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Tensile strength example from Kuehl (2000) ... -3

f,,= ©% Bop A
" - 63
03
A o7 Table 6.3 Tensi i i i -
W e 6. ensile strength (psi) of asphaltic concrete specimens for two aggre
/ gate types with each of four compaction methods g L = 4
Compaction Method
Aggregate un R Kneading % 9
Type Static Regular Low Very Low
A A Basalt 68 126 93 56
\ 63 128 101 59
65 133 98 57
-2 Silicious 71 107 63 40 Yz.’u
a* 2 66 110 60 41
66 116 59 44
Source: A. M. Al-Marshed (1981), Compaction effects on asphaltic concrete durability. M.S. thesis,
Civil Engineering, University of Arizona.
ab = Y

y <- c(68,63,65,71,66,66,126,128,133,107,110,116,
93,101,98,63,60,59,56,59,57,40,41,44)
agg <- as.factor(rep(c(rep("B",3),rep("S",3)),4))
comp <- as.factor(c(rep("st",6),rep("r",6),
rep("1",6) ,rep("v1",6)))
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The two-way factorial experimental design

» Two factors of interest.
P Each factor comprehends a set of treatments, called its levels.

P@andomly assigned to treatments.
» Each treatment is a(unique combinations of factor levels.

» If Factor A has a levels and Factor B has b levels.
» There are c’L_b‘treatment groups.

We want to make inferences about:

1. The effects of each factor.
2. The interactions between the two factors.
3. Various differences in treatment group means.

Discuss: Give factors and their levels in the tensile strength experiment.
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Main effects and interactions

A main effect is an effect of a factor which does not depend on the level
of the other factor.

An(interaction is any dependence on the effect of one factor on the level
of the other factor.
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2 ve of £"‘4-" A
Two-way treatment effects model i@ lend .
baselin imsan \'I g7 et o e

aMMﬁ pz

Suppose the responses ariselas

L) M+
&L / e +::m|,:,,.‘4{u\
Y@ LT T’)/)ij 3

fori=1,...,a,7=1,....b,and Kk =1,. @ where .\.,u*"“‘*
R gVs
> Y, 1. is the response for EU £ under level 7 of A and level j of B.
P /. represents a baseline or overall mean
» The 7, are the main effects for Factor A.
» The 7y, are the main effects for Factor B.

» The (77);; are the interaction effects between A and B.

» The ¢;., are Normal(0,0?) error terms.

17k

whew you han B 4 EUs n edh nhed

Assume for now
krzf”ﬂr. Com binctron .

1. a balanced design, i.e.n;; = n|for all i, j

2. with replication, i.e. n > 2.
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Parameter constraints in the treatment effects model

O -ty ‘fzj = opt T. + & ; Crlens,  yrlieyn
w; LcA /A/ f".-'. ,CQ' %o aQ +‘ PQ'QMM A“MT"'? (N +ﬂ.+h.~+ MS.
§o W st T =eo. Tt ped b aduh /h) LS

Treatment effects model has a + b + ab + 1 parameters for ab means..

To identify the parameters uniquely, we usually set
T = 0, M1 = 07 and (7-'7)13 — (7"}’)2-1 = O for all Z,]

Then p is the mean of the baseline treatment at level 1 of each factor.

Yoo = p+ T * { + (’H);‘- * Lo xS
w © ) -
p T 1 T VRS
| o b 4‘0 o= a9

A ‘).,L‘ bf 1+ & ¢ b +ab Patcm‘l’m.
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; + 7. 4+ 5.7 GM’)C{ T ik
Tie = A
‘9
= M+ e
Exercise: Let a = 2 and b = 3. Can tabulate the response means as:

1 2 3

1 prr () aFn NG T ()

2 ptTo+y1+H(TY)21 B+ To+Yo+H(TY)ae  pt+To+Y3+H(77)23
’t - O p f"’ao

Rewrite the table under the p-as-baseline constraints :

=_—
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4 =
/AA j/\ + "1_ /A + -‘3
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Cell means model representation

Assume
Yiie = Mij T €ijk

fortr=1,...,a,5=1,...,b,and k= 1,...,n.., where

ijr
P Y, is the response for EU k under level i of A and level j of B.

> f4;; is the response mean under level ¢ of A and level j of B.
P The ¢, are Normal(0, 0°) error terms.

Define the marginal means

o 1 . N R .
Hi. =5 Z'uij’ t=1,...,a and p,;=— Z:“ijv j=1,...,b.
j=1

—

1 & b
and the overall mean = — Z“ij'
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Hypotheses of interest in the two-way factorial experiment

1. Hy: Factor A has no main effect.

Hot g, =+ = flg,.
2. Hy: Factor B has no main effect.
—l——
Hot fiq == [iy

3. Hy: There is no interaction between Factor A and Factor B.




Example: Let a = 2 and b = 3. Can tabulate the response means as:

1 2 3

- . " 2 +/‘o‘53 /'5
L gy g s | Pee T 2o
2 o1 Moo Moz /Tn. = [/‘zu“'/‘"*/‘”’)/‘s

o=

oy
VA S S () i e b

Make sense of the hypotheses OT no main effects and of no interaction. ©

"'".. "J'f 3/‘2
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Goals in two-way factorial experiments puck- A

(¢
c-“"‘.“ e ’ “‘v
b 6_@-)' ; ?&L, ©
.\
In the two-way treatment effects médel g 4 et
/ € / s
[
| - . [l
where 57 Normal(0, 02), we wish to L T e ot hotores
¥ —— ‘. J 5 y R T A.
" Visyalize the data. A D

ate the parameters u, 7;, v;, (77);;-
timate the error term variance o2.
Check whether the model assumptions are satisfied.
Decompose the variation in the Y, into its sources.

Test whether there is any effect of the factors on the response.
Test for main_effects and interaction effects.

. . —_—— =
Do multiple comparisons.

© N oo
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Tensile strength data (cont)

Wf“,“"
§¥Hb‘”sJk o
boxplot(y ~ comp:agg) Geer*™  Aw ﬂ’;, Lo
g \
4 —
v N - e b ¥
“ — D
s — P
* 8 4 3y =
. S ===nnr .
> c'a-“\' -~
8 ] 'b""l ﬁ 19‘5‘
W\ i
% ——
S - [ | ====-(0.C%
'ou,ﬂ»-“\"f‘""
E? | C—
| | | | | | | |
|.B r.B st.B vi.B .S r.S st.S vI.S
comp : agg
{ Y st v‘

Comp:

agy: D 5

12/55



Tensile example (cont)

Ay
Ts

Use summary () on the 1m() function output.

1m_out <- ]_m(y ~ agg + comp + agg:comp) y z 3 “.

summary (lm_out) 4 y
T A: S Facko %: L st
acy

Call:
Im(formula = y ~ agg + comp + agg:comp)

Residuals:
Min 1Q Median 3Q Max
-4.3333 -1.6667 -0.6667 2.3333

4, = 0 ...
Coefficients: |
Estimate /Std./E Pr(>Itl)
(Intercept) [97.333Y ,.¢ 1 < 2e-16 **x
-3§§S -36.66 155 2.517 -14.570 1.18e-10 x**x*
compr 31.667| ¢ 2.517 12.583 1.03e-09 *x*x
~32.000 Yae 2.517 -12.716 8.85e-10 **x*
40 .000) 3v9 2.517 -15.894 3.20e-11 *x*x
18.667|(16)s, 3.559 5.245 8.01e-05 *kx*
39.000 Eﬁs«-3.559 10.958 7.58e-09 *x* A
21.000| (#4),,,3.559 5.900 2.24e-05 *x*x @:‘)
2%
Signif. codes: 0 '*fx!' 0.09} 'xx' 0.01 'x' 0.05 '.' 0.1 ' "1 ; qu;}
Té)24 “ . A“ re
Residual standard qrror: 3.082 on 16 degrees of freedom . ed* P *L' ;uVV‘-

Multiple R-squared:} 0.9921,

Adjusted R-squared: 0.9887 ors
F-statistic: 287.6,bn 7 and p-value: 1.305e-15
u 1 : ;.1 ('5'\\ e ’L
MST@T" 3 .‘o(h"\ -

fat® Seus | Wb

()
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Ty = pt 8t iy & (ﬂ)c‘i * F
\_—~~ —
#

Exercise: See how the parameter estimates build the treatment means.

aggregate(y, by =\list(agg, comp), FUN = mean)

A +
"
Group.1 Group.2 Xff W$ . :-’a s
B 1 97.33333 -y

1 A ~ N

2 S 1 60.66667— S T Ts T s 7t 'ff)sﬂ-

3 B r 29.00000> ze zo

4 S r 111.00000 . 1333 + (-3c.co%) = Goocr.
5 B st 65.33333

6 S st 67.66667

7 B vl 57.33333 A A + G 6)

8 S vl ,41.66667 AL Tt 1, L F

/‘ A~ Py -)

) 74.%% * 0 * ‘}'.Laq < lZﬁ.OO oo

N A -
+ Tg+ A, (’“BSW-

A
ro2
. 9.3 & () ¥ [0) 3 2lo = 91663
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The fitted values

Define the treatment group means

- 1
Y == Y fori=1,...a, j=1,..b
@kzl q_”. JU
Taend "J’\w\ ad
Then the 4 e

P fitted values are the treatment group means, i.e. ffijk =Y.

P residuals are the deviations from the group means €, = Y, — ;. .

In the cell means model, we estimate yi;; with 11, = YLJ V1.
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Estimating the error term variance

An unbiased estimator of the error term variance(og“ is given by

A‘DM.PW ’Lljlk‘lv‘”" e “acr-—""

which is the sum of the/squared residuals divided by ab(n — 1).

\,J‘,_ L-w» 45' Io v n J’v"-'\ o))(uw"'f'v\

s
a\m -

et

- fw»* s . h
L.l- 5»* i M,J.,J‘S

mol‘ e
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Checking model assumptions

Validity of the methods in these slides depends on these assumptions:

1. The responses are normally distributed around the treatment means
(Check QQ plot of residuals).

2. The response has the same variance in all treatment groups (Check
residuals vs fitted values plot).

3. The response values are independent of each other (No way to
check; must trust experimental design).
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Tensile example (cont)

plot(1lm_out,which = 2)

Q-Q Residuals
o T 120
© 90
3 0 ©
S T 7 00°
g o
5 2 7 00
O 00
© 500
o 0000
-
S T Q.
& 0.
013 o
| | | | |
-2 -1 0 1 2

Theoretical Quantiles
Im(y ~ agg + comp + agg:comp)
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plot(1lm_out,which = 1)

L]

ned '

Residuals vs Fitted o o
1 © 34w4‘
* iéﬁ —
< . 90
— @)
% ol — @) o @)
__5 i O
7)) @) (@)
O O O o) O
T ~ | o o o
@)
<T N 130 ©
| | | ] i | y
40 60 80 100 120  Ti;.

Fitted values
Im(y ~ agg + comp + agg:comp)
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Sums of squares in the two-way factorial experiment, .

. L 2L 1
\,M\LHI s N ‘1... b f".ﬂ,ﬂ il
,L ‘|'L Al er«“" ‘;T**"'M"' combindren

SS Symbol Formula
Totl  SSn, X0, X X (i VP
Treatments ZZ 123 L n( Y T
Error SSpee X, Y Zkb
C N oide &.‘ _ SSEcrer

ab (n-)

» We have SSt; :VSSTr&—I—\SSErrOJ
| o

SO
P We again define B2 = -t Aluo,¢ hee &
SSTot

» Can further decompose SS,, into SS from main effects and
Interactions.

el
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ANOVA table for overall F test
b - ab

K_ L '[:7“* hewn coopib -‘F‘{j‘ i c"’."‘i:.:&:&m
Source Df \ SS MS F value p value
Treatments ab — 1 % MS F it P(F > Fstat)
Error @b(n — 1) S Error MSError
Total abn — 1 SOt
o tMuS'l’ Pt compe Y. Dfrr  + e - ‘D\fﬂ*
w\ F o Loy + s<bln-y = aba-
MSTrt ?

» The F statistic F.,,, = tests

MSError

TN & Hhe bt

Hgy: All the i, ; are the same. ( T

Hy: The p,, are not all the same.

> Reject HO it Fstat > Fab—l,ab(n—l),a'
abo (v Y

/ Fah“l "
o

— ——

Tyt 21 /55
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Exercise: Make ANOVA table for the tensile strength data. Interpret!

a <- 2

b <-4

n <- 3

yhat <- predict(lm_out)

ehat <- y - yhat

SSE <- sum(ehat™2)

MSE <- SSE / (a*b*(n-1))

SSR <- sum((yhat - mean(y))~2)
MSR <- SSR / (a*b - 1)

SST <- sum((y - mean(y))~2)
Fstat <- MSR / MSE

pval <- 1 - pf(Fstat,a*b-1,a*xb*x(n-1))
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Source Df SS MS F value p value

Treatments 7 1912250 2731.79 287.5564 0.0000
Error 16 152.00 9.50
Total 23  19274.50
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Further decomposmon of treatments sum of squares

SSver° -Z'Z JOSRER

(R \J"

Define main effect and interaction sums of squares SS,; SSB and 'S5, p:

b

>SS, Y-V (Tr BB E e

bn JIR'J

» SS, = an Zb-:l(?j. —-Y )?
D SSap=nY Y (Y, — (Y, 4V, =V )
(1--7)- (7..-7.) -

In the balanced design we have

%

(75 -7-))

SSrpy =SS, +SSp +SSap -

SSpe * SSmr = (SSa SS$p)
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Compaction Method

Aggregate y 2z Kneading % 4
Type ]
A Basalt
\
Silicious
7

6. S 120.0 39.0 19.9 mes of
all dheodess
Ce Z
‘;SA : ‘/«s[(zq.zs- 37.95 ) + (%o.2s - ??.?S\)&
554 = 2w [fo6.5 - mas) + - \

55,5_&’ $§TPV - CSSA + SQB\



Full sums of squares in two-way factorial experiment

w&?
+
%
uw SS Symbol Formula
+
u  Total SSros > Zg " > L (Vi —Y )?
o« (A SS . bn 'S _1( Y )2
ol 331, Y (Y, —V.)
(7] _ _
LA\_B SSAB nzizl ?jzl( ij. (Y; —l__ Yj - Y>>2
Error SSError Zizl ijl Zk:1<}/zjk o K])Q

» We have SS+, = ESA +SSg +SSAp + SSgrror-

~/ —)
S5+ T
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Full ANOVA table for balanced two-way factorial design

D‘F‘ﬂt‘f = &b-V = 'D‘F'A"l"D‘P.B-I' NA"B
- G e\ + b=y + Ca-hLb-l)

-

Source Df SS MS F value
lI A a—1 SSA MSA FA — MSA / MSError
M“ B b—1 SSB MSB FB — MSB /MSError
nw (_AB (a—1)(b—1) SSxg  MS,p  Fag=MS,p/MSg,,,
Error CLb(TL — 1) SSError MSError
Total abn — 1 SS ot

o Fahe B, Fach- A hes o .,#«st\
- - ... = - f?h""“‘— J
/A‘. - /q. (

1. Reject Hy: no Factor A main effect if [y, > Fa—1,ab(n—12,a-

2. Reject Hy: no Factor B main effe% it Fg > Fy 1 abin—1),a-
3. Reject Hyy:'jno A and B interaction\if Fxp > Fl,_1)(p-1).ab(n—1).0-

(Fimere T A,
‘F‘J" ﬂ} hen we
Mt )

& Fa- ', abln-\\
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Tensile strength data (cont) L”gws & e A an

ﬁ(rof

6 Ao nL IM(H’Q "l‘L. lcw‘ o
He ot fach

Obtain ANOVA table with anova() function on 1m() output.

anova(lm(y ~ agg + comp + agg:comp))

Analysis of Variance Table

q-1 22171 b-v = 9-1 =3
Response: y “
Soorce Df |Sum Sq Me q F value Pr(>F) _5"" k,‘ ” (s
“agg 1734.0 182.526 [3.628e-10 **x N e
comp 6244 5414.5 569.947]< 2. 20-16 sk | st‘\' " Javacttre
agg: comp 1145 381.7 40.17501.124e-07 #**é& L we d \
Residuals (16) 9.5 ; ° A e
7 @-D(h-2:@-D(1-D=3 g shald T
Signif. : 0 'skx' 0.001 '#%' 0.01 'x' 0.05 '.' 0.1 ' ' 1 . &£

- o® -0 = Ses '
ab(n-0) = 279 (3-0) = Ib p‘"’“’kw o
Important: anova() function only appropriate for a balanced design. *
s f\.%s.
mhees
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Interaction is significant. Now what?
4===;—;-E-;E;g;_;;_:_;;;;=-‘-==========E§EEEEEEE:::__

When you find a significant interaction:

1. Make interaction plots (next slides).
2. Be very cautious about interpreting main effects, even when these
are statistically significant.
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Tensile strength data (cont)

Use the interaction.plot () function to visualize an interaction:

interaction.plot(agg,comp,y)

8 ) Y'b.r .....................................................
V\"‘ l;m Cro'Y ov L“‘V" |
S 4 % . & sleps, i+
‘? S “?u\ 0~.\.\.\ d'mwl ¢,U3M“ )
(@) ""-\\\
c -
5 8-
L (Cm——
3 ——§§~ / o
*ﬁ,v\ . 
o _| ?S,vl
#
B S
L)
A Ak e
oz P agg >
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Interactions appear as crossing lines or differing slopes.

interaction.plot(comp, agg, y)

c.1. = (2 24.33, =©

A az 2
¥
o
C\I —
o
> O —
©
C
o
o @
-
o _|
(o
o _|
#
| comp - 9 z 5.6
'\) 9‘)"}.—?&“- 15.6%

A9
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Estimates of cell and marginal means in the balanced case

The estimators of the cell and marginal means are given by

We estimate ,EL% with Y, (and ﬁ_j with 1_/]) only when n,. = n Vij.

(%
Y l}"‘ ' Y 2 4

=

i ﬁ.&“ A hal‘.ﬁu‘

. .qz' ff‘t ‘fz‘s ?“I o ‘r&
Y ;.lo ;.‘t fr 3 Y b/ 1.
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Some Cl formulas (without familywise adjustment)

These Cl formulas are for the balanced design n. .

i =1 Vij.

Target (1 — «)100% confidence interval

Hij t ab(n—1), a/sz\/% -
ij ._Y”iLnla/zf}\/g

f fhi 7 Y

i, V. + Lap(n-1), 06/20\/;

i Y £ tabin-1),0/201/ a5

fi, — Hyr. Y, =Y, + tab(n—l),oz/QO-\/%
=iy V) = Vi & tasin .00y

In the above & = /MSg, ;-
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Comparing means at all factor level combinations

b 4

w ] Jhw N A S \ ab = Z(‘t‘)‘i N ey
T avl - Jo Py M\ Cﬂ ?‘-’l—, 28  Comparset
» Tukey's for comparing all pairs among pit =150, 7=1,...,b:

(D‘Fém' mnv
.—Y// :l: (n— 17047 (%])#(’L/y]/)

fﬁ'l@f cenabintrra
» Dunnett’s for comparing all means f;; to a baseline fi,:

Use 0 = \/MSg,,0r-

These may make more comparisons than are of interest...
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Tensile strength data (cont)

TukeyHSD (aov(1m(y ~ agg:comp)))

Fit: aov(formula =

Tukey multiple comparisons of means

95%, family-wise confidence level

Im(y ~ agg:comp))

$ agg:comp”
diff lur upr p adj

S:1-B:1 -36.666667 -45.379555 -27.9537785 0.0000000 A’ B,k

B:r-B:1 31.666667 22.953778 40.3795548 0.0000000

S:r-B:1 13.666667  4.953778 22.3795548 0.0011210

B:st-B:1 -32.000000 -40.712888 -23.2871118 0.0000000

S:st-B:1 -29.666667 -38.379555 -20.95637785 0.0000001 ‘i:)

B:vl-B:1 -40.000000 -48.712888 -31.2871118 0.0000000

S:v1-B:1 -55.666667 -64.379555 -46.9537785 0.0000000

B:r-S:1 68.333333 59.620445 77.0462215 0.0000000

S:r-S:1 50.333333 41.620445 59.0462215 0.0000000 fs;

B:st-S:1 4.666667 -4.046222 13.3795548 0.5964603

S:st-S:1 7.000000 -1.712888 15.7128882 0.1678762

B:vl-S:1  -3.333333 -12.046222 5.3795548 0.8765993

S:vl-S:1 -19.000000 -27.712888 -10.2871118 0.0000257 dﬂ’—’

S:r-B:r -18.000000 -26.712888 -9.2871118 0.0000501 l o

B:st-B:r -63.666667 -72.379555 -54.9537785 0.0000000

S:st-B:r -61.333333 -70.046222 -52.6204452 0.0000000

B:vl-B:r -71.666667 -80.379555 -62.9537785 0.0000000

S:v1-B:r -87.333333 -96.046222 -78.6204452 0.0000000

B:st-S:r -45.666667 -54.379555 -36.9537785 0.0000000

S:st-S:r -43.333333 -52.046222 -34.6204452 0.0000000 ‘\’ J‘b

B:vl-S:r -53.666667 -62.379555 -44.9537785 0.0000000 \ un\l"

S:vl-S:r -69.333333 -78.046222 -60.6204452 0.0000000 N* \\

S:st-B:st  2.333333 . -6.379555 11.0462215 0.9785200 /? x,, “g.' 0.._.«“‘7
[ B:vl-B:st -8.000000 —16.7128§§ 0.7128882 0.0842128 ot ' &

S:v1-B:st -23.666667 =32.379555 -14.9537 . Lﬁy.f

B:vl-S:st -10.333333 -19.046222 -1.6204452 0.0145554 ‘?QA"

S:v1-S:st -26.000000 -34.712888 -17.2871118 0.0000004 ‘\' L L’V"

S:v1-B:vl -15.666667 -24.379555 -6.9537785 0.0002561 (‘;;' ta e

OP o
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Easiest way to do Dunnett’s is to convert the design to a one-way:

agg_comp <- as.factor(paste(agg,comp,sep="_"))
levels(agg_comp)

[1] IlB_lll llB_rll "B_St n llB_vlll IlS_lll HS_rll "S_St ] llS_vlll

library(DescTools)
DunnettTest(y ~ agg_comp, control = "B_st", conf.level = 0.95)

Dunnett's test for comparing several treatments with a control :
95% family-wise confidence level

v

$B_St ““\X* ‘)“

ar diff lwr.ci upr.ci pval
B_l 32.000000 24.643829 39.3561715 3.8e-10 x*x*x*
B r-B_st 63.666667..56.310495 71.0228381 < 2e-16 x**x*
§B_Vl—§_st -8.000000 .356171
S_1-B_st, -4.666667 .0228 .689504& 7 0.3264
S r-B st 45.666667 38.310495 53.0228381 2.8e-15 **x* \\
S_st-B_st 2.333333 -5.022838 9.6895048/7/0.8882
S_vl-B_st -23.666667 -31.022838 -16.3104952 1.1e-07 x**x*

Signif. codes: O 'x*xx' 0.001 'xx' 0.01 'x' 0.0 '.' 0.1 ' ' 1
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boxplot(y ~ comp:agg) &Qeer*™ 3w - W

%
W

v
L
.’g
[
>

=2

A

60 80 100 120

40

_

——
¥
'pauh/ . %“ l -
— —
==~ Tye.e
o cs-“' -
l° ‘ b v”lsl'
" —_
_.
o = 50, &4
[ Y f'»,':acm
—
| | | | [ [ [ [
1.B r.B stB Vvl.B .S r.S st.S VIS




Comparing factor level means at fixed level of other factor

W: @;‘ﬁ sgirpde, compn Wl pan £ cvpetn o s o

%‘L‘

Fix Factor A at level i and compare/means across fac@

P Tukey's for comparing all pairs among fi;q, ..., fl;p:
T,hc, ‘hu‘/ Blevdls of focker ®
1
1<j<j3 <b

Same levd £ Fachs A/ ola'u-J' levels £ + . FDLPIN'
» Dunnett’s for comparing [ijy -y i p—1 tO baseline i

_ _ /2 .

Yij. — Tab. :I:db,ab(n—l),a o E? J = 177b—1

To do this at all levels : = 1, ..., a, divide o by a (a la Bonferroni)!

Likewise if comparing means of factor B at fixed levels of factor A.
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Tensile strength data (cont)
ﬁ, ’ﬁass\‘\' P | -H..,_ gn, )),":c.'us

For each aggregate type, compare all pairs of compaction method means.

Ensure that the familywise coverage probability is at least 0.95.

Use Q4716,005/2 = thkGY(1_0.05/2,4, 16) = 454763 z,o,('ga\)f b

=1
- - + A \ a
- - b, ab(n-), ¢ 0 | =
€y Yo . = Tost 36, ‘ " bz
rel
yl1l. <- mean(yl[agg == "B" & comp == "N nz
y12. <- mean(yl[agg == "B" & comp == "r"])
y13. <- mean(y[agg == "B" & comp == "st"]) %‘(,lb, 0.0¢
yl4. <- mean(y[agg == "B" & comp == "v1"])
y21. <- mean(yl[agg == "S" & comp == "1"])
y22. <- mean(yl[agg == "S" & comp == "r"]) ‘}O'Z'L
y23. <- mean(y[agg == "S" & comp == "st"])
y24. <- mean(yl[lagg == "S" & comp == "v1"])

alpha <- 0.05
me <- qtukey(l-alpha/a,b,a*b*x(n-1)) * sqrt(MSE) / sqrt(n)
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ttab <- rbind(c(y11.
c(y1l.
c(yll.
c(y12.
c(y12.
c(y13.
c(y21.
c(y21.
c(y21.
c(y22.
c(y22.
c(y23.

rownames (ttab) <- c

- y24.
("B:1-r",

. — me,
. — me,
. — me,
. — me,
. — me,
. — me,
. — me,
. — me,
. — me,
. — me,
. — me,

- me,

yi1.
yi1.
yi1.
y12.
y12.
y13.
y21.
y21.
y21.
y22.
y22.
y23.

yl2.
y13.
yl4d.
y13.
yl4d.
yl4d.
y22.
y23.
y24.
y23.
y24.
y24.
"B:1-st","B:1-v1",

me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) ,
me) )

"B:r-st","B:r-v1","B:st-v1l",

+ + + + + 4+ + + + + + 4+

"S:1-r","S:1-st","S:1-v1","S:r-st","S:r-v1","S:st-v1")
colnames(ttab) <- c("lower","upper")
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Tukey/Bonferroni-adjusted confidence intervals comparing all pairs of
compaction methods for each aggregate type:

ttab " ‘[.“a é
b =1 e )Y o T
lower upper
[ B:1-r -39.75923299 -23.574100
B:1-st  23.90743367 40.092566 | (. 41 p o £’ GM{"A”“ ks
B:1-vl  31.90743367 48.092566 g S
B:r-st 55.57410034 71.759233 A -@«.H— *&xﬂr“‘
B:r-vl 63.57410034 79.759233
B:st-vl -0.09256633 16.092566 |
S:1-r -58.42589966 -42.240767
S:1-st -15.09256633 1.092566
S:1-vl  10.90743367 27.092566
S:r-st  35.24076701 51.425900
S:r-vl  61.24076701 77.425900
S:st-vl 17.90743367 34.092566

We

b, +u.

VuLs o

b\\'u qmﬂ«.‘i ’r.,"c7‘ bac thook chg Ss -
(mm*\

SLG-‘A



|[dentify which differences are not significant in the interaction plot:

interaction.plot(agg,comp,y) ‘(\ P“::,'; o r\-":‘\‘: ,\E\,.,-\ wad* UU
[V (" P
o
Al
>~ 3
©
C
s
S
o
©
o
<
B
o
ﬁ\f*‘:‘*’% T agy /
Dou\ﬁ‘:s ﬁ'vﬂ"c“* .
P2
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Tensile strength data (congq L ( n=d

N
7
7 T, t] dan. |7 =
(L e G,a¥ — "
- T2.51
't-bdulh' W>””J&3 £ me

For only the basalt aggregate type, compare all compaction method
. __f—
means to that of the static method.

Use dy 16.0.05 = 2.99 from the table on the next slide.

me <- 2.59 x sqrt(MSE) * sqrt(2/m)

dtab <- rbind(c(y1l. - y13. - me, yl1. - y13. + me),
c(yl2. - y13. - me, y12. - y13. + me),
c(yl4. - y13. - me, yl4. - y13. + me))

rownames (dtab) <- c("B:1-st","B:r-st","B:vl-st")

colnames(dtab) <- c("lower","upper")
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Table A.5 Critical Values for Dunnett's Two-Sided Test of Treatments versus Control.

0 ate\ine
/

2.59

T= NM Groups Counting Both Treatments and Control
Error df (Two-sided 71"\ 2 3 T—fs . = -
~——
5 0.05 257 3.03 329 | 348 | 362 | 3.73 3.82
;i e 403 | 463 | 497 | 522 | 541 5.56 568
6 0.05 2.45 2.86 3.10 3.26 3.39 3.49 3.57
6 0.01 371 | 421 |[ESEM| 471 | 487 | 500 | 5.10
7 0.05 2.36 275 (KU 312 | 324 | 333 3.41
7 0.01 3.50 3.95 421 4.39 4.53 4.64 4.74
8 0.05 2.31 2.67 2.88 3.02 3.13 3.22 3.29
8 0.01 3.36 3.77 4.00 4.17 4.29 4.40 4.48
9 0.05 2.26 2.61 2.81 295 | 305 | 3.14 3.20
9 0.01 3.25 3.63 | 385 | 4.01 412 | 422 430
10 0.05 223 257 |l 276 | 289 | 299 | 3.07 3.14
10 0.01 3.17 353 |1 374 | 388 | 399 | 4.08 4.16
11 0.05 220 | 253 |NCEEEEM 284 | 294 | 3.02 3.08
11 0.01 3.11 345 |1 365 | 379 | 389 | 3.98 4.05
12 0.05 2.18 250 | F2l68 I 2.51 290 | 2.98 3.04
12 0.01 3.05 339 | 1358 | 3.71 3.81 3.89 3.96
13 0.05 216 | 243 | CKEEM 275 | 287 | 294 3.00
13 0.01 3.01 333 | NOGOMMl 365 | 374 | 3.82 3.89
14 0.05 2.14 246 | Boleamll 275 | 284 | 291 :
14 0.01 2.98 329 | 347 | 3.59 } 3.83
15 0.05 2.13 244 | 261 273 47282 | 289 2.95
15 0.0 295 305 | 55 | 3.64 | 371 3.78
16 1 212 | 242 €25 271 280 | 2.87 2.00
16 01 292 | 322 739 | 3.51 360 | 3.67 373
17 0.05 2.11 2.41 258 | 269 | 278 | 2.85 .90
17 0.01 200 | 319 | 336 | 347 | 356 | 3.63 3.69
18 0.05 210 | 240 |WN2ISEMM 268 | 276 | 2.83 2.89
18 0.01 288 | 317 | 344 | 353 | 3.60 3.66
19 0.05 509 | 239 (MOESM 266 | 275 | 281 | 287
19 0.01 286 | 315 | 3.31 342 | 350 | 357 3.63
5 3 2.80 2.86
09 | 238 (2SN 265 | 273
= . iy 3.29 3.40 3.48 3.55 3.60
20 0.01 2.85 3.13 1 5
y .34 2.50 2.61 2.69 2.75 2.81
25 0.05 2.06 2.34 : 5 8
0 3.21 3.31 3.39 345 351
25 0.01 279 | 3.06 :
‘ 5 2.58 2.66 2572 2.77
2.04 2.32 2.47
2 i 575 | 301 [\GEEN 325 | 333 | 33 3.44
o o Son | 220 | S| 254 | 262 | 268 | 273
o 8 oo | 205 | 300 | 319 | 326 | 332 | 337
40 s af 207 | 241 251 | 258 | 2.64 2.69
e e 2 s 290w 308 %[ 1312|7319 |35 | 329
60 0.01 2.6 290 | 2% |
I’R()UMC('I)UNNET T2°,.,1 — a,dfk), where k=T—1.

. > function
This table produced from the SAS System using funct

Figure 1: Table A.5 from Mohr, Wilson, and Freund (2021)
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Dunnett’'s comparison of compaction method means to the static method

when the aggregate type is basalt:

dtab

lower upper
B:1-st  25.48198 38.518024
B:r-st 57.14864 70.184690

B:vl-st| -14.51802 -1.481976

> Nome e

- o

MGAW

r 3%, 1

Al

Lo

Zer ,

Avre

He

At
b atldae
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Interaction not significant. Then what?

If the interaction is not significant:

1. We can interpret main effects.
2. We can make meaningful comparisons among marginal means.
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Comparing marginal means in the absence of interaction

For making comparisons among the‘marginal means of Factor A:

P Tukey's for comparing all pairs among iy , ..., fi, :

1
Y, =Y., ;l;qaab(n Dol 0—F—, 1<i<i <a

Von'
(V\‘u a=1, 'l'lus Commes Lu.- ’L 0(“&"‘"*“‘\

» Dunnett’s for comparing iy , ..., i, 1 to a control mean [ :
_ _ /9 .
)/; — Ya” + da,ab(n—l),a o %, 1 = 1, oo, A — 1.

Still use 6 = /MSg,,0r-

Do likewise for making comparisons among ( 4, ..., i, of Factor B.
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Serum glucose example from Kuehl (2000)

Two methods for measuring serum glucose level at three glucose levels.
-

y <- c(42

method <-
glc <- as

Py _
Method 1 Method 2 ?Mg o
Glucose Level ] 2 3 / 2 3
42.5 1384 180.9 39. 1324 176.8
43.3 144.4 180.5 4053 “M132.4 1356
42.9 &142:7 13830 41.2- 130.3% 1749

Source: Dr. J. Anderson, Beckman Instruments Inc.

.5,43.3,42.9,138.4,144.4,142.7,180.9,180.5,183.0,

39.8,40.3,41.2,132.4,132.4,130.3,176.8,173.6,174.9)
as.factor(c(1,1,1,1,1,1,1,1,1,2,2,2,2,2,2,2,2,2))

.factor(c(1,1,1,2,2,2,3,3,3,1,1,1,2,2,2,3,3,3))

P |s there an interaction between the method and the glucose level?
P If not, can we describe the main effect of the method?
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Im_glc <- 1lm(y ~ method + glc + method:glc)
plot(lm_glc,which = 1)

Residuals vs Fitted

m_
50
C\I_
160 o
n T 7] o
o @)
- O —
S Cg O~
I e O
N — O
D
o O o)
Al |
I
40
<T _

I I I I I I I I
40 60 80 100 120 140 160 180

Fitted values
Im(y ~ method + glc + method:gic)

Variance appears smaller at lower glucose level. Try using log(Y; ).
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1m2_glc <- 1m(log(y) ~ method + glc + method:glc)
plot(1m2_glc,which = 1)

Residuals vs Fitted

S
L S o ©
S & 4 o : -
S @) o) O
$ o)
O
o — O O
Ql O
o |
o
I 40
I I I
4.0 4.5 5.0

Fitted values
Im(log(y) ~ method + glc + method:glc)

This looks better.
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plot(1lm2_glc,which = 2)

Q-Q Residuals
N ] ...'."'
o 50 . 120
©
i o O @)
(7))
o)
N 00
O O..-O'
e T
© O
ZE
b o4
I I I I
-2 —1 0 1

Theoretical Quantiles
Im(log(y) ~ method + glc + method:glc)

Normality check looks okay.
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az 2
F‘A" A’ : M"u”’t n=- 3
L= 3
P ‘ Co %o \GUJ
A B OV
Method (D Method 2
anova(lm2_glc) Glucose Level / 2 3
1809 39.8 1324 176.8
433 1444 180.5 40.3 1324 173.6
. . 429 J\42.7/ 183.0 41.2 130.3 174.9
Ana1y31s of Variance Table Source: Dr. J. Anderson, BecanstruMs Inc.
-122-°\
Response: log(y) q-1=7
Df /Sum Sq Mean Sq F value Pr (>F) et a
method 0.0143 78.1091 1.337e-06 *x*x* R'N‘ no 1
glc 3.5967 19670.4837 < 2. " Y “6.
method:glc |(2) 0.0006 3.0574 P ATy
Residuals \8'?9024 = Frotesd o -lbma,&
Signif. codds: ekt 0,001 k%' 0.01 k' 0.05 1.0 0.1 ' ' 1 jfkeractin in act
- cnilreadtt,
[ (=3l = (22 (-9 2 vt

There is only weak evidence of interaction. Check interaction plot.
ablh™0Z 23 (3-0) - 12

Source Df SS MS F value
l; A a—1 SSA MSA FA — MSA / MSError
M“ B b—1 SSB MSB FB — MSB / MSError
) AB (CL — 1)([) — 1) SSAB MSAB FAB — MSAB / MSError
Error EEC’I?, T l) SSError MSError
Total abn — 1 SS ot
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interaction.plot (method,glc,log(y))

-

Yis, s Tf’ ;
- g
Q _’._‘ )
Lo M. (‘f;’ ______________________________________
- , Yoo,
(@)
s
— '[2 ]
TS <
C
©
()
€ o
< -
-
*””(f.' .............................................................................. .7”,'0)'
1 2

method
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interaction.plot(glc,method,log(y))

o | method
= oo
>
5 — 2
o)
O o |
5 <
-
©
()]
£ o _
q—
sl‘ jb 'zi“"“' L"
1 2 3
— -—
glc

It appears safe to ignore the interaction and report on main effects.
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Call the method Factor A; build a Cl for 1; — fi, (just one comparison).

— — .1
Sincca=2,b=3,andn=3,useY; —Yy5 +G933 10050

a <- 2

b <- 3

n <- 3

alpha <- 0.05

yl.. <- mean(log(y[method == 1])) # remember we are using log(y)
y2.. <- mean(log(y[method == 2]))

MSE <- sum(1lm2_glc$residuals™2) / (a*b*(n-1))

me <- qtukey(l-alpha,a,a*b*(n-1)) * sqrt(MSE) / sqrt(n*b)

lo <- yl1.. - y2.. - me
up <- yl.. - y2.. + me
c(lo,up)

[1] 0.04244809 0.07022545

Since a = 2, q, Jab(n =2 tab(n—1),a 2, SO it is just a t-interval.

V33
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Possible workflow for factorial experiments

‘M-ou‘\ & lm LY ~ A’ 4"5"' A':B\

wo ot
Overall F test of significance 3;’:":‘2’ 4 ‘?-“\ }N ol Fead
( o ge r-"“") Fail to reject null Reject null { A=\ p—v-‘w\

» neve ( !“'Mﬂ\
K o -v‘\w ‘P‘f
[Test for interaction effectJ J‘“?;.,.Z on oftet
/ \ v

(Verg r-v-"'\ Fail to reject null Reject null (s....\l r-v.‘w\

¢ v

Test each main effect Compare factor level means at each
[As i 3,‘0&0“-1 level of the other factor

@xcasn ple- / \ £ bo ol “‘%{L

U"lr fm\o,,\Fail to reject null Reject null eonmple
4.,’ Werm J ¥C$““l‘ P-VU‘W ‘p‘v ary raig CU\
efeke

Compare factor level means
averaging over levels of the other factor

Stop

I~Te. conprre wmarr]
M" &S ' a
Figure 2: A justifiable workflow for analyzing factorial experiment data. 3(,“;‘_

eﬁ“m"\‘v -
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