

b <- 3

n <- 3

alpha <- 0.05

yl.. <- mean(log(y[method == 1])) # remember we are using log(y)
y2.. <- mean(log(y[method == 2]))

MSE <- sum(1m2_glc$residuals™2) / (a*b*(n-1))

me <- qtukey(l-alpha,a,a*b*(n-1)) * sqrt(MSE) / sqrt(n*b)

lo <- yl1.. - y2.. - me
up <- yl.. - y2.. + me
c(lo,up)

[1] 0.0424 0.0702

Since a = 2, q, Jab(n =2 ab(n—1),a/2, SO it is just a t-interval.

V33
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Possible workflow for factorial experiments

Overall F test of
significance

/

Fail to reject null

N\

Reject null

{ Test for interaction effect ]

Fail to reject null

[

Reject null

}

Test each main effect

~

Fail to reject null

Compare factor level

means at each level of the

other factor

N

Reject null

|

[

Stop

Compare factor level
means averaging over
levels of the other factor
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Three-way factorial experiment

Suppose we have factors A, B, and C with a, b, and c levels, so that
Yijer = Pijk T €ijr
fore=1,...,a,5=1,...;0,k=1,...;¢, [ =1,...,n,.

Treatment effects representation of the mean p, . is

Mije = T; + % M + (T’Y)ij + (1) 4% + (’W?)jk; + (7777>ijk-

» Y. ... is response for EU k under levels ¢, j, k of factors A, B, and C.
17kl

P /. represents a baseline or overall mean
» The 7, 7,, and 1, are the main effects for Factors A, B, and C.

» The (77);;, (T1);1, and (1), are two-way interaction effects
between the pairs of factors AB, AC, and BC.
» The (T’yn)ijk are three-way interaction effects between A, B, and C.

P The ¢, are Normal(0,0?) error terms.
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Shrimp data example

Four-week weight gain of shrimp in different aquarium settings:

T D S Weight Gain (mg) %ijx. T D @, T S ik D S gk

25° 80 10% 86,52,73 70.33 25 80 298.3 25 10 70.5 80 10 239.2
25% 544,371,482 465.67 25 160 218.7 25 25 399.3 80 25 370.2
40% 390,290,397 359 35 80 308.6 25 40 305.7 80 40 301.0
160 10% 53,73,86 70.67 35 160 291.1 35 10 369.5 160 10 200.8
25% 393,398,208 333 35 25 293.2 160 25 322.3
40% 249,265,243 252.33 35 40 236.8 160 40 241.5
35° 80 10% 439,436,349 408
25% 249,245,330 274.67
40% 247,277,205 243
160 10% 324,305,364 331
25% 352,267,316 311.67
40% 188,223,281 230.67

Temperature (Celcius), Density (# shrimp per 40 liters), and Salinity.

Data from Kuehl (2000), image from Dr. Longnecker’s notes.
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wg <- c(86,52,73,544,371,482,390,290,397,
53,73,86,393,398,208,249,265,243,
439,436,349,249,245,330,247,277,205,
324,305,364,352,267,316,188,223,281)

temp <- as.factor(c(rep(25,18),rep(35,18)))

dens <- as.factor(c(1,1) %x% c(rep(80,9),rep(160,9))) # kronecker product

salt <- as.factor(c(1,1,1,1) %x% c(rep(10,3),rep(25,3),rep(40,3)))

aggregate(wg ~ temp + dens + salt, FUN = mean)

temp dens salt

25
35
25
35
25
35
25
35
9 25
10 35
11 25
12 35

0 ~NO Ok WN -

80
80
160
160
80
80
160
160
80
80
160
160

10
10
10
10
25
25
25
25
40
40
40
40

70.
408.

70.
331.
465.
274.
333.
311.
359.
243.
252.
230.

NWOONONNONO W
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stripchart(wg ~ temp:dens:salt, vertical
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aggregate(wg ~ temp + dens, FUN = mean)

temp dens wg
256 80 298
35 80 309
256 160 219
35 160 291

S wN -

aggregate(wg ~ temp + salt, FUN = mean)

temp salt wg
1 256 10 70.5
2 35 10 369.5
3 256 25 399.3
4 35 25 293.2
5 26 40 305.7
6 35 40 236.8

aggregate(wg ~ dens + salt, FUN = mean)

dens salt wg

1 80 10 239
2 160 10 201
3 80 25 370
4 160 25 322
5 80 40 301
6 160 40 242
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interaction.plot(salt,temp:dens,wg)

temp:dens

<t \‘\\\ R ) \‘~.\.\. ''''' - 25:80
g? ‘~\\\,,' e 25-160
Y— (5) o /'/ \\\,\‘ T 3580
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© .
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E CO\] o] 2

o yl

O — :f'-'

10 25 40

salt
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interaction.plot(dens,temp:salt,wg)
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interaction.plot (temp,salt:dens,wg)

salt:dens

..............

mean of wg
100 200 300 400
\"
A
N
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(@0)

25 35

temp
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ANOVA table for balanced three-way factorial design

Source  Df SS MS F value
A a—1 SS A MS o Fy, =MS, /MSg,.o
B b—1 SOp MSg Fg = MSg / MSg, o,
C c—1 SO MSq Fo = MSy / MSg,,or
AB (a—1)(b—1) SSAB MSag  Fap = MSup/ MSgpo
AC (CL o 1)(C o 1) SSAC MSAC FAC — MSAC /MSError
BC (b—1)(c—1) SSpc MSge  Fpe = MSgc / MSgyu,
ABC (a—=1)(b—1)(c—=1) SSapc MSppc Fapc = MSapc/MSgrror
Error abc(n — 1) SStirar MSgrror
Total abcn — 1 SOt

1. Reject Hy: no A main effect if Fiy > F, | bein-1).a-

2. Reject Hy: no B main effect it Fg > Fy 1 40n-1).0-

3. Reject Hy: no C main effect it Fo > F_ j4c(n—1),0-

4. Reject Hy: no A and B interaction if Fap > F,_1)-1).abc(n—1),a-

5. Reject Hy: no A and C interaction if Fyc > Fi,_1)(c—1).abe(n-1),a"

6. Reject Hy: no B and C interaction it Fye > Fi,_1)c—1) abe(n—1),a-

7. Reject Hy: no A, B, and C interaction if Fypc > Flo_1)5-1)(c—1).abc(n—1),a-
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Shrimp data (cont)

1m_shrimp <- 1lm(wg ~ temp + dens +
+ temp:dens + temp:
anova(lm_shrimp)

Analysis of Variance Table

Response: wg
Df Sum Sq Mean Sq F

temp 1 15376 15376
dens 1 21219 21219
salt 2 96762 48381
temp:dens 1 8711 8711
temp:salt 2 300855 150428
dens:salt 2 674 337
temp:dens:salt 2 24038 12019

Residuals 24 69691 2904

Signif. codes: O '**x*x' 0.001 '*x'

salt
salt + dens:salt + temp:dens:salt)

value Pr(>F)
5.30 0.030 =
7.31 0.012 x
16.66 2.9e-05 ***

3.00 0.096 .
51.80 2.0e-09 *xx*x*
0.12 0.891

4.14 0.029 *

0.01 'x' 0.056 '." 0.1 ' ' 1
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