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Randomized complete block(split-plot design
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Alfalfa data from Dr. Longnecker’s notes

P Six fields; three plots in each field; four sub-plots in each plot.
P Each plot randomly assigned a type of alfalfa.

» Each sub-plot randomly assigned a cutting date.
P Response for each subplot is yield inin the following year.

Blocks Tr'T Mean
Variety Date 1 2 3 4 5 6 Y.
Ladak one ) 2.17 188 1.62 234 158 1.66 1.8750
See?d SI | 158 126 1.22 1.59 125 0.94 1.3067
See ©°0 8§20 | 2.29 1.60 1.67 1.91 1.39 1.12 1.6633
A 07 |223 201 1.82 210 1.66 1.10 1.8200
Cossack None | 2.33 2.01 1.70 1.78 1.42 1.35 1.7650
S1 1.3 1.30 1.85 1.09 1.13 1.06 1.3017

S20 [ 1.86 1.70 1.81 1.54 1.67 0.88 1.5767

O7 1227 181 201 140 131 1.06 1.6433

Ranger Nomne [ 1.75 1.95 2.13 1.78 1.31 1.30 1.7033
S1 }152 147 180 137 1.01 131 1.4133

S20 | 1.55 1.61 1.82 1.56 1.23 1.13 1.4833

o7 (156 1.72 199 155 1.51 1.33 1.6100
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alfalfa <- data.frame(yield = c(2.17,1.88,1.62,2.34,1.58,1.66,
.56,1.26,1.22,1.59,1.25,0.94,
.29,1.60,1.67,1.91,1.39,1.12,
.23,2.01,1.82,2.10,1.66,1.10,
.33,2.01,1.70,1.78,1.42,1.35,
.38,1.30,1.85,1.09,1.13,1.06,
.86,1.70,1.81,1.54,1.67,0.88,
.27,1.81,2.01,1.40,1.31,1.06,
.75,1.95,2.13,1.78,1.31,1.30,
.52,1.47,1.80,1.37,1.01,1.31,
.66,1.61,1.82,1.56,1.23,1.13,
1.56,1.72,1.99,1.55,1.51,1.33),
variety = as.factor(c(rep("ladak",24),
rep("cossack",24),
rep("ranger",24))),
date = as.factor(rep(c(rep("none",6),
rep("sep01",6),
rep("sep20",6),
rep("oct07",6)),
3)),
field = as.factor(rep(1:6,12)))
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head(alfalfa,n =

yield variety
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.17
.88
.62
.34
.58
.66
.56
.26
.22
.59
.25
.94
.29
.60
.67
.91
.39
.12
.23
.01
.82
.10
.66
.10

ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak
ladak

.33 cossack
.01 cossack

26)

date field
none
none
none
none
none
none
sep01
sepO1
sep01
sepO1
sep01
sepO1
sep20
sep20
sep20
sep20
sep20
sep20
oct07
oct07
oct07
oct07
oct07
oct07
none
none
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Randomized complete block split plot design

» Each EU randomly assigned to one level of whole-plot factor.
» Each EU receives all levels of split-plot factor in random order.

P Groups of EUs over which this is replicated are treated as blocks.
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P Y, is the response of sub-plot j from whole plot 4 in block k.
P the 7; are treatment effects for the whole-plot factor LA

P the 7y, are treatment effects for the split-plot factor(ﬁ)

P the (77);; are interaction effects between the factors. £ A~ )
P the C), are independent Normal(0, 0Z,) block effects.

P the (7C),;, are indep Normal(0, 0% ) whole-plotx block effects.
P the ¢, are independent Normal(0, 0Z) error terms.

Define the cell means as
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Goals in the RCB split-plot design

In the RCB split-plot model we will focus on how to:

Test for significance of main effects and interaction.

Make comparisons between treatment means.
Check whether the model assumptions are satisfied.

.U".-P.U)!\)x.“

Decompose the variability in the Y; /. into its sources.

Estimate the variance components 2, 0%, and o=.
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Sums of squares for the RCB split-plot design

SS Symbol Formula

Total L V\:j; SSTot Zz 123 1Zk 1< ijk Y )2
. A “‘;‘.*" \ bcz 1(Y —Y)
e C ® :‘:MW C abz:lC 1(Yk Y )? ) )
@c):pAC 2\‘%:‘-;‘:;“;:SSAC bzz 1Zk 1( .k (Y +Yk_Y>)2
4, B sett - SSp acy’ _1( —Y )?

o..‘l'h

() AB #v® WSS ey zj:1< g~ (Y + Y, =Y ))?
£"jh Error SSError SSTot _<SSA+SSB+SSAB+SSC+SSAC)

» We have SSq, =SS +SSg 4+ SSap + SS¢ +SS ¢
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Expected mean squares in RCB split plot design — ey N

C ° &\olccl“ Uno"v “a }4
Aes disspeen

¢S A Source Df Expecte mean square
$,° -t MS
o <Sc @ a—1 bUAC + o2 T A2
Wsex = C c—1 ac+baAcﬁ(7 & MSc
. AC (a—1)(c—1) | bo%o + 02 E MS,
/ B b—1 ach% + o2 Same, B vie
AB (a—1)(b—1) | cb%p+ 02 Fy "nsa ) MSac
Error  a(b—1)(c—1)| o2 ] EMS,
Cohs.'Aq N uo: f. = ‘:/"ﬁ“. [ No F‘ﬂ:':: A M.:%
In the above o

r 2 —1 @ }M‘c‘vm ‘W{.'“" " _H“’ hﬂ"fa—(‘u‘
> i =(—-1)"3 (k. —f) st b A

> =01 ()
» QAB — [(CL - 1)(b o 1)] Zizl ijl(:uij - (IL_LZ + :L_L.j T :L_L))2
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ANOVA table for RCB split-plot design

Source Df SS MS F value
/L‘. A Cl_l SSA MSA FA:MSA MSAC
&L){n AC (a - 1)<C - 1) SSAC MSAC FAC — MSAC /MSError
4, B b—1 SSB MSB FB — MSB /MSError

@-‘)Cj. AB (CL — 1)<b — 1) SSAB MSAB FAB — MSAB /MSError
Ly Error CL<b o 1)(C o 1) SSError MSError

Total abc — 1 SSrro
o
-+ : ”M’ 4["; (X4 A’ nain (.'Ru—* :,
o il Reject Ho: iy == fig if Fy > Fyy (oo1)(c-1),0

~ @ §*2. Reject Hy: 02, =0 if Fo > Fe 1.(a—1)(c—1),a et N» block off
& 33 Reject Hyf{oha = 0if Fac > Flu1)(c-1),a(-1)(c-1),a Wo: py ﬂ:th
4. Reject Hy: piq ==, it Fg > Fy g 00 1)(c—1),a- e W Gl

5. R Hy: pyy = g +py—p Vg if Fag > Fq 1)6-1),a0-1)(c—1),a-
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Alfalfa data (cont)

A%
AL

anova() on 1m() output gives wrong p-vals for variety and field.

Im_out <- 1Im(yield ~ variety + date + variety:date + field + field:variety,
data = alfalfa)
anova(lm_out)

Analysis of Variance Table

Response: yield

Df Sum Sq Mean Sq_F Value Pr(>F)

variety 2 0.1753 0.08763

date 3 1.9727 0.65758

field 5 4.1388 0.82775

variety:date 6 0.2147 0.03579 | *“4@%
variety:field 10 1.3574 0.13574 4.8330) 0.0001022 *** | @-ve™ r _ o,
Residuals 1.2639 uo G-A'G

Signif. codes O '"x*xx' 0.001 'xx' 0.01 'x' 0.0 '." 0.1 " " 1 ‘be r_ng"s
swll 5 ¥
whele -plet X blek  rtewaten reyet W
Aodd sl



y <- alfalfa$yield

y... <- predict(lm(yield ~ 1,data = alfalfa))

yi.. <- predict(lm(yield ~ variety,data = alfalfa))

y.j. <= predict(lm(yield ~ date,data = alfalfa))

y..k <- predict(lm(yield ~ field,data = alfalfa))

yij. <- predict(lm(yield ~ variety + date + variety:date,data = alfalfa))
yi.k <- predict(lm(yield ~ variety + field + variety:field,data = alfalfa))

SST <- sum((y - y...)"2)

SSA <- sum((yi.. - y...)"2)

SSC <- sum((y..k - y...)"2)

SSAC <- sum((yi.k - (yi.. + y..k - y...))"2)
SSB <- sum((y.j. - y...)"2)

SSAB <- sum((yij. - (yi.. + y.j. - y...))"2)
SSE <- SST - (SSA + SSC + SSAC + SSB + SSAB)
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a<-3
b <-4
c <- 6

MSA <- SSA / (a-1)
MSC <- SSC / (c-1)
MSAC <- SSAC / ((c-1)*(a-1))
MSB <- SSB / (b-1)
MSAB <- SSAB / ((a-1)*(b-1))
MSE <- SSE / (a*(b-1)*(c-1))

FA_incorrect <- MSA / MSE
FC_incorrect <- MSC / MSE
FA <- MSA / MSAC

FC <- MSC / MSAC

FAC <- MSAC / MSE

FB <- MSB / MSE

FAB <- MSAB / MSE

pA_incorrect <- 1 - pf(FA_incorrect,a-1,a*x(b-1)*(c-1))
pC_incorrect <- 1 - pf(FC_incorrect,c-1,a*x(b-1)*(c-1))
pA <- 1 - pf(FA,a-1,(c-1)*(a-1))

pC <- 1 - pf(FC,c-1,(c-1)*(a-1))

pAC <- 1 - pf(FAC, (c-1)*(a-1),a*x(b-1)*(c-1))

pB <- 1 - pf(FB,b-1,a*(b-1)*(c-1))

pAB <- 1 - pf(FAB, (a-1)*(b-1),a*(b-1)*(c-1))
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Correct ANOVA table:

Lot o

.

Source Df SS MS F value p valu 1 ‘;\‘E\?ﬁ
A 2 0.175 0.088 0.646 /0.5445 Ll
C 5 4130 0828 6.098 [ 0.00764— M " Tk
AC 10 1.357 0.136 4.833  0.0001 N

3 1073 0668 23412  0.0000 <~ W "o T
AB 6 0215 0036 1274  0.2883
Error 45 1264 0.028 A X, y dde
Total 71 9.123 e e "‘L‘dhu
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s %

Correct p values for fixed effects with 1lmerTest package:

library(1lmerTest) # first time run install.packages("lmerTest")

lmer_out <- lmer(yield ~ variety + date + variety:date + (1|field) + (1|field:variety),

data = alfalfa)
anova(lmer_out)

Type III Analysis of Variance Table with Satterthwaite's method

Sum Sq Mean Sq NumDF DenDF F value Pr (>F) Cotf
variety 0.03626 0.01813 2 10 0.6455] .5449
date 1.97274 0.65758 45 23.4123 |2.789e-09 *Lk*
variety:date 0.21473 0.03579 1 2742 | 0.2883
Signif. codes: O 'x*xx' 0.001 'xx' 0.01 'x' 0.0 '.' 0.1 ' ' 1

Rescales SS, and MS, by the factor MSg,,.. / MS ¢

v,\uv\ \'

e

Note: If 8% = 0, it will compute the whole-plot effect p value differently!
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interaction.plot(alfalfa$date,alfalfa$variety,alfalfa$yield)

alfalfa$variety

© _|

— ladak
........ Cossack

N~

~ ranger

mean of alfalfa$yield
15 1.6

1.4
I
-
¢
+
)

e . ol @
@ _ Cme eV
h ~——
none oct07 sep01 sep20
alfalfa$date
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MoMs for variance components in RCB split-plot design

The method of moments estimators for 6%, 0%, and o= are

> O'? — MSError

It is possible to obtain negative values for 6?40 and ('7%. Use REML.
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Alfalfa data (cont)

Obtain REML estimates of 02, 04, and o2 from lmer ().

summary (lmer_out) $varcor

Groups Name n
field:variety (Intercept)(0.16406 gac
field (Intercept)0.24014 -
Residual @ c
N
Te
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Variances of some means and difference in means

Contrast Variance MoM variance estimator

V, =Y, (b +0?) 5 MS, ¢

YJ - Y-j’- %Ug % MSg;ror

_z'j. — Yz’fj. %(0?40 + U?) %[MSAC +(b— 1) MSg,., ]

_z'j. — Yij'. %Ug % MSg,ror

_ij. — 177;’]" %(0?40 + U?) %[MSAC +(b — 1) MSg,,]

;. 5o 008 +b0% o +02] o [MSe +(a — 1) MS ¢

Y, pelact+0%ho+02] o [MSe +(b— 1) MS ¢

Y, Log + 0% +02]  ahIMScHa—1)MSao tab— 1) MSg,
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Some (unadjusted) Cls in RCB split plot design

w2 ! Target (1 — a)100% confidence interval
G _
“"? Mz_ﬁi’. 1. _Y’ j:ta,lcloz/Q\/MSAC\/bc
o & — — _ S—
"§ K. — K.y Yj o Y j: a(b—1)(c—1), a/2\/MSError
3 \/ 2
%_ /'ng T :uz"j ij. 1/z"j. T tz/*,a/Z \/MSAC —|_(b o 1) MSError\/;
J Hij — Mg ij. Y'L]’ + ta(b—l)(c—l),a/Q \/MSError\/g
:Lng o :ui’j’ }_/7,] o }_fi’j’. T tl/*,oz/2 \/MSAC +<b o 1) MSError\/g

MSAC +(b o 1) MSError

M82 (b_1)2 MS%]rror
DD T alb-T)c1)

In the above v* = 3 la Satterthwaitel.

13 degrees of freedom approximation when one has not exactly a t-distribution.
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b

Alfalfa data (cont)
e Hha “no ‘"uf‘d' .

Cowper- 5&.,» : CLJ*P
.‘f’.?n,i- s m

Dunnett's comparison of marginal date means
e —

Y.j. -Y, i‘db—La(b—l)(c—l),a

Replace, in previous slide, ta(b—l)(c—Z),a/2 with dy_1 ob—1)(c—1),a-

In Dunnett’s table we cannot find d - so take d = 2.44.
4.45.0.05 4,40,0.05 — 2.2
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Table A.5 Critical Values for Dunnett's Two-Sided Test of Treatments versus Control.

Error df

O O 0NN

10
10
11
11
12
12
13
13
14
14

15
15
16
16
17
17
18
18
19
19

20

20

25

25

30

a 30

0

45 40
60

ﬂimbe\rOfGroups Counting Both Treatments and Control
| Tworslgad ), 2 3 4 5 6 7 8
{05 257 | 303 [N 343 | 362 | 373 | 382
U.UI 4.03 4.63 4.97 5.22 5.41 5.56 5.68
0.05 2.45 286 | 310 | 326 | 339 | 3.49 3.57
0.01 371 4.21 4.51 471 487 | 5.00 5.10
0.05 2.36 2.75 2.97 3.12 324 333 3.41
0.01 3.50 3.95 4.21 439 | 453 4.64 4.74
0.05 2.31 2.67 288 | 3.02 | 313 | 322 3.29
0.01 3.36 3.77 | 400 | 417 | 429 | 440 4.48
0.05 2.26 2.61 2.81 295 | 3.05 | 3.14 3.20
0.01 3.25 363 | 1385 (| 4.01 412 | 422 4.30
0.05 2.23 257 | NCHGEM 259 | 299 | 3.07 3.14
0.01 3.17 353 | 374 | 388 | 399 | 4.08 4.16
0.05 220 | 253 | 2720 284 | 294 | 3.02 3.08
0.01 3.1 345 | 1365 | 379 | 389 | 398 4.05
0.05 2.18 250 ||268 | 281 290 | 2.98 3.04
0.01 3.05 339 | 358 | 3.71 3.81 3.89 3.96
0.05 216 | 248 |[CICOEM 278 | 287 | 2.94 3.00
0.01 3.01 333 |[WSS2MMl 365 | 374 | 3.82 3.89
0.05 2.14 246 | 263 | 275 | 284 | 291 2.97
0.01 2.98 320 | 347 | 359 | 369 | 3.76 3.83
0.05 213 244 || 261 273 | 282 | 289 2.95
0.01 2.95 325 | 343 | 355 | 3.64 | 371 3.78
0.05 212 | 242 |1 259 | 271 280 | 287 2.92
0.01 292 | 322 |NEECEM 3.51 3.60 | 3.67 3.73
0.05 2.11 2.41 258 | 269 | 278 | 285 2.90
0.01 290 | 319 |l 336 | 347 | 356 | 3.63 3.69
0.05 510 | 240 |l 256 | 268 | 276 | 2.83 2.89
0.01 288 | 317 |1 333 | 344 | 353 | 3.0 3.66
0.05 209 | 239 |[NSISSEM 266 | 275 | 2.81 2.87
0.01 286 | 3.15 |[8:81 342 | 350 | 357 3.63
209 | 238 |[2548| 265 | 273 | 280 2.86
001 TRl R
2.06 234 | B 2.6 2.6 2.75 .
;;:;? 2.79 3.06 3.21 3.31 2.39 /f";/ i_gl
oos | 2o | 2o | [ 2R | 3T
a2 Bt MBS | 20 | 208 | 2
: =0 3.95 2 319 | 326 | 332 3.37
i Soo | 227 |f2ARf 251 | 258 | 264 | 269
oo vee | 200 |G 312 | 319 | 325 3.29
4,0 s
b T ROBMC(DUNNETT2',.,l — a.dfk), where k=T 1.

Figure 1: Table A.5 from Mohr, Wilson, and Freund (2021)

h___’/——”‘ = i -
ction
This table produced from the SAS System using functio

2.9
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se <- sqrt(MSE) * sqrt(2/(ax*c))
me <- 2.44 * se

dtab <- rbind(c(y.2.bar - y.l.bar - me,y.2.bar - y.1l.bar + me),
c(y.3.bar - y.1.bar - me,y.3.bar - y.l.bar + me),
c(y.4.bar - y.1.bar - me,y.4.bar - y.1l.bar + me))

colnames(dtab) <- c("lower","upper")
rownames (dtab) <- c("sepOl - none",
"sep20 - none",
"oct07 - none")
round (dtab,3)

lower upper o( ' ”w_'

sep01 - nonew A,g,E
Sep20 - none -0. -0.070
o’IctU‘F'— none -0.226 0.046) N, ol: tlecs

e ———

y.1l.bar <- mean(alfalfa$yield[alfalfa$date=="none"])
y.2.bar <- mean(alfalfa$yield[alfalfa$date=="sep01"])
y.3.bar <- mean(alfalfa$yield[alfalfa$date=="sep20"])
y.4.bar <- mean(alfalfa$yield[alfalfa$date=="o0ct07"])
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Unadjusted Cls with 1s_means() from R package lmerTest:

1s_means (1lmer_out,which="date")

Least Squares Means table:

Estimate Std. Error

datenone 1.78111 0.11255
dateoctO7 1.69111 0.11255
datesep0O1 1.33944 0.11255
datesep20 1.57444 0.11255

Signif. codes: O 'x*xx' 0.001

Confidence level: 959

df t value

3D Oy OO O
= e

l**l

15.825
15.026
11.901
13.989

O e =

0.01 'x!

Degrees of freedom method: Satterthwaite

lower

.50641
.41641
.06474
.29974

0.05

!
.

upper Pr(>|tl)
2.05581 3.684e-06
1.96581 5.010e-06
1.61415 1.977e-05
1.84915 7.646e-06

0.1

1

%k %k %k
%k k
%k %k %k
%k %k k
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1s_means(lmer_out, pairwise = TRUE, which =

Least Squares Means tab

datenone - dateoctO7
datenone - datesepOl
datenone - datesep20
dateoct07 - datesepO1
dateoctO07 - datesep20
datesep0l1 - datesep20 -

datenone - dateoctO7
datenone - datesepOl1
datenone - datesep20
dateoctO07 - datesepO1l
dateoct07 - datesep20
datesep01 - datesep20

OO mr O PO

Signif. codes: O '*xx'

Confidence level: 959

le:

Estimate Std. Error

0.0900000
0.4416667
0.2066667
0.3516667
0.1166667
0.2350000
Pr(>|tl)
.1141598
.723e-10
.0005859
.138e-07
.0424494
.0001219

0.001 '=x

0.
.0558639
.0558639
.0558639
.0558639
.0558639

O O O OO

* %k %k
*k %k %k
* %k %k

* %k %k

* L}

0.01

0558639

l*l

Degrees of freedom method: Satterthwaite

"date")

df t value

45 .6111 -0.

45 .9061 O

45 .6995 O

45 .2951 0.

45 .0884 O
-0

0.05

.2067

0.1

lower
0225156

.3291511
.0941511

2391511

.0041511
.3475156

"1

0
0
0
0
0
-0

upper

.2025156
.5541823
.3191823
.4641823
.2291823
.1224844
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